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CHAPTER 1 

P. E. 1.1 

(a) A + B = (1,0,3) + (5,2-6) = (6.2-3) 

\A + B\ = V36 + 4 + 9 = 7 

(b) 5 A -B= (5,0,15)- (5,2-6) = (0-2,21) 

(c) The component of A along a v is A y = 0 

(d) 3A + B = (3,0,9)+ (5,2-6) = (8,2,3) 

A unit vector parallel to this vector is 
_ (8,2,3) 

" V64 + 4 + 9 

= ±(o.91 17<i r + Q.2219a y + 0.3419a.) 


P. E. 1.2 (a) The distance vector 

r Q R ~ r R~ r Q = (0,3,8)- (2,4,6) 
= - 2 a x -a y + 2 a t 


(b) The distance between Q and R is 


*0.1 = V4 + 1+4 = 3 


(c) Vector r Qr =r r -r' Q = (l -3,5)-(2,4,6) = (-1,-7,-1) 


cos 0 P q R — 


r QR r QP 7 


r QR r QP 3\/5T 


0p Q R = mL 


(d) Area = \r QR xr QP | = ^|(l5-4,1 3} 
= 10.12 


il 

'i 

>i 

'1 




P. E. 1.3 Consider the figure shown below: 

40 

V z = u, + U w = -350a v + -j= (- a v + a,.) 
= -378a v + 28.28a, 


u = 379.3Zl 75.72° 



P. E. 1.4 

At point (1,0), G = a y ; 
at point (0,1), G = -a„; 
at point (2,0), G = a y ; 

— a -fa 

at point (1,1), G = —— =—^ ; and so on. 

v2 

It is evident that G is a unit vector at each point. Thus the vector field G is as 
sketched in Fig. 1.8. 

P. E. 1.5 


Using the dot product. 


or using the cross product. 


A«B -73 13 

AB ~ 4E465 ~ ~]l 50 


1AjcB| U81 
AB ~ V 650 


Either way. 

0 AH = 120 . 66 ° 
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\F\' 141 


= -0.2837a, + 0.7092a, -0.3546a. 


a x a y a. 

(b)ExF= 0 3 =(55,16,-12) 

4 -10 5 

a EmF = ± (0.9398,0.2734,-0.205) 


P. E. 1.7 a + b + c = 0 showing that a, b , and c form the sides of a triangle. 
a b = 0, 

hence it is a right angle triangle. 


Area = ^-jax b\ = ^-|£xc| = ^-|cxa 


— la x b\ = — 
2 1 1 2 


4 0-1 
1 3 4 


= \ 1(3,-17,12)| 


Area = ^79 + 289 + 144 = 1051 


P. E. 1.8 


(a)/> P 2 = V(* 2 -at,) 2 + (y 2 - y x ) 2 + fc -z,) 2 
= 725 + 4 + 64 = 9.644 


(b) r r =r Pi + 4 r p } ~ r p) 

= (1,2-3) + A(- 5-2,8) 

= (l - 5A,2 - 2A,-3 + 8T) . 

(c) The shortest distance is 

d = P i P J sin# = jp,/^ x a pp 


1 

793 


6 

-5 


-3 5 
-2 8 


793 


|(-14,-73.-27)1 = 82 




Prob.1.1 


r - (-3.2,2) - (2,4.4) = (-5,-2,-2) 

„ _ r _ (-5 -2 - 2 ) AO „ A ,_ 


■r\ V25 + 4 + 4 


= -0.8703a t -0.3482a, -0.3482 a 


Prob. 1.2 


(a) A + 2B = (2,5-3) + (6-8,0) = 8a,. - 3a, - 3a, 

(b) A - 5C = (2,5-3) - (5,5,5) = (- 3,0,-8) 

\A - 5C\ = V9 + 0 + 64 = 8.544 

(c )kB = 3ka x -4 ka y 

\kB\ = V9Ar 2 + 16A: 2 = ±5£ = 2 
=> k = ±0 .4 

(d) /I • 5 = (2,5,-3) ■ (3,-4,0) = 6-20+ 0 = 14 
^^=3 _ 5 4 " 0 3 =(-12,-9 -23) 

AxB f 12 9 23"| 

m -I ii'n■-n,r ' 08571 ”■ 6428a >+' 642a - 

Prob. 1.3 

(a) .4 - 25 = (2,1-3)- (0,2-2) = (2,-1-l) 

/I -2B + C = 5a + 4a «+6a r 

x y i 

(b) A + B = (2,2-4) 

C-4(>l + 5) = (3,5,7)-(8,8,-16)=-5a Jt -3a, + 23a. 


(c) 2/1-35 = (4,2-6)- (0,3-3) = (4-1-3) 


|C| = V9 + 25 + 49 =9.11 


2/1-35 


= 0.439a x - 0.1 la, - 0.3293a. 
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(d)AC = 6 + 5-21 = -10, 
\b\ = 4i 


A -C-\B\~ = -10 + 2 = -8 


w + ? c -(H'- 1 ) + (?-H)= (i ' 4i67x583m75) 

i«x(i,, + I C ) = i M “ 67 l5 ' 33 n ~ 7 'j = 1.1667a, -0.7084,,,. -0.7084a. 


Prob.1.4 


(a) T 


and S = 


(b) its = r s - r, = (4, 6, 2) - (3, -2, 1) = § x iMy +3?. 


(c ) distance = |r TS | = Vl + 64 + 1 = 8.124 m 


Prob. 1.5 


Let D — aA + PB + C 

= (5 a- p + 8 ) 0 , + (3a + 4/? + l)a y + (- 2 a + 6 p)a. 
D x = 0->5a-y9 + 8 = 0 ( 1 ) 

D, = 0 -► -2a + 6 /? = 0 -> a = 3/? (2) 

Substituting (2) into ( 1 ), 


Thus 


15/?-/?‘+8 = 0->. /? = -— = -- 

14 7 


12 n 4 

a =-,/? = — 

7 7 




Prob. 1.6 
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A • B — 0 — > 0 — 3 oc + p — 24 
AC = 0—>0 = 5fl'- 2 +4/ 
B C = 0—>0 = 15-2/7-6/ 

In matrix form. 


(1) 

( 2 ) 
( 3 ) 


24 


'3 1 O' 

a 

2 

= 

5 0 4 

P 

15 


0 2 6 
— - 

Y _ 


A = 


A, = 


A 2 = 


a 3 = 


a = — = 


3 I 0| 

5 0 4 
0 2 61 
24 I 0| 

2 0 41 

15 2 6| 

3 24 0| 

5 2 41 

0 15 61 
3 1 24| 

5 0 2 

0 2 15 

-144 


= 3(0 - 8) -1(30 - 0)+0(10 - 0) = -24 - 30 = -54 


= -24x8-(l2 -60)= -144 


a 3 

J 


A -54 
-864 


-54 = 

153 


= 3(12-60)-24x30 = -864 

= -12-75 + 240 = 153 

= 2.667 
= 16 


= -2.833 


A -54 

Prob. 1.7 

(a )AB = AB cos0 AB 
Ax B = ABsmd AB a n 


(A- B)~ + \A x B\~ = (/4/j)" (cos 2 d AB +sin 2 6 AB )=(AB) 2 
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• k X «: 

)=a x 

a, x a. 


a x a s x a. 

1 

a. xa x 

_ a _ L 

a x a y xa z 

1 

a x a 

** x ** y 

a. 


. Hence. 


a r a t , xa. 
■* } «■ 


Prob. 1.8 

(a) P + Q = (2,2,0), P + Q- R = (3,1,-2) 

\P + Q-R\ = V9 +1 + 4 = Vl 4 = 3.742 

-2 -1 -2 

(b) P 0xfl = 4 3 2 =-2(6-2) +(8+ 2)-2(4 + 3)=-8+ 10-14 = -12 

-1 1 2 

exK=_ 4 , 3 2 =(4-10,7) 


P Qx R = {- 2,—1,-2)-(4,—10,7) = —8 + 10 — 14 = -12 


(c) QxP=* 2 ^ =(-4,4,2) 

Qx P R = (-4,4,2) (-1,1,2) = 4 + 4 + 4 = 12 

-1 1 2 

or Qx P R = R Qx P = 4 3 2 = -(-6 + 2)-(-8 + 4)+ 2(-4 + 6)= 12 

-2 -1 -2 

(d) {PxQ){QxR) = (4,-4,2)- (4,-10,7) = 16 + 40 -14 = 42 

(e) (Pxg)x((?xfl) = * * ^ = -48a x - 36a y -24a £ 


(f) cosOpo = 


P /g _ (2-1-4) -3 -1 

P\\R V4 + 1+4V1 + 1 + 4 ~ 3S~ y[6 


o PR = 114 r 
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(g) sin O f 


PxQ\ 


V16 + 16 + 4 _ 6 

3V16 + 9 + 4 ~ 3V29 


0 ^ = 21 . 8 ° 


Prob. 1.9 

(a )T S =T a 5 =^- = ~ 6 ~ 3 j ‘ O’ 2 ’ 1 ) = zl = - 2,8577 

PI v6 V6 


= -0.2857a, + 0.8571a, -0.4286a, 
A / * 


(c)sin# r , = 


FxS|_2 -6 3 _|(-12,1,10)| _ V245 
|F||5|“l 2 l“ 7 V 6 "tTT 

= 65.91° 


= 0.9129 


Prob. 1.10 

,* A _ A _AB -1 + 12 + 15 26 . AC 
00 |«| ^/u479 — 

(b)g^ («.»>,-£# = 26(-'.6.5) 

1 ^ 1 2 (1 + 36 + 25 ) 

=-0.4193a, + 2.516a „ + 2.097a. 


(c) cos 0 = 


A B 


A\\B\ V62V1 + 4 + 9 >/62Vl4 


0^ = 28.05° 

-16 5 

(d)/lxZJ = = 8a,+8a -8a, 

12 3 * J 


A unit vector perpendicular to both A and B is 


8a, + 8a, - 8a, a, + a - a, 

= -• * ’ . * - = ——f —L = 0.577a, + 0.577a, - 0.577a. 

8>/l + l + l V3 - *■ * 


■i 

: i 





Prob. 1.11 


cos# = —- -±- 

w 

Q x = 72.36° 
cos # = ——— 


6 = 59.66° 


cos# 


3 3 

V9 + 25 + 64 ~98 

5 5 

79 + 25 + 64 98 

-8 -8 

Z9 + 25 + 64 98 


#. =143.91° 


Prob. 1.12 


« X *- 2 0 3 =(3 ’-''- 2 > 

* (2 x *) = (2,-1,l)-(3,-1,2) = 6 +1 - 2 = 5 

Prob. 1.13 

(a) Using the fact that 

{AxB)xC = {AC)B-(BC)A, 
we get 

Ax(AxB)=-(Ax B)x A = {BA)A-(A- A)B 

(b) A x (A x (A x B))= A x [(A ■ B)A-(A ■ A)b\ 

— (A ■ B\A x A)—[A ■ A\A x B) 
Prob. 1.14 —= ™” 







Prob. 1.15 


p \ p : = r p 1 ~r Pl =(-6.0-3) 
p A =^~r Pi =(l,5,-6) 

PyP : x p A = ~ 6 0 =(15.39,-30) 

15-6 


Area of the triangle = -\ P \P x /»/> | = — V15 2 + 39 : + 30 : 

Prob. 1.16 


Let P| - (4,1,-3), P 2 = (-2, 5,4), and P 3 = (0, 1,6) 



o = r Pi -r P{ =(-2,5,4)-(4,l,-3) = (-6,4,7) 
b - ~'#* = (0,16)- (- 2,5,4) = (2,-4,2) 

c = r p, ~ r p, = (4,1-3)- (0,1,6) = (4,0,-9) 

Note that a + b + c = 0 
0 • b = ab cos(l 80 - y) -» - cos / = ~ 

MH V101V24 


y = cos' 


y[\0iyf24 


= 73.47* 


be = bc cos(l 80 - p) -> -cos/3 = ? + 0 ^ 

% V24V97 


p = cos ' 1 - 7 = _ = 78.04* 
V24>/97 — 

ac = accos(l80-or)-> -cosa = 


a = cos" 1 —r =— — - 28.48° 
VI01V97 —= 


a c _ -24 + 0-63 

Hk V10TV97 
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Prob. 1.17 


(a) ** =r Q ~r, = (2-1,3)-(-1,4,8)= (3,-5,-5) 
r lv = \r PQ \ = V9 + 25 + 25 = 7.681 

(b) r„ =r R -r p = (-1,2,3) -(-1,4,8) = (0.-2.-5) =- 2a y -5a. 

(c) r QP = -r PQ = -3a x + 5a y + 5a. 

r QR ~ r Q ~ r R = (2,-1,3) —(—1,2,3) = 3<i a . —3 a y 

-»-15 _- -24 

v r m V9 + 25 + 25V5T9 -M-fW) 


r QP * r QR 


\ r QP\ r QR | 

# = 137.43" 


(d) Area = -\r QP x r QR \ 

-3 5 5 

r Qp xr QR- ^ q - 15a, +15*1^. -6a. 


Area = ~ vl5 2 + 15 2 + 6 2 = 11.02 

(e) Perimeter = QP + PR + RQ = r QP + r PR + r QR 

= V59 + V4 + 25+V18 
= 7.681 + 5.385 + 4.243 


= 17.31 


Prob. 1.18 


(a) Let A = (A,B,C) and r =<(x,y,z) 

0 r-A\A = (x-A)A + (y-B)B + (z-C)C 
= Ax+ By+ Cz+ D 
where D = -A* - B 2 - C 2 . Hence, 

(r-A)-A - 0 —>Ax + By + Cz + D = 0 
which is the equation of a plane. 

(b) (r-A)-r = (x-A)x + (y-B)y + (z-C)z 

If (r-A) r = 0, then 

x 2 + y 2 + z 2 — Ax — By — Cz = 0 

which is the equation of a sphere whose surface touches the origin. 

(c) See parts (a) and (b). 
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M = cos 2 <9, + sin 2 9 X = l,|g| = cos 2 0 2 + sin 2 0 2 = 1, 
Hence P and Q are unit vectors. 

(b)/»e=(ixi)cos(^-^) 

But P Q = cos 0, cos<? 2 + sin 0 i sin 0 2 . Thus, 
cos(6> 2 -6>| ) = cos6>, cos# 2 + sin#, sinfl 2 

Let P t = P = cosQ^a x +sm9 [ a y and 

Q, = cos0 2 a x -sin0 2 a y . 

Pi and Q t are unit vectors as shown below: 

y 



P\ C?i =(l)(l)cos(6>, +0 2 ) 

But P x Q, = cos#, cos0 2 -sin#, sin0 2 , 
cos(<9 2 + #,) = cos#, cos# 2 - sin 0, sin0 2 

Alternatively, vve can obtain this formula from the previous one by replacinu 
0: by -0 2 in Q 


:i 

L=. 
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(c) 

/ / 

“|P- (?l = jl( cos O/ ~ cos0 : )a x + (sin0, - sin0 : )a v 


/ I -;-;-;-;- 

= ~\J cos' 0/ + sin* 0 ; + cos' 0+ sin* 0 , - 2cos0,cos0, - 2sin0 y sin0 , 


I --- / -- 

= 2 V^- 2(cos0,cos0, + sinO/Sin© ,) = 2- 2 cos(0, - 0,) 

Let 0 7 - 0 / = 0 , the angle between P and Q. 

^\P-Q\= j>/2-2cos0 
But cos 2A = 1 - 2 sin 2 A. 

1 1 i -—- 

— \P- Q\= ~v2- 2+ -/sin‘0 12 -■ sin0 /2 


Thus, 

/, 0 ,- 0 . 
-|/>-et=|sin^y-^| 


Prob. 1.20 


m >(1 -2 21 

w =- h- 1 — = (L-2,2), r = r p -r 0 = (1,3,4)-(2,—3,1) = (-1,6,3) 


u = w x r = 


1 -2 2 | 
-1 6 3 


= (-18-5,4) 


u = -18a v -5a„ +4a. 

■* .r * 


Prob. 1.21 

(a) At 7\ A = (-4,3-9) 

\A\ = V16 + 9 + 81 = Vl06 = 103 
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(b) Let r TS = B - Ba B 

B = 5.6, a B = a A = 


(—4,3,—9) 


10.3 


r TS - B — 


5.6(-4,3,9) 


10.3 

= -2.175a, +1.6310 -4.893a. 

(c) r rs =r s -r T -+r s = r r + r rs 

••• r s = -0.175a, + 0.63 la, -1.893 a z 


Prob. 1.22 

(a) At (1,2,3), £ = (2,1,6) 

|F| = V4 +1 + 36 = y[4\ = 6.403 

(b) At (1,2,3), F= (2,-4,6) 


tr -<v ~ \ „ _(E-F)F 36 

E,-(Ea r » r -— ,-_(2, 


= 1.286a, -2.571a, + 3.857a, 


(c) At (0,1,-3), E = (0,1,-3), F- (0,-l,0) 


Ex F = 


0 1 -3| 

0 -1 0 


= (-3,0,0) 


°E*F — — 


ExF 

- t = ±a, 

ExF — 


-4,6) 
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CHAPTER 2 

P. E. 2.1 

(a) At P( 1,3,5), x=l, y = 3, z=5, 

p = -y/jc 2 + ~y 2 = 0 , z = 5, <() = tan"' y/x = 3 

P(p,<fr,r)= tan' 7 3,5) = P(JJ627L6\5) 

Spherical system: 
r = y[7 2 + y 2 77 2 = V35 =5.916 
/• = y/x 2 + y 2 + z 2 = V35 = 5.916 

0 = tanV* 2 + /A= tan' 1 VTo/5 = tan' 1 0.6325 = 32.31° 
P(r,e ,(p) = P{5.916J23r ,7L5V) 

At T(0,-4,3), x = 0 ;• =-4, z =j>; 

p — yfx 2 + y 2 = 4,z = 3,$?= tan' 1 j'/x = tan' 1 - 4/0= 270° 
T(p,<p,z)= 7X4,270° ,3) . 

Spherical system: 

r - yfx 2 + y 2 + z 2 = 5,0 = tan''/?/z = tan' 1 4/3= 53.13°. 
T(r,0,q>)= T( 5,53.13° ,270°). 

At S(-3-4-10), x =-3, y =-4, z=-l0; 

p= y]x 2 + / = 5, f>= tan' 1 - 4/—3 = 233.1° 

S{pj,z)= $(5,233.1,- 10) . 

Spherical system: 
r = + / + z 2 = 5V5 = 11.18. 

0 = tan' 1 p / z = tan' 1 5/-10= 153.43°; 

« S(r,0,0)= 5(11.18,153.43°, 233.1°). 


;i 

It 

\\ 

1 


In Cylindrical system, p 
P 


Q< = 


- ^x^^y 2 ; yz = zpsin 0 , 
Zps\v\(j) 




P" 


& = 0: a = 


V? 77 ' 


15 
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a 


cos ^ 

sin^ 

o' 

Q x 


Q* 

= 

- sin^ 

cos^ 

0 

0 

y 

Q;_ 


0 

0 

1 

Q : . 

i« 


Qo = Q x COS(J) = 


pcos<(> 


Vp 


' + z'’ 


Q * = -0xSin+ = 


-p sin<|> 

yP + 


Hence, 


0 = 




= (cos<|> sin<{> a^, - zsinij) a.). 


2 ? ^-T l^p 

X + Z 


In Spherical coordinates: 

^ rsind 
Q = —p=sin0; 

Q z = - rsin0sin#rcos# ^ = - rsin#cos£?sin0. 


Qr 


sin#cos^ 

sintfsin^ cos# 

a 

Qe 

- 

cos^cos^ 

cos#sin^ -sin^ 

0 

Qi 


- sin^ 

cos# 0 

.a 


Or - Q x sin<9cos^+ £> cos 0 = sin 2 Ocostf - rsintfcos 2 0sin</>. 

Qe~Qx cos&costf - Q z sin0 = sin#cos#cos^ + rsin 2 #cos#sin^. 

Q, = - Q x sin <j> = - sintfsin^. 

£? = sin#(sin#cos^- rcos 2 #sin^)tf r + sin<9cos^cos^ + rsin0sin^)tf tf - sintfsin^ 


At T : 


4 . 12 - 

Q(x,y,z) = -a x + —a-_ = 0.8a* + 2.4a-; 

5 5 

- 4 - _ 

Q{p,<f>,z) = ~(cos270°a p - sin270°a # - 3sin270°a_- 

= 0.8 a^ + 2.4 a : ; 

4 45 - 43 20 - 4 

Q(r,0.</>)=-( 0- —(- l))a r + j(j)(0- y (- l))a* - j(- l)a, 

36 48 4 . 

= — a r + —a e + -a, = 1.44q f + 1.92+ 0.8a„ ; 
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Note, that the magnitude of vector Q = 2.53 in all 3 cases above. 


P.E. 2.2 (a) 


A x cosiji - sin<j> 0 pzsin<|> 

A y = simji cos<j> 0 ip cos<|> 

A, 0 0 1 pcosij) simji 

A = (pzcos<(» sin<}> - ip costj) sin<(> )^ x + (pzsin^<(> + ip cos’<|i)a v + p cos<j) sin<{i . 
But p = + /, tan<f> = cost = ~ r=r » sint = ~T==\ 


r + / 


Substituting all this yields: 


r + y 


A = ~n — jliwz- 3x y)a* + (zy 2 + 3x 2 )a y + xya ,]. 

V* + / _ ' 

B x sin0cos<|> cos0cos<|> — sin <j> r 2 

B y = sin0sin<|> cos0sin<|> cos<J> 0 

B z cos0 -sin0 0 sinG 

*“ J L 

Since r = ^x 2 Tp +~p , tan0 = — , tan<b = —; 

z z ’ 

• „ 7 *^ z 

and sin© = — j— , C os0 = -r- ; 

yj x 2 + y 2 + z 2 Jx 2 + y 2 + z 2 


y 

and sin6 =— t = 

J7W 


cos<|> = — t " ; 

yjx +y 


B x = r 2 sin0cos<|> - sin© sin<|> = rx- — = ~(r 2 x-y) 

r r 

B t . = r 2 sin6sin<|» + sin0cos<|> = ry + — =-(r 2 y + x) 

x r 

B. = r 2 cos0 = rz = —(r 2 z). 

r 


Hence, 


B ~ / Y ’ ~y~p + + y‘ +z2 )-y) a x + {y(x 2 +y 2 + z 2 ) + x}a y +z(x 2 +y 2 +z 2 )a. 
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P.E.2.3 (a) At: 

(l,n/3,0), H = (0,0.5 J) 

a x = cos<J> a p - sin«^ a* = -j(a p - Vi a*) 

- - VJ 

//• a x = - —— = -tf.Vii. 

4 

(b) At: 

(l,n /3, 0 ), = cos0 tfp - sinOa.- = - a z 


Hx a e = 


a+ a : 

‘ I ' 

0 0 -/I 


= - 0.5 a 0 


(c) (//• a p )a p = 0 a p . 


Hx a~ = 


(d) 


\a p a* a, 
0 1/2 1 
0 0 1 


= 0.5 a. 


Hxa- 


= 0.5 


P.E. 2.4 

(a) 

A*B = (3,2,-6). (4,0,3)= -6. 





3 2-6 


- 

(b) 

X 


4 0 3 

— 

6a r - 33a 9 - 8a 4 


Thus the magnitude of Ax B = 34.48. 


(c) 

At (/, n/3. / 4). 0 = 1/5. 

a : = cosOa. - sinOa,. = 


Vi 


a... 



1 


ij 

\t 

1 ! 


1 
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- - - 3 r~ l - VJ- 

(A*a : )a : = - y[3) (~a r - —a 0 ) 


= -0.116 a r + 0.201a*. 


Prob. 2.1 

(a) 

x = pcosfi = lcos60° = 0.5; 

.y = psin^ = lsinl20° = 0.866; 
z = 2; 

P(x,y,z) = P (0.5, 0.866, 2). 


(b) 

x = 2cos90° = 0; ,y = 2sin90° = 1; z= - 10. 

e = q (o. i. - 4>. 

(0 

x= rsin6?cos^ = 3sin45°cos210° = - 1.837; 

.y = rsintfsin^ = 10sinl35°sin90° = -1.061; 
z-r cos# = 10cosl35° =2.121. 

R(x,y,z) = R(- 1.837, - 1.061, 2.121). 

T 

(d) 

x = 4 sin 90° cos 30° = 3.464. 
y = 3 sin 30° sin 240° = 2. 
z = r cos# = 4cos90° = 0. 

T(x,y,z) = 7X3.464, 2, 0) . 

Prob.2.2 


(a) Given P(l,-4,-3), convert to cylindrical and spherical values; 
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p = y[x 3m + / = y[i 2 + (-f) 3 = 4n = 4.123 

<j) = tan' 7 - = tan' 7 — = 284.04 0 . 
x / 

•. /’(p^.z) = (-/./2J, 2^.0-/°, - 3). 
Spherical: 

r = yjx 2 + + z* = V/+ 76+ P = 5.0PP. 

0 = tan 7 - = tan" 7 -= /2<5.0-/°. 

z -2 

7>(a\M) = P(5.099,126.04°, 284.04°). 


Prob. 2.3 

(a) 

x = p cos^, >> = p%m<j>, 

V - pzcos(j>- p 2 sin^cos0+ pzsixup 


(b) 

U = x 2 + y 2 + z 2 + _y 2 + 2z 2 
= r 2 + r 2 sin 2 0sin 2 2r 2 cos 2 0 
= r 2 [l+ sin 2 0sin 2 0 + 2cos 2 0 


Prob. 2.4 

(a) 


p 


COS(J) 

sip<f> 0 


0 

D * 

= 

- sintj) 

cos$ 0 


x+ z 

D. 


0 

0 7 


0 


£> p = (x + z)sin<|> = (p cos<|> + z)sin<|> 
D + = (x + z)cos<|> = (p COS<|> + z)cos<J> 

D = (p cos<|> + z)[sin<|» a„+ cos<(» a + ] 


Spherical'. 


Dr 


... sin0 sin<(i 


0 

A 

= 

... cos0sin<|> 


x + z 

3 

! 

... cosd) ... i 

- j 


0 



2 ! 


D r = (x+ z)sin0cos<|> = r(sin0cos<j> + cos0)sin0 sin<|>. 

D 9 = (x+ z) cos0 sin<(» = r(sin0 sin<|> + cos0)cos0 sin<|>. 

D 9 = (x+ z)cos<j> = r(sin0 cos<)> + cos0)cos<j>. 

D = /-(sin0 cosij> + cosO)[sin0 sin<() a r + cos0 sin<|> a Q + cos<() a *]. 


(b) Cylindrical: 


V 


cos# sin^ 0 


1 

* 

-1 

E * 

= 

-sin^ cos^ 0 


xyz 

U.-J 


° 0 1 


2 "> 
x - 


E p = ( y 2 - x 2 )cos^+ xyzsin^ 


= /o 2 (sin 2 <f>- cos 2 <f>)cos<f> + p 2 zcos<f>s\n 2 <j> 

- - p 2 cos2<pcos<f> + p 2 zsin 2 <f>cos<j>. 

E# = - (y 2 - Jf 2 )sin^ + xyzcos<f> 

= /? 2 cos 2^ sin ^ + p 2 cos 2<f> sin ^ + p 2 z sin <f> cos 2 <f>. 

E. = x 2 - z 2 = p 2 cos 2 <j>- z 2 . 

E = /? 2 cos^(zsin 2 ^-cos2^)a /> -i- p 2 sin #2 cos 2 <f> + cos 2^) a, + (p 2 cos <j>- z 2 )a : . 
In spherical: 


E r 


sin0 cos<)> 

sin0 sin<j) 

COS0 


y 2 - x : 


E« 

= 

COS0 cos<j> 

cos0 sin<t> 

- sin0 


xyz 




- sin^' 

COS()» 

0 


x 2 - z 2 

» 

•{ 


E r = O' 2 - x 2 )sin0 cosj + Jty'zsinG sin<|> + (jc 2 - z 2 )cos0; ; 

but x = rsinO cos<j>, y = rsinO sin<|>, z=rcos0; 

E r = r 2 sin 2 0(sin 2 4 - cos 2 <|>)cos<|> + r 2 sin 2 0 cos0 sin 2 <|> cos<|> + r 2 (sin 2 0 cos 2 <|>)cos0; 

I 

i 

£ 0 = (>’ 2 - X 2 )cos0 cos<|i + xyzcosG sin^ - ( x 2 - z 2 )sin0; | 

= - r sin 2 0cos2<j)cos0cos<|> + /- 2 sin : 0cos 2 0sin 2 <|>cos<|» - r 2 (sin 2 0cos 2 <t>-cos : 0)sin0; 1 
Eq - (x : - >’ 2 )sin<|> + jrvzcos(ji > 

= r sin : 0 cos2<|) sin <(► + r 3 sin’ 0 cos 2 <|> sin<|» cos0; || 

!i 

ii 


^ 1 
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E = sin^G cos2<|> + r' sin J 0 cos0 sin* <> cos<|» + r’(sin‘ 0 cos’ijt - cos’ 0)cos0]a, t \ 

I 

[-r sin : 0cos2<j>cos0cos<fr + r 1 sin’6 cos 2 0 sin : 4» cos<|> - r : sin6(sin*’0 cos’<j» - cos’0)]o o + ■ 
+ sin’0 cos2<|» sinift + r J sin ; 0 cos' 7 (|» sinifi cos0]a* • 

I 

Prob. 2.5 (a) j 




cos^ 

sin^ 

o' 


= 

- sin^ 

sin^ 

0 

_F._ 


0 

0 

1 


yfpTz 1 

y 


fp 


2 + z 2 


fp' 


2 + z 2 


F P = 


F. = 


1 


I j j[pcos (j>\ /?sin <j>\ - r— 

yjP +2 yjp 


2 + z 2 ’ 


1 


''ft 


' + Z* 


[-/?cos^sin^+/jcos^sin^] = 0; 


F, = 


yfr 2 ■ ~ 2 ’ 


F = 


IP + 2 

1 


y[p 2 + 2 2 


(/?«„ +4 a..). 


In Spherical: 


F r 


sin 6 cos$ 

sin0 sin0 

COS0 


= 

COS0 COSljl 

cos0 siniji 

- sin0 



- sin0 

cos<f> 

0 


I 
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v y 4 

-sin : 0cos : 0 + — sin* 0 sin' 0 + -cos0 
r r r 


sin* 0 + -cos0; 


sin0cos0cos : <|> + sinO cos0 sin* - — sin0 

r 

- sin 0 cos<j) sin <J> + sinG sin<f> cos<^ = 0\ 

. , 4 4 . 

= (sin* 0 + ~sin0)a, + sin0(cosO - -)a 0 - 

r r 


- sinOcosO - -sin0 



cos^ sin^ 0 
-sin^ sin^ 0 
0 0 1 


Ip 2 + z 2 


Ip' + z‘ 


/P‘ + 


J 2 + Z 2 


[pcos 2 psin 2 <f>] = 


IP 2 + z 2 ’ 


? 2 + z 2 


? 2 + z 2 


( pa p + za-_). 


Spherical: 



sinG cos<|> sinG sin<|> cos0 

cos0 cos<|> cos0 sin^» - sin0 
- sin<t» cos<|> 0 


jut sin 0 
r 

>>sin0 

zsin0 
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G r = r sin’ 0 cos 2 <J> + rsin' 0 sin' § + rcos 2 0 sin0 
= /sin i 0 + rcos’sinO = rsinO. 

G 0 = r sin* 0 cos0 cos 2 <|> + rsin^G cossin i <t> - rsin J 0cos0 
= r sin* 0 cos0 - r sin ’ 0 cos0 = 0. 

G\ = - rsin* 0 sin<|> cos<|> + rsin^0cos<J) sin<)> =0. 

G = rsinO a r . 


Prob. 2.6 (a) 

A x 

A y 

A. 


cos<|> - sin<{» 0 
sin 4 cos(|» 0 

0 0 1 


P &+I) 
— pzcos<j> 
0 


A x = p (z' + /)cos<() + pzsinij) cosij) 

. 4777 (Z ’. 


xyz 


= x(z 2 + l) + 

jx‘ + y‘ 

A y = p(z^ + /)sin <j> - pzcos 2 <|> 


Jx 2 * " 2 


. J777 * n-jt-r 

\X + y yjx'+y 2 


= y(z 2 + D-' 

\ x + y 2 


a. = o- 

A = [x(z 2 + 1) + 


xyz 


4 ? 


+ r 


=}a x +[y(z 2 +1)- 


X 2 z 


l 


2 —yj °y 

x + y J 


24 ’ 
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sin0 cos<j> cosOcosij) -sin«j» 2x 

sin0 sln<|> cosGsin<|> cos<|> rcosGcosG 

cosG - sinG 0 — /* sin<}> 


2xsin0 cos<(> + rcos'Gcos^iji + r sin* (j> 


_ 2x 'yjx' + y ~ ^ X *' + + z\ xz V /—;- T -- 

/ 7~ 3" / ’ ’ ~ 2 ’ ’ ( 5 r) + x x + v* + z~ 

jx + y yjx + y + z‘ x + y + z x‘ + y‘ y 


2 I 7 7 7 

>» yx + y‘ + z* 


yjx‘ + y‘ + z 2 (V + y 2 )Jx 2 + + r 

2xsinG sinij) + rcos^Gsin^>cos<J> - rsin<(icos^t 


2 2 » 
X + V 


__2xyyjx~ + y* 
jx + y yjx‘ + y* + Z* 


y/x 2 + y 2 + z 2 (xyz 2 ) f— y - - - 7 x 

x 2 + y 2 + z 2 y * y x 2 + 


J x2 + y 2 + z 2 x* + y 2 p 2 + y 2 + ~z 2 Jx 

2x cos- r sinG cosG cos$ 

2x * _ P + y 2 + z 2 {xy)p + ~P 

P+y 2 + z 2 P + / + V) p + / 


xyyjx 2 + y + r 


x 2 + y 


/y + y + y y [ x 2 + y + y ^/y + y + z 2 ’ 


Jx' + 77 Z 2 fx 2 + V 2 ^/r 2 + i; 2 4- r* 


x‘ + ^ +z* (X 2 + y 2 )yjx 2 + y 2 + Z : 

2x y ^ _ xyz^ _ 

f 2 + v 2 + r 2 /'v 2 X /v--? , ...? , ~2 


l x + y + z (x 2 + y 2 )Jx 2 + y 2 + z 2 
xz 

I 7 7 7 ]^- 

x +y + z‘ 


rP±/±^_ 

X 2 + / 


+ 


xyJx 2 + y 2 + z 2 - 

- )a > + 
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Prob 2.7 (a) 


(b) 


c/ 


C, 

= 

c 



0 0 1 



zsin^ 


- pcosfi 


2 pz 


C x = zsin^cos^ + /?sin^cos^ = —-r + 


xyz xyyfx 2 + ~p 


.r + y" X * + J" 




C = zsin <j>-p cos 2 <j> = , , 

X + 

C. = 2 / 3 Z = 2Zy[x 2 + ^ 


x 2 <Jx 2 + y 2 

x 2 + y 2 


. p, , xyz 

•• C “ ( 2 t "f" 7 

* + x V ^ 2 + -V 2 


fy_ x - , y 2 z 

) a x + ( 2 . ..2 


+ y 2 V 77 ? 


)a>, + 2 Zy[x 2 ~+~y 2 a ; 


D x ' 


sin0 cos(|) 

COS0 COS((l 

- sin<(> 

»> 

- 

sin0 sin<t> 

cos0 sin<j) 

COSlj) 

D ; 


COS0 

- < 

- sin<|> 

0 


sin0 


r‘ 

COS0 


r 

0 


^ sin 2 0 cos<|> 

cos 2 0 cosdt 

+ 

r 

r* 

^ sin 2 0sin<(» 

cos 2 0 sin<k 
+ 2 

r 

r 

sin0 cos0 

sin0 cos0 

a - 

7 ~ 

r 

r* 

D - 

1 


yfx: 2 + y 2 (x 2 + y 2 + z 2 ) ’ 

y _ 

V -? ’ ✓ 7 7 > » 

x + y (x + y‘ + z‘) 


v* + r (jf : + r + z 2 ) 


—(.vo t + ya,) 


2b -i 




Prob. 2.8 (a) 

a,* a p = (cos<j>a p - sin <j>a^)*a P - cos <f> 
a x » a* ={cos<pa p - sin <pa^)*a t = - sin^ 
a,« Op =(sin <f>a P + cos^a,)* a P = sin^ 
a y *a„ =(sin <f>a p + sin^a,)*a, = cos^ 

(b) 

Since a p , a*, and a : are mutually orthogonal 

a : *a : = /; a : *a p = 0; a : *dt = 0 * 


Also, a x * a : = 0; v * a.- = 0 

cos«j> - sin<|i 0 

sin<(> cos$ 0 = 

0 0 1 


In spherical system: 

a x = sin0 cos4> a r + cos0 cos<|> ae - siniji a*. 

a y = sin0 sin<|> a r + cos0 sin<(» ae - cos<|> a*. 
< 

a : = cos0 a r - sin0 ae. 

Hence, 

d x *d r = sin0cos<t»; 
d x * #9 = cos0 cos4»; 
dy*d r = sin0 sin<|>; 
a,* dg = cos0 sin<t»; 
a.-* d r - cos0; 
a-« an = - sin0; 


Ox* dp 

a x *d< 


dy • dp 

dy»d+ 

a a r 

a z »a p 

£*:• a* 

Qz*a z 


a.« a« = 
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Prob 2.9 (a) 


r=yjx 2 + y 2 + z 2 = Jp 2 + z 2 . 


6- tan' 


<f>= <t>- 


P- \* 2 + y 2 = -Jr 1 sin 2 0 cos 2 ~r 2 sin 2 0sin 2 
= /*sin0; 

z = rcos0; </>=#■ 


a) From the figures below, 



COS0a„ 


sin0a. 



a r = sin0 a.- + cos0 a p ; a e = cos0a p - sin0a r ; a* 
Hence, 

_ _ < 

sinO 0 co$0 a p 
a e = cos0 0 - sin0 a + 
a* 0 10- 


From the figures below, 

a p = cos0ae + sin0 a x ; a : = cosOa*- sin0ae; a* = a* 









<*? 


sin# cos# 0 


a r 

at 

- 

0 0 1 


<*Q 

a z 


cos# -sin# 0 


a z 


Prob. 2.10 (a) 


X 


cos^» sin$ 0 


xy 2 z 


= 

— sin^ cos<|> 0 


x 2 yz 

H. 


i 

o 

_1 


xyz 2 


// p = xy 2 z cos<J> + jr’^sin^ = p-'zcos'' 4» sin 2 <ji + p^cos^ <fi sin* (ji 


1 


= — p J zsin^2<k 
2 * 


- - xy'zsin^i + x^cos^ = - p J zcos$ sin J $ + p J zcos$ sin<|> 
= p^zcosili sin^ cos 24 >. 

H : = xyz 2 = p 2 z 2 sin^i cos^». 


H= -p 3 zs\n 2 2$ a p + —p J zsin2<|> cos 24 > + —p > zs\n2^a : . 


H, 


sin0cos<fr sinGsin^ cosG 


xy 2 z 


z= 

cos0cos<t> cosG sin- sinG 


x 2 yz 



-sim|) costy 0 


* 


x - r sinG cos<|). 


v = r sinG sin<t». 


z = r cosG. 
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H r = .vpzIj'sinG cosi|> + xsinG sim(i + zcosG 

= r 3 sin' 0 cosG sin<|>[rsin 2 0 sin«f» cos$ + rsin' 0 sincosij) + rcos'0] 

H q = _tyz[j'cos0 cosifi + x cos0 sin<|> - zsinG] 

= r J sin 7 0 cosG sini|> cosiji [r sin 0 cosG sin <|> cosij) + rsinGcosO sim)» cos<|> - rcosG sin0 ] 
- ,vvzr[-j’sin <}> + .v cosij) ] 

= r 3 sin’ 0 cosG siniji cos<(»[-r sin0 sin' T rsinG cos' <j)] 

= r 4 sin 7 0 cosG simji cos2«(». 

H= r 4 sin'0 cosG sin<j> cosij) [(sin'0 sin2<(> + cos 7 0)a f + 

(sin0 cosG sin2<j) - cosG sin0)a e + sinG cos2<^ a *]. 


(b) 


At(3- 45), H(x,y,z)=-60(-4,3,5) 


H(x,y.z)\ 


= 424.3 


;| 

I 


This will help check H(p,$,z) and H(r,Q,ty) 

4 

p = 5, z= 5, <|> = 360°- tan' 7 — = 306.87° 

H= |( J25)(5)(-0.96)a p + 125)(5)(-0.90)(-0.277))a, U(25)(5)(-0.96)a : 

= 288 a p + 84 a+- 300 a : 

Spherical, 


r = V50 = 5-s/2;' *.*.4* ; cos0 = ~4= = 

5V2 V2 5V2 V2 

4 3 I' 

& sin^ = - — cos^=- ■. 

Jj Jj 


’2 /v >/r v 25' 1 '2 " v 28’ 
8.485av +415.8a* + 84 a,. 


25’ 


V2 12 25 


Prob 2.11 (a) 




cos<(> - sin(|> 0 


p cosij) 


= 

sin<!) cosij) 0 


0 

A 

1 

0 0 1 

w J 


2 ■ , i 

pz smi 1 
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A J i / ? T X X 

A * ~ p cos * = V^ + r-3—7= , 

v + > V x ‘ + >’* 


.4, = p sin4> cos* = Jx^Vv 2 

yjc* + >’* 

/ , - - - 

= r = , [a*~ a r + .v>’a, + vza-]. 

V^‘ + r 


At (3,-4,0) x-3, y=-4, z=0; 

= ^[9a,- 12a,.]. 




A 

= 3 


A 


sin#cos^ 

sin#sin^ 

cos 6 

A 

= 

cos <f> cos <f> 

cos 0 sin <f> 

- sin# 

A 


- sin^ 

COS <f) 

0 


>^ 2 

P 


x - rsinG cos<|i, y = rsinG sin<(>, z=rcos0, p = rsin0. 

r* sin -7 0 cos’ 4» . r 2 sin 2 0 cos* sin* 

A - r*"^ sm0 cos* + -—-sin0 sin6 + 

rsin0 rsm0 Y 

r 3 sin0 cos 2 ij> 

- — -sin* cos0 

rsinG 

= r sin 2 0 cos* + /- 2 cos 2 0sin0 

A = r sin0 cos* * cos0 cos* + rsin0 cos* sin* cos0 sin* - r 2 cos* 0 sin* sin0 
= r sin0 cos0 cos* - r 2 sinB cos 2 sin* 

= rsin0 cos0[cos* - rcos0 sin*] 

A = ~ Ksin0 cos* * sin* + rsin0 cos* sin* cos* = 0. 

A = r[sin* 0 cos* +rc_os 2 0 sin* ]a r + /*sin0 cos0[cos* - rcos0 sin* ]ao. 
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At (3 - 4.0), r = 5 ,0 = x / 2, ^ 50(5.55 
cos<j> = 5/5, sin<|> = -415. 

A = 5[/’* j+5(0)(-5/5)R + 5(/)(0)a e 
= 3a r . 


= 3. 


Prob 2.12 




cosi)> - sin<j> 0 


A , 


= 

sin<f» cos<j> 0 


A > 



0 0 1 


A. 


0 


Jx 2 + y 2 Jx^+y 2 

y x 

yjx 2 +.y 2 yfx^+y 2 

0 0 1 


0 


‘*J 


V 


sinOcos^ 

COS0COS0 - 

sin ^ 


Ay 

= 

sinOsin^ 

cosOsin^ 

cos^ 


A. 


cos 6 

- sinO 

4 

0 



4 

A a 


xz 


-y 


>K + y 


2 + z 2 


y[x r +y 


2 + z 2 


^xUy^xUyUz 2 

yz 

J? + _y 2 -y/x 2 + y + Z 2 

V* 2 + / 




V 


V* 2 + / + Z 2 


Vx 2 + y + z 2 


x 2 + y 


0 


A 
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Prob2.13 (a) Using the results in Prob.2.9, 


A = pzs\n<f) = r sin0cos#sin^ 

A t = 3pcos<f> = 3rsin#cos^ 

A. = pcos<j>s\n<p = rsin#cos^sin^ 


Hence. 


A r sin0 0 cos0 r ’ sin0 cos0 sin<(> 

\ = cos0 0 - sin0 3rsin0cos<|> 

A t 0 10 rsin0 cos<|> sin<|> 

.4(r,0,<j>) = rsin0^sin<t> cos0(rsin0 + cos ♦k + sin<t>(rcos‘’0 - sin0 cost)*)<3 e + •^c° S( t ,a » 
At (70, n /2Jn 14), r = /0,0 = n f 2J = 3* 14 

_ 3 

A = 10(0a r + 0.5- <— a ^) = 5<2 0 - 21.21a^ 




= 0, 

V 

sin0 

COS0 

0 

0 

0 

i 

COS0 

- sin0 

0 


lp 2 + z 2 



B( p,<t»,r)* Vp 2 + z 1 P°p + 7T77r fl » + za : 

\ P T Z 

At (2,n/6J), p = 2,<|> = ji 16,z= 1 


B = yf5(2a p + 0.4a 4 + a.) = 4.472a p + 0.8944a 4 + 2.236a. 

Prob 2.14 

(a) </ = ^(6-2> 2 + (- l-I) 2 + (2-5) 2 = V29 = 5.385 


» c/ : = 3 : - 5 : - 2(3)(5)cos;r + (-1- 5) : = 100 

i! (b) ,- 

;; d = fiOO = 10 
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(c) 


d 2 = 10 2 + 5 2 - 2(10)(5)cos—cos— 

4 6 

d = (10)(5) sin — sin—cos7 — - — 

4 6 4 4 

d = V99.12 = 9.956. 

Prob 2.15 

(a) An infinite line parallel to the z-axis. 

(b) Point (2,-1,10). 

(c) A circle of radius rsin0 = 5 , i.e. the intersection of a cone and a sphere. 

(d) An infinite line parallel to the z-axis. 

(e) A semi-infinite line parallel to the x-y plane. 

(f) A semi-circle of radius 5 in the x-y plane. 

Prob.2.16 

At n2,3-4) 

0 = tan - ' ^x 2 + y- = 


tan —— = 137.97 
-4 


A -4 ' JJj 

cos 0 - ~^ 2 g = ~0-7428, sin0 = ~ 0.6695 

♦ = tan' 7 - = tan*' - = 56.31 
x 2 

2 . . 3 

C0S9 sin^ = 


M " yfll 

az = cos0 a r - sinO a e = -0.7428a r ~ 0.6695a*. 
a r - sin0 cosi|) a x + sinO sin<)» a v + cos0 a . 

Z 

= 0.3 n l4a x + 0.557la y - 0.7428a,. 
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I Prob.2.17 

I ArP(0,2-5). <1 ) = 90°; 

B x cos<j) - 1 

B y - sin<J» c( 

[tf.J [ 0 

0 -1 0 

1 0 0 

0 0 1 

I 

i| B = - a x - 5 a y - 3a-_ 
i 

(a) A+ B= (2,4,10)+(-1,-5,-3) 

I = a x - a y + 7 a : . 

„ A*B -52 
I (b) COS0M ” MI Ml ' V4200 

0M = cos " ( ^io ) = !S 2 £.- 




A*B 52 

(c) A H - A* a h - g ~ ~ ~ ~&-789. 

Prob. 2.18 

At P(<5, ^0°)' = / > (r,0,<|»), 

x= /*sin0cos<t» = 5 sin 30°cos60°= 2. 
y = r sinG sin<J> = 8 sin 30° sin 60° = 2 Vi 

z - rcosO = 8(— Vi) = 4y[3. 


G = I4a x + 8yfla y + (48 + 24)a : - ( 14,13.86,72); 


a , = - sin <)) a r + cos<|> o v 


Vi- l 


Y aA r>' 


G t = (G’»a«,)a* = (-7>/I + 4^3)-(- y/l a x + a y ) 


!i 




= 4.5a,- 2.598a ,. 
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|Prob. 2.19 

i| 

j (a) 7. = (7* a : )a : . 

At( 2. nil , 3/r/2), a.- = co%9a r - sin#a* = - a*. 

7. = - cos2#sin^a, = - cos;rsin(3;z72)a, = - a e . 

0 - 7t 

(b) Jo = tan-lnra, = tan —ln2a, = In 2 a, = 0.6931 a,. 

(c) 7, = J- J n = 7- 7 r = - a#+ ln2a, = - a*+ 0.693 la, . 

I 

(d) Jr=0*a x )a x 

a x = sin0 cosij) a r + cos0 cos<)> a@- sin<)> a* = a*. 

At (2. n/2, 3 ti/2), 

7 /> = iii 2 a,. 

Prob 2.20 

P, p= 2, <f>= 30°, 2= -1 

H = 10sin30a / ,+ 2cos30°a,~ 4a... 

= 5a^+ 1.732a,-4a r . 

(5, 1.732, - 4) 

Q " = V5 2 + 1.73 2 2 + 4 2 = ft7538 ^ + 0-261 la,-0,603a.- 
€ 

(b) H x = H p cos</>-~t1j$in<f> = 5ps,\n<f>cos<f>-pzcos<f>$\n<f> 
or P at p - 5, ^ = 30, 2=1; 

// t = H x a x = (25sin30 0 cos30°+5sin30 0 cos30°)a Jt . 

= 13a* 

(c) Normal to p = 2 is H„ = H p a p \ 
i.e. H„ = 0.7538 a p . 

ii (7) Tangential to 9 = 30°. 

ij 

!| H, = //, a,* //. a.- = 0J538a P - 0.603a- 

ii 1 - 
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Prob.2.21 


(a) At T,x = 3,y = -4.z = /,p = 5,cos<|> = - — 

- 3 . 

/I = 5(/)(- J)a p + 2 5(1) a- 


= Ja* + 25 a : 

,— 5 / 

r=\/26, sin 0 =- 7 === cosO = - 7 = 

y/26 , 426 

B= 26tj)a r ± 2(^26) -jLa< 

= - 15.6a r + 10 a+ 


(6) In cylindrical coordinates, 

£ p sin0 cos0 0 - /5.6 

B^ = 0 0 1 0 

B. cosO - sin0 0 10 

B p = /5.d sin0 = 26(- ^)(-j=) = 15.3 

B" = 10 , = 15.6 cosO = -3.059 

£(p,<M) = (-15.3,10 - 3.059) 

- A - x - - n l (30 - 76.485)(-15.3,10,- 3.059) 

Ah = (A*an)a H = (A*B)B—= -——-- 

- J4JJ0 

B 


= 2.071ap- 1.354a++ 0.4141a : . 


(c) In spherical coordinates, 

A r sin0 0 cos0 0 

A t) = cos0 0 - sin0 3 
A, j 0 1 0 j[25 
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A r - 2Jcos9 = = 4.903 

4) = 25sin0 = -25(-^r)= -24.51 


A . = 0. 



Cir 

a o 

a * 

X 

to' 

H 

4.903 

-24.51 

0 = - 245.1a r + 49.03a,- 382.43a, 'j 


-15.6 

0 

10 

i 

i 

Ax B 


! 

QAxH 456.87 

±(0.5365a r -0.1073 a 0 + 0.8371 a*. | 


Prob 2.22 

(a) For (x,y,z) = (2,3,6), 

r= + / + = 7 

x -2 

x= r cosa cos a = — = — ,a = 106 . 6 ° 
r 7 

v 2 

.y = rcosP cosP = — = -,p = <W.d° 
r 7 

z 6 

z- rcosy cosy = — = — ,y = 31° 
r 7 

Hence, 

(r,g,p,y)= (7, 106.6° ,64 t .6°, 31°) 

(b) For (p ,<M)=0W-2), 
r= Jp 2 + z 2 =5, 


cosy = - = —y = 126.9° 
r 5 

x cos<b 4 cos 30° 

cosa = - = p-=--- a = 46.15° 

r r 5 

„ >' psind) 4 

COS5= -=--= —sin20° 5= <5tf.-/2° 

r r 5 

(r. a. 5. v) = (5.46.15° .66.42° .126.9°) 
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j| (c) For (/-.0,<t>)= (3.30°,60°), 

! r= 3, y=Q = 30°, 

x rsinOcosd) / 

cosa = — =-= - a = 75.52°, 


cos B = — = sin0 sin<f» = 0.433 B = 64.34 °, 
(r, a, /?.>•) = (3.75.52° .64.34° .30°). 


Prob 


^ 2/'cos0sm<£ - , 

G = cos ya y + - 7 — — a v + (1- cos 6 )a- 

rsxnG 

= cos^ajr+ 2tan^sin^a > ,+ sin^a r 

Gr sin#co s<j> sin^cos^ cos 0 cos* ^ 

G g = sintfcos^ cos£?sin^ -sin# 2tan#sin^ 
<GJ -sin <p co ^<p 0 sin 2 ^ 

Gr = sin#cos^ + 2cos#sin 2 <j>+ cos#sin 2 <j) 

= sin#cos 2 0+ 3cos#sin 2 (f> 

G e = cos0cos 2 <f>\ 2tan#cos#sin 2 <f>- sin#sin 2 (f> 

G+ = - sin^cos 2 sin 2 ^cos^= sin^cos^(sin^- cos^) 

G = [sin#cos 2 (f>\ 3cos#sin 2 (f>]a t 

+ [cos#cos 2 </>+ 2tan#cos#sin 2 <f>- sin#sin 2 (f>]ao 

+ sin^cos^(cos0- cos <j>)a^ 
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<f/f.</7= (j+ | + f)A» dl = C, + C : + C 3 


/ : 2 


Along (7), C 7 = \ ~A*dl= j pcos<|>4>| +=0 = ^ = 2. 


Along (2), dl = pdi|> a*, /!• dl = 0, C 2 = 0 

0 2 - J 

Along (2), Cj = jpcos^dp^ = (-)= - 7 

•) / o / 


A*dl= C, + C, + Cj = 2+0- 1= l 


P.E. 3.3 


, Y „„ dU - dU- dU- 

(a) V 7/ = —a x + —a y + ~a z 

ox oy oz 

= y(2x + z)a x + x(x+ z)a y + xy a ; 

^ „ r , dV. ldV- dV - 

( b ) 

z 

- (zsin$ + 2p)a p +(zcos$ - -sin2$)a 4 + (pcos+ + 2zcos 2 $)a z 


df \df 1 3f. 

v / = T«r+ ~^A a « + — ~ r ~a~~Lk a * 
cr r 06 rsmO oq> 

- (cos#sin^+ 2 r<f>)a r - sin^sin^lnra# 

* 

+ (costfcos^lnr + r cosec B)a, 


P.E. 3.4 


V 0 = (x + y)a x + (jc + z)a y + ( y+ z)a : 
At (7,2,2) V <7> = (5,4,2) 

(2,2,7) 27 

V<*>.a / = (5,4,2).^^= J =_Z’ 
where (2,2,7) = (2,4,-/) - (7,2,2) 





P.E. 3.5 


Let f - x 2 y + z - 3, g = x log z- y~ + 4, 

V/ = 2xya x + x 2 a ,.+ a : , 

x - 

V g= logza r - 2ya y + — a : 

Z 

At P(- 1,2,1), 

V/ (-4ax + cty + a . ) 


n f -± 


V/ 


yfl8 


A - - (-5) 

cos0 = rif My, = ± — 7— 

418x17 

e = cos ''77^J ■ 


P.E. 3.6 

(a) V • /I = 


5/1, <3/L iLL 


dx dy dz 


z = 0+4+0= 4x. 


At (7 -2,3), V»A = 4. 

(b) 

„ - Id idB . dB. 

V . B = (p +-- + —- 

p 3p p p <?<)> dp 

11, 

= — 2pzsin$ - -ipz sin<b + 2zsin<h - iz*sind» 
P P 

= (2- 3z)z siti<(i. 


At(5,-,1), V.fl = (2-3)(/)= -A 


(c) 


- 1 d , 1 

V • C- —y— (r 2 A r ) + - 

r 2 dr rsmO d6 


d 1 dA. 

~{A e sinfl)+ - . 

rsin# a<j> 


1 


■6r 2 cos 0 cos <j> 


= 6cos#cos^ 

/r /r n n 

At ( 1. —V • C= 6cos— cos-- = 2.598. 

o j 6 j ■■■■ 
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P.E. 3.7 This is similar to Example 3.7. 
r= §A»ds= v, + r h + r t 

s 

H J t - 0 - l F h since A has no z-component 
^■= f/p‘cos**p d$dz=p 3 j cos’*4 \d: 

4=0 2=i) 

= (4) 3 %(I) = 64% 

V = 0+0+64% = 64% 

By the divergence theorem, 

§A*ds = • Adv 

S V 

Id 1 c 

V • A = ——(p J cos’*) + — — rsin* + 

p cp p C* 

= Jpcos 2 * + ~ COS*, 
p 

= jV • Adv = | (ipcos 2 * + -cos*)p cfydzdp j 

V V P j 

4 2k I 4 2n I 

= 3^p 2 dp |cos^ <|i d* J dz + Jdp Jcos<|>z/<t> J dz ! 

0 0 0 0 0 0 '• 

4 3 

= 3(j)%(J) = 64%. 

P.E. 3.8 ‘ | 

(a) I 

V x A= a x (J- 0)+ a y (y- 0)+ a : {4y~z) 

= a x + ya y + ( 4y - z)a : 

At (1-2,3), V x A = a x - 2a y - 1 la : 

(b) — 

- - / '! 

V x B = a p (0- <5pzcos*) + c**(p sin<j> - 0)+ a- — (6pz : cos* - pzcos*) li 

P ll 

= -tfpzcos* a p + p sin<|> + (6z- /)zcos* a : j 

At (5.-^,- /), V x B = 5a t . i 
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„ r, 1 , -U 2 n Go, 2/*cos0 sin <{► 3 ., a* 

C " ° r rsinO r C ° S0 ' 0) + r ( " s in0 " Y ‘ ) + y(°~ 2rsin& cos$) 

= r~ ,J cotQa r - (2cot0sin<|> + ~r' li2 )a e - 2sin0 cot«J> 


At VxC= lH2a r -45a*-OSht 


P.E. 3.9 


^/(• dl- j(V x 


2 COS(h - _ 

But (V x A)= sin<|>a_- +—-— a p and dS = pd$dpa : 


J (V x A)»dS= jjpsin<|i dtydp 

s 

60 * 

- 1£ <- “»*)|, 


P.E. 3.10 


- 2 (- r i)-r 


d d d 


V x VV 


3c 

dy 

dz 

dV 

dV 

dV 

3c 

dy 

dz 

&V 

%#Vd- 

~ * J a 


- &V d^V - 
+ dyd? a '-~° 


P.E. 3.11 

(a) 


v2(y = Jc (2x>;+>;z * + J ^(* 2 + xz ) + 

= 2y. 
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V 2 F = —— p(zs\n<f>+ 2p) + — (-pzsinfi- 2z 2 -^-sin^cos^)+ -^-(/osin^+ 2zcos 2 <f>) 
p op p~ cp oz 

1.1 

= — (rsin^+ 4 p)- —(z/dsin^ + 2c cos2^) + 2 cos" <j>. 

P P~ 

2 z 2 

= 4+ 2cos 2 <f>- -Vcos2^. 


1 d r 1 1 , Id 

77 " r7-COS0 sin<t> + 2/**<(>] + ■, . ^ sin* 0 sindi InH 

r or r r r sin0 <?0 


+ ^ . ■?„ [~ cos0 sin0 lnr] 

r sin* 0 

■cos0 sin<|>(/ — 21r./-csc 2 0 lnr) + 6t) 


P.E. 3.12 


If B is conservative, V x B = 0 must be satisfied. 

AAA 

V x B= d x d y dz 
y+ zcosxz x xcosxz 

= 0 a x + (cosxz- xzsinjcz- cosjcz+ xzsinxz)a y + (7- I)a : 
Hence B is a conservative field. 
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Prob. 3.1 

(a) 


(b) 


(c) 


dl = pd<p\ p= 3 

Jt// = l\d<f> = 3(j-j)= y= 2.356 


dl = r sin#7^; /• = 1, 0 = 30°; 

/r 

L= \dl = rsin0 j d<j> = (l)sin30°[(^)-0] = 0.5236. 

dl = rd<t> 


L= \ dl= r )dd= 4v '2 " f) = y = 4.189 


Prob. 3.2 

(a) 

£/£ = pd<f>dz 


K 

5 2 


W = p\\d(j>dz = 2 fife Jcty = 2(5)[^-^] = ^ = 5.236 

2 J o =. 


0 £ 
3 


(b) 

In cylindrical, 7S = p 7p ^ 

x 

5= J</S = J pc/p |4 = 7 ^= 3772 

(c) In spherical, dS = a-’ sin0 


3 2 * 

5= j</S = 700 |sinG dQ \d§= 100(2n)(- cosG) | = 200n(0.5 - 0.7071)= 758.4 


(d) 


dS = rdrdQ 


S= J</S = jrdrjdQ = j)= y= 7/S9 
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Prob.3.3 


(a) dV - dxdydz 


I l 3 

V - | dxdydz = jdx fdy fdz = (1) (2- 1)(3- -3)= 6 


0 I -3 


(b) dV = pdtydpdz 


5 4 * 


F= fpdjpje&jdt = = -W25--7)(5)(^)= Jjtt = JJO 


3' 2 


(c) = r 2 sin0 dra0d<|> 


F JsinO J4 = y £(- cos0)["(y- |) 


/ * * 

2 6 


1 l % 26% 

.^-/XjXjV -fj-isg 


Prob 3.4 



jp,rfS = 


x=/ y=x ; 

| J(jc‘ + jcv)c/vcstc 

x=0 y=0 


= f( J 0' + y - 0 )dx = {(x" + y)cfc 

1 1 17 

- + — = — = 0.2833 
3 72 60 - 
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Prob. 3.5 

| H•dl = |(j K'dx + y 2 dy) 

i. 

But on L, y = x~ dy = 2xdx 

j H*di= j (x : + x 4 .2 x)dx = y + 2 yll=j + j = MMZ 

Prob. 3.6 

2n a a - J 

V - f j \r 2 smti db dr d§ = - j- (/ - cosa) 

e=o /■=« * 



n 

2 71 £3f i 1 

tt 

V(a = 

v 

, (/-j)- 

~ 


7t 

2na 3 

2n a 3 

V(a = 


/—N 

1 

II 

3 


Prob.3.7 

(a) 

\~F*dl = j (x 2 - z 2 )dy[° o + j 2xydx\~‘ + J (-Jxr )cfep° 

V=« r= JC = 0 Z *° 2=0 V ‘ S/ 

= 0+4-54= -50 

(b) 

Le/ x=2t. y= t, z=3t 
dx= 2 dt, dy= dt, dz= 3dt; 

r - V 79 

J F*dl = J(8/ 2 - 5( 2 - 162/ 3 ) dt = - — =-39.5 


Prob.3.8 
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/ / 

\H*dl = j (x- y)dx\ + /(x* +zy)d=l\l 

x=0 :=() 

+ |(jc 2 + zy)dy + 5yzdz\ / y 
x 2 ./ > v v dy 

= yl, + Ot J X/-j)4’+ W-yX-y) 

/ . r. ) 


J<-p-**->*- 


1 -3 , / j / 

r ( -^ + 7->t- 


Prob. 3.9 


The surface S can be divided into 5 parts as shown below 



P= (jc +>>)z = pz(cos<|> + sin<|>) 


/ 4 = jF £/5 = FFFM \VdS = A, + A 2 + A } + A 4 + A s 


■ .S', S. S3 S4 S5 


For Ai. z-2 . c/.S’ = pd$dpa : , 
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A, = I f p‘r(cos* + sin<f>)di|> dpa : = (2)^-|,/(sin<)> - cosij)) | x ' 2 a 

2 - •/- 
= -(1-0-0+ l)a : = -a : 

For A : , z=0, dS = pdty(-a : ), 

/ */’ 

A: = - | Jp‘z(cos<|> + sin^dtydpa.- =0 

p = 0*=0 

For Aj p = /, dS=pd§dza p 

K 

-*<? 2 

A} = J Jp^z(cos<|> + sin<|>> 4 /<|> 

= (/') jf(/+/)a,Wa, 

For ^, <j> = —, </£ = dpdza * 

/ 2 

A 4 = | J p z(cosij) + sin (ji) c/p ^ 

p=0 r=0 

p 2 |/ z p 

= y[ 2 t (0+/)a * = 7fl * 

« 

For y4 5 , (j) = 0, dS = dp dz)(-a+) 

A 5 = - a* 

( _ ■</ _ _ 

Thus, /l = J FtfS = -a, + 0+ a* = 4a p + 7.555 a r 

Prob 3.10 

(a)\Adv= ^2xydxdydza x + \xzdxdydza y - \ydxdydza z 

2 2 2 2 2 2 2 2 2 

= 2\xdx\ydy\dza x + \xdx\dy\zdza, + \dx\ydy\dza : 

<> ft 0 0 0 0 () 0 0 
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* X~ 1 - 

Since \xdx = — [ = 2 and jdx= 2, we get 

j Adv — 2(2)(2)(2)a x + (2)(2)(2)a > - (2)(2)(2)a : 
= J6a x + 8a y - 8a - 


A p cos<(> sin<)> 0 2xy 

A t = - sin<|> cos<|> 0 xz 

_A : \ 0 0 /J[-^ 

A p = 2xycos<|> + ;czsin<|> = 2p’cos J <|> sin<|> + p zcos<|> sin<|> 

A+ = - 2xysin<|> + xzcos<|> = -2p’cos<|> sin’<|> + p zcos’<|> 

A. = - y= - p cosiji 
dv = p cUf dp dz 

\kdv= /Jj2p J cos J <t> d(- cos^)dpdza p + J|Jp‘zcos<ji d(- cos<(i)<2p dza^, 
~ 2 \\\p sin^<|> d{s\n^)dpdza^ + jjjp : zcos 3 ^ d^ dp dza t 
- \\\p 2 costy d§ dp dz a : 


A 

Since = 0, 


jj Advs \ a > 

2p v j p sin J 4* - p 3 pz 2 i5 J I 

“tWti a > + jljky *♦ 

= 0+0+0+ (9)(y )(|)a 4 = 56.25a+ 


A r sin0cos<(» cos0cos<(i -sin0 2xy 
\ = sin0sin<(» cos0sin<|> cos^ xz 


sin0 0 -y 
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jAdv = JJJ sin’' 0 cos' 7 <(► ^(cos<|>)tiB £/<(> dra r 
+ JjJ r 4 sin 2 0 cos 2 0 cos 2 <|> cB d§dra r 
+ JJJsin 2 0 cos<J) sin<|) cBd§dra r 
+ JJJ 2 sin^ 0 sin 2 <J» t/(sin«^ )<a© d§ drci 6 

+ JJJr’' sin 2 0 cos 2 0 c °s^> sin<|> cBd$dra<> 
- JJJr 2 sin 2 0 cos<|> sin tycBdfydrao 
+ JjJ 2 r 2 sin 2 0 cos0 sin<|» costy cB dty dr a * 
- JJJ r 4 sin 2 0 cos 2 0 cos$ cB d§ dra+ 


5 / / ^ ^ 

= tC (t + 7«)s^)[" f cos0 (/- cos 2 Q)cBa r 
j Z 4 Q 

J X * 

= 204.8 (—) [ | cos 2 0 c® - J cos 4 0 cB ] a r 
2 o o 

) 2 n « sin 20 * n 

But J cos 2 0 (B = (- + —j~) [=~ 

Since cos4Q = 8 cos 2 0 - #cos 2 0 - 1 

H 71 / ^ l * 

jcos J 0£$ = —+ — J cos¥0<rt) - — jcB 


n 11 . . r> it it Jt 

j t -- s ,n 40 


f Adv* 102.4(1 -|+ 4QMa r 
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Prob 3.11 


- dV x dV dV. 

a=( dt ’ dt ’ dt )=24a: 


-=0 -> 

/ 

i.® 


V = A 


V y =B 


2.4 - > V. = 2.4t + C 


At t = 0, (V x ,F y ,V : )= (-2,0,5). Hence, 


A - -2, B= 0, C = 5 


dx 

V x = — =-2 -> 

* dt 

x=-2t + D 

T 

1 

O 

II 

i 

n 

y- e 

ii 

ii 

+ 

i 

z = 1.2t 2 + 5t + F 

At t - Ox - 0,y - 0,2 = 0. Hence, 

D= 0=E=F 


x = -2t,y- 0,z- 1.2t 2 + 5/ 

(a) At t = 1, x - - 2, y= 0,z = 6.2. Thus the particle is at 

(~2££J) 

(b) V=(V x ,V v ,V : )=-2a x +(2.4t+5)a : m/s 


Prob 3.12 

(a) 


- du - du - du - 

vc/= ir 0 ' + ^ + ^- a - 

= 4z 2 <3 X + 3^^,,+ (8xz+ 3.y)a ; 


<5T 1 <2T - ^T- 

v T= T a p + T a - 

op p dtp oz " 

= 5c' 2 ’ sin^a^,+ 5c' 2 *'cos </>a^~ 10pe~ 2; sin </>a : 
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dH - 1 dH - 1 ffl - 

V H= —a r + -~a ti + —— — a* 
cr r oG rs\x\9 cty 


2rcosGcos<pa r - rs\nGcos<f>as- rcosGs\n<pa f 


Prob 3.13 

8V - dV . dV - 
(a) V V = — a x + —o v + —ci : 
cx cy cz 


= 2e (U ' iy) cos5za : + 3e ux * sy) cos5za y - 5e" sin5za r . 


J2x.3 y ) 


At (0.1 -0.2,0.4) 


( 2x+3y ) _ 0.2-06 


= e = 0.6703 , cos5z = cos2= - 0.4161 , siniz = 0.9092 


VF= 2(0.6073)(-0.4161) a x + 3(0.6703)(-0.4161)a y - 5(0.6203)(0.9092) 
= - 0.5578a x -0.8367a v - 3.047a : 


VT - 5e~ 2z sin<) a„+ 5e z cos$ a*- I0pe~ 2z sin^> a z 


At (2~,0), 

VT = (5)(l)(0.5)a p + 5(l)(0.5)a>- 10(2)(l)(0.866)a : 
= 2.5 a p + 2.5 a^- 17.32 a : 


-2sin0sin<|> - cos0siii<(> - costy - 

VQ= -5- a r + -}-tfe+ —— 

r r r 


At (1,30°, 90°), 

„„ ~2(0.5)(1)- (0.86)(1) - „ - 

VQ= --- a r + --- ao+0= -a r +0.866a<) 


Prob 3.14 


VS= 2xa x + 2ya y - a : 
At (7,3,0), 
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VS = 2a x + 6a y - a : and a„ = 


VS (2.6-1) 


\vs\ vT+idTT 

a„ = 0.3123a x + 0.937a y - 0.1562a : 

Prob 3.15 

V T= 2xa x + 2ya y - a : 

At (l,l,2), V T = (2,2-1). The mosquito should move in the direction of 
2a x + 2a y -a : 

Prob 3.16 (a) 

V* A = ye™ + xcosxy- 2xcoszxsinzx 


V x A - 


dx dy dz 
e™ sinxy cos 2 xz| 


(b) 


= (0- 0)a x + ( 0 + 2 z cos xz sin xz) a y + (>» cos xy- xe xy )a : 
= z sin 2 xza y + (y cosxy- xe xy )a : . 


1 d 


V • B - —— (p 1 z 1 cos<p) + 0 + sin 2 (p 
p dp 

- 2z 2 cos^ + sin 2 ^ 

=.— 

ldB. - SB dB. - I dB - 

VxB= (-IT-°) fl p + (-r- + 

p 09 dz dp p d<fr 


zsin 2 <|> 


a p + 2 pzcos<|> a*+ z 2 sin^ a : 


(c) 


- Id, 1 d 1 , 

V*C = ——(r 2 cos0)+—— — (--sin 2 0)+ 0 
r dr rsin 0 d 0 r 


= 3 cos0 - 


2 cos 0 


I 
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V xC = 


1 . d 


/ d 


— sin e)-0] a , t -[0--(>r'sine)]a. 



Prob3.17 (a) 


Id. 

+ sin0)+ rsinSla* 

r or 


= -(rcosQ a r - <frsin0 a e + sinG a* 


d d d 


V x A = dx. dy dz = ->' 2 a JC + 2^.- /a... 

x 2 ^ > ,2 z -2xz " 


V • V x A = 0 


P Pq> oz dz dp P dp d<f> 

= (0- 0)a p + (p 2 - 3z 2 )a*+ ~(4p 3 - 0)a : 


= (p^-52 2 )fl*+^p 2 a. 


V • V x A = 0 


V x A = 


I ^ , . A , x - r I cos<|» d / 

— -(-su.8cos*) a , + [—-p-.--(r-'cosO)] o , + -(0-0)o, 

- COS0 COS<(l - / cos<|> 

^- ° r + ~[~~ i . ft +r COS0 lfle 

rsm0 , r Vsin0 J 

-I . ~ 1 ,cosA 

—cot0 costy a r + -j (-—+ cos0) a e 
r r J sm0 ' 


V • V x A- 0 


Prob 3.18 


V* H= iv.vr= kv T 

> c : T d 2 T . tx -*v n 2 * 2 
V T= —+—- = 50sin— cosh —(-—+—) = 
ex' dy 2 2 y 4 4* 


Hence. V • H = 0 
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Prob 3.19 
(a) 


■*> <3 

V . (F^) = ^~(VA Z ) + —(VA v )+ -f(VA.) 
dx ay dz 

, A dV , r dA X ' dV dA v dV dA 

= ( A *T~ +v ~r^) + ( A y^~ +v ^ J ~) + (A. — + V —r^) 
dx dx y dy dy v - dz dz 

„dA t dA v dA.^ . dV dV dV 

ox dy dz dx y dy * <?z 

= FV* A + A*VF 


V»A= 2+3-4= 1; V F = ^a,+ j:za y + jcya.. 

V • (P ,4) = FV • ,4 + V V 

= xyz+ 2xyz + 3xvz- 4xyz= 2 xyz 


Prob 3.20 (a) 


V x F A = dx dy dz 
VA X VA y VA 2 

■ [ h im ~h {VA > )]a - * { h VA - ) -h (VA ^ 
tl f x (VA ^-f y (VA ^ 


r „ dv r, dA - dV d A 

r , dv „ dA x W dA. - 

tlA -I7< y J7- A ^ v J7 >0 ' 

r , dV r, 3A y ZV dA x - 

^TO v ~^- A -Ty AV ^ 
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1/r/ 8A. dA dA x dA. - 

= ~rr) a * + ( 7 —- -r^)a y 

c y 6 z 8 z c x 

d A v d A. - 

+ (^ + - 7 ^)*-] 
cx 8 y 

8 V - dV . 8 V - 

+ + ~dy ay * J7°^ X (A * a ' + A > a ' + A : a -*> 

V(V x A) + V V x /( 


= ~cosOa r + -sin^fl<>+ — sin^cos^a* 

12 11 
V *( FA ) = —^[^sm^cos^cos^- O)*, + ; (0 + p-sin* cos,*) a* + 

1 1 

-(0+ -sin*)a., 
r r 

2 cos <9 cos $ - sin*cos^~ sin* - 
- p a r + p-**+ -p-a, 


Prob 3.21 


. r . <?£/- dU - dU - 
£/= —a x + —~a y + —a z 
ox dy 

= (*- 2xy)a r + (2_yz 2 - x 2 )a y + (x- 2^ 2 z)a.- 

Div gradU = V*V£/= -^-(z-2xy) + -|^-(2.yz 2 - x 2 )+ — (x-2v 2 z) 

<7y 

= - 2y + 2z 2 - 2j> 2 
= 2(z 2 -/-^) 


Prob 3.22 


d d d 

V lnp = (^ ln P) a - + (pp ln P)a> + (—lnp)a- 

- t @ x^~ -i a y 

p p‘ 
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V x <j> a : = V x tan' 7 —a- 
x 

c d d 

ox dy 5z 

0 0 tan' 7 - 

x 

_ * - y - 

~ ■» > Cl .( t Cl x 

x‘ + y x' + y‘ 

y_- 

— 7 Cl 7 Cl X 

P P‘ 

= V lnp, as expected! 


Prob 3.23 

V<j> = 


1 


r sin<j> 
rVG a e 


a* 7 


V0 = ~a& 
r 


sin0 sinG 
rVG 1 

V x (-—) = -sin0 a% 
sinG r 

rVG 

Thus, V<t> = V x (—-) 
sinG 


Prob 3.24 

(a) VF= (6xy+ z)a x + 3x 2 a y + xa : 


V • V F = 6y 


V x VF = 


_d_ d_ d_ 
dx d y dz 
6xy+z 3x 2 x 


= 0 


( b) VF = z cos<|> a p - zsin<|> a*+ p cos<|> a : 

Id z z 

V • V V = — —-(pzcos(|>)+ —cosG + 0 = —cos6 

p dp p p 

o 


— cos<)> = 0 
P = 
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(c) VV - — (24r 2 )cos0sin^ + — C ° S ^ (cos' 0sin 2 6) 
r r rsintf 2 

4 

- , . , ^ cosflsin^ 
r sin 2 0 T 

, 4cos^ , . „ 4cos0sin<£ 

= 24rcos0sin^ + —— - 8cosdsin0-- 5 -- 

sinfl r sin 2 0 

V X V v = 0 


Prob. 3.25 

(a) 


(V# r)T = 3T = 6yza y + 3xy 2 a y + 3x 2 yza : 


dt dt dt .. 

X a 7 + ; dy + Z Tz = * ^ a >' + 2 ^ za --)+ 3 ; (^«t+ 2 xyo > .+ * 2 za,) 


+ z(2ya x \ x 2 ya : ) 

= 4yza x + 3xy 2 a y + 4x 2 yza : 


V • r(r» F) = 3 (2jcyz+ xy 3 + x 2 yz 2 ) 
= 6xyz + 3xy 3 + 3x 2 >z 2 


( '‘ V)? = (x itt§0^ x! * yUzl) 

= x( 2 x) + y(2y) + z( 2 z) 

= 2 (x 2 + y 2 + z 2 )= 2r 2 


Prob. 3.26 


(a)Vr n r= — (xr")+ — (yr n )+ — (zr") 
ox oy oz 


where r" = (x 2 + y 2 + z 2 )" /2 


6 


, --/ 


Vr"r= 2x : ( j) (x‘ + / + z 2 ) : ' + 2y '(^) (x : + + r )* 


+ 2r(j) (jc* + / + z*) r ' + r" + r" + r" 


--/ 


(d)V x r" r = 


= «(x* + y + z -3 ) (x^ + y J + z"') : + 3r n 
- nr" + 3r" = (n + 3)r n 

d 


d x 


d 5 
d y d z 


r x r y r z 

n 


= [2y(^)z(x 2 + y 2 + z 2 ) 3 "' - 2z(-~)y(x 2 + y 2 + z 2 y~']a x + 


= 0 


Prob. 3.27 


(a) Let V - Inr = Inyfx 2 + y 2 + z 2 


dV 1 1 . 2 2 1 x 

— = - - (2x) (x 2 + y+z)-~ = ~ 
ox r 2 2 r 


„ wr 8V - dV - dV - xa x + ya y + za. r 

VF= —a*+ — a y + — a z =--= -y 

ox oy oz r r 


r 1 - 

(b) Let V V = A = -j = - a x in spherical coordinates. 
r r 


V 2 (Inr) = V V (Inr) = V A = \ — (r 2 Ar) = * 4 — (r) 

r or r or 


1 


Prob 3.28 

(a) 


V v = x J + / + z 3 


a 1 ef a 1 




c 

d'"' 7 cy x ~' ’ ck 

6x + 6y + 6z = 6(x + y + z) 


(b) 
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V 2 = /r sin 20 

, 1 d 4 z 2 d 

V = iripz sin 20 )--sin 20 + — ( 2 /xsin 20 ) 

p cp p dz 


= —sin 20 --sin 20 + 2 psin 20 

P P 

-3z 2 

= (-+ 2 /?)sin 20 

P 


V 3 = r 2 (I + cos 0 sin<J>) 

v ‘ y j = 7Y r [2r3(<u cos0sin,f>)]+ Tike sin8sin 4 > )'*' 

\ d 1 

+ 7^5i) ( ' sin ’ $s ' a ^ r ' * U7ZJa rl (~ cos^sin,#) 


r 2 sin # 


,,, „ . .. 2sin# . cos#sin0 

= 6(1+ cos#sin0)- - . cos#sin0-:- 

sm# Y sin‘# 


= 6 + 4cos#sin0- 


cos#sin 0 

sin 2 # 


Prob 3.29 

(a) 

U = x 3 y 2 e * 


3 3 3 

v 2 U = — x '~) + — (2x 2 ye x: ) + —(x 4 y 2 e *) 


= 6jcy*’e x ""+ 2 jc 2 c Jr ‘‘+ *y<? 

At (1-1,1), 

V 2 U= e 1 (6+ 2+ 1) = 9e= 24A6 


= (6xy 2 + 2x 2 + Jcy’)c 


F = p 2 z(cos<|> + sin 4) 

2 1 8 . 

V ^ = 2 (cosi(» + sin<|>)] - z(cos<|> + sin<|») + 0 

= 4z(cos<|> + sinf) - z(cos<|> + sin<|>) 

= iz(cosi|) + sin<(>) 

At (5. ^, - 2), V 2 V = - 6(0.866 + 0.5) = -8.196 
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(c) 


W - e' r sin0 cos<J» 

V 2 IV = — — (-rV r sin0cos<|>) + ■ , C . cosd) -^-(sinO cos0) 
r dr r‘ sin0 <?0 

e' r sin 0 cos<j> 

r 2 sin 2 0 


= -p-(-2re r sin0 cos<|>) + e~ r sin0 cos<|> 


e' r cos<t> ln , 2 -e' r cos0 

+ — , . . (cos 0-sin 0)-—;- 

r' sin0 


r 2 sin0 


V 2 W = e' r sin0 cos<h (/ - —) 

r 

At (1,60°,30°), 

V 2 fV = e~' sin 60 cos30(/-•/)= -2.25e~’ = -0.8277 


Prob 3.30 

(a) 


v V = 


c^v <?v cf-y 
3c 1 + dy 2 + dy 2 


= 2(_y 2 z 2 + jc 2 z 2 + x 2 y 2 ) 


(b) 


V 2 A=V 2 A X a,+ V 2 A y a y +V 2 A : a : 


| = (2y + 0+0)a x + ( 0+ 0 + 6xz)a y + ( 0- 2z 2 - 2y 2 )a : 

€ 

= 2ya x + 6xza y - 2{y 2 + z 2 )a : 


(c) 

grad div A = V(V»A) = V (2xy +0 - 2y 2 z) 

- 2ya x + 2(x- 2yz)a y - 2y 2 a : 

(d) 

curl curl A = VxVx A = V (V • A) - V 2 A 
From parts (b) and (c), 

V .vV .t A = 2{x - 2yz - 3xz)a x + 2: : a : 
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Prob 3.32 



ds = c/J *\\ *\\ *11 }*<** 


=-/ z-f p-2 p=5 


= - JJp* cos 2 <|>44 + JJp 2 cos 2 <|>44 _ }f2pV4^[ i , + ff 2p 2 z 2 dtydzj^ 

2 k I 2 k / 

= - 2(2) 2 j4 { z 2 dz + 2(5)' J4 j z 2 dz 


«-*(2u)(j |',) +50(2x)(j |! # ) 

— 3271 200 n 

-Id . . 
b) V • D = -— (2pV)= 4z 2 
P dp 


/ 5 


|v • Ddv - ^4z 2 pdpd$dz = 4 jz 2 dz fpdp J 4 


-12 0 


— 5 (2%) = 56n = 176 











66 


Prob 3.33 


Transform F into cylindrical system. 

F p cos<|> simji 0 x' 

F t = - sin<|> cos<(> 0 y : 

F j 0 0 

F 0 = x 2 cos<(> + y ’ sin<|> = p*’ cos 3 <j> + p*’ sin'' <f>, F. = r - 1 
F^ = - x 2 sin4> + y 2 cosiji = -p ’ cos’ <(» sin<(> + p 2 sin’ <)) cosij> 

^ *F = — ^“(P 3 cos^ <|> + p J sin J <|>) + 2z- pcos^ - 2pcos<|> sin^ <{> 

+ 2p sin<j» cos’ 4 + p sin J <|> 

= 2p cos J (j) + 4p sin J <(► — 2p cos<f» sin^ <(> + 2p cos^ <|>sin<|> + 2z 


\~F*dS= \v*~Fdv 

Due to the fact that we are integrating sin<|> and cos<|> over 0 < 4 » < 2n , all 

terms involving cos$ and sin<|i will vanish. Hence, 

21 % 2 2 

JFc/5= JJJ2z pdpd$dz = 2 f dfr jzdzjpdp 


0 0 0 


2 ’ 2 

= 2(2Ji )(y o )=16n 

= 50.26 


Prob 3.34 
(a) 


^ A* d S = Jv • Adv, V*A = y+z + 

V 

/ / / 

jA»dS= J J J(x + y + z)dxdydz 


i i i 


^ 3\xdy\dy\dz= 3(^-[)(l)(l) 


0 () f) 


V • A = 0. Hence, 4 /!• d S - 0 



Prob 3.35 

(a) 
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V • A = y‘ + Jy : + y 2 = 5>’’ 
jv • Adv = HI 5y 2 dxdydz 

III '31 

= 5jdxjy'dy(± = WX/X , |) = «£ 

/I /l /I /) 


0 0 0 


yA.ds-{\\ *\ \ * jf *11+ /J + W 

x=fl x - / >-= / r-0 z-l 

= -11 xy 2 dydz[^ ||x/^^- 1 
+ \\y 3 dxdz\ y r \\y 2 zdxdy[_ o + \\y 2 zdxdy\ i 

= (/)(/)(y [) + (/)(/)(/)+ (/)(/)(y () = /-<5<57 


V • A = -—(2p 2 z) + 


5zcos<t» 


- 0 = 4z + 


izcos^ 


|v • A = JJJ(4z + — cos<|>)pdpi/<|><iz 
i/ P 


2 5 45° 


= ^|p dp |zdzjdty + 31c/p |zdz |cos<|> di|> 
0 0,0 00 

¥ 25 11 25 

= X^XyXy) + 3(2)(y)sirU5° 

= 25 it + 75 sin 45° = /3/J7 

tfMMMMJ) A* dS 

s p = 2 r=0 4=0 ^ = -/5° 

= + »/j 
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where J, = \]2pzpd§dz\^ ? = (2)(2) : jzdzjdty = 25% 

0 0 

J : = f j cos^pp^ | sin^- 


32 7t 

J 3 = - Jf-7pcos<|>dpdd| = — sin^ 

J 4 = J|2z sin <(» dp dz|^ 0 = 0 
J s = |J2zsin<|>dpd<|> |^ « = 7Jsin^- 

fd*dS = 25n + 75sin^- = 1JL57 

c) 

v ‘- 4 =7£ (r '>*^ff£ (rsin! * cos <‘) 

= 4 r + 2cos#cos^ 


J V • /[ dv = sin0 dDd<|» dr + JJJ sin0 cos0 cos4>d)d<|»dr 


4 -'lo v 2 5 

= S/(/)(y)+/S(0+|)(/-0) 
81% 

= — + 0 = 726.22 
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P»</5=[JJ+ jj + fj + }}]^'^ 


♦=« ♦=*/’ r=i 0=*/’ 


Since /I has no <|> - component, the first two integrals vanish. 


\ ~A*dS= j \ r 4 


*=<) 


J KfJ 

j j r 2 sin* 0 cos tydrdty ^ 


r~o ♦=/; 


= 81 (y) (- cos0)^* + 9(/)sin 


+ 9 = 136.23 


Prob. 3.36 


\p v dv = j A* dS (divergence theorem) 


where p y = V • A = x* + y 2 

dA x , x 3 

a* = * — '■* /l ' = ~J* c ' 

SA y , y‘ 

dy y > 3 C * 

Hence, 

x 3 y 3 _ 

A =(-J + C,)a x + + C 2 )a y 


Prob. 3.37 











dl = dp + pdtya t 
A* dl = p siniji dp + p J 4 

Along oa : 4 - 0, 4> = 0, 
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!• d T= 0, j A»dl= 0 
0 

n. 

b 2 

Along ob: dp = 0, p = 2, \A*dT=0, J 54 = 4n 

a () 

n 0 0 

Along bo: 4 = 0, <)> = -, \A»dl= \pdp = -2 

Hence, j/[• dT= 4t - 2 



b 


Along ab , 

4 = 0 /<|> = 0 , A»dl= 0, )A*d~l=0. 

a 

Along be. 

dp = 0, A*dl=p 3 d 


c 

j A» d l = |p J 4= (2)^71 -0)= 8k 

b 

Along cd. 

d 

4 = 0 , ♦ = *, ~A*dl=0, 1 A»dl = 0 

C 

Along da. 

CL 

II 

• 

cT 

ii 


CJ 0 

\~A*dl = p i {4 = (/) J (0- 7t) = - X. 

J 1 

Hence, 

/}•£//= 0 + 8n + 0 - n = 7^ . 


This may be checked by using Stokes' theorem. 
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Prob. 3.38 


Let v = jF»dS = >|', + V * + V „ + V, 

where V,, V *, v „, V, are the fluxes through the top surface, bottom surface, 
outer surface (p = J), and inner surface respectively. 

For the top surface, dS = p d§ c/p a : , z = 5; 


F* d S = p 2 z d§ dz. Hence : 

i 2x 

VL = j / P 1 zd) dz[ s = 


190 n 


0-2 *=0 


For the bottom surface, z = 0, dS = p d§ dp{- a : ) 

F* dS -^zd.^ dp = 0. Hence, y b = 0. 

For the outer curved surface, p = 3, d S = pd$dza p 
F*dS = p^simjt dty dz. Hence, 

5 2% 

V a = \ dzp 3 fsin^l =0 

z=o 4=0 

For the inner curved surface, p = 2, dS = p cfy dz(-a.) 
F*dS = p 3 sin4 cfy dz. Hence, 

5 2n 

V u = \ dzp 3 Jsin<t»4l = 0 

:=0 i =0 


190n n 190 n 

—— + 0+0+0 = —-— 
J J 


= jF*dS = Jv • FdV 

- Id .'id 
V • F= ( p sm<|>) + ——(zcos(|>) + p 
pop p 09 


= ip sim|) - — sin<t> + p 
P 
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| V • Fdv = JJJ(3p sin<|> - — sin<f> + p) pd^dpdz 


$ 2k 3 


= 0+0+ J <£ J di|> J p 2 dp 
0 0 2 
190 x 


Prob. 3.39 

Let B = V x T 

V = dS = Jv • Bdv = |v • V x Tdv = 0 

Prob 3.40 

- r . 

Q - .. Q j n q rs n ^[( cos ^~ sin^)a x + (cos^ + sin^)#, 

= r (cos <j> - sin <j>) a x + r(cos (f> + sin <j>) a y 


(a) 


(b) 


Qr 


sin#cos^ 

sin 0 sin <p 

cos# 

Qo 

— 

cos9cos<f> 

cosdsin^ 

- sin# 

Q* 


- sin^ 

cos^ 

0 

_ 


Or 

Qy 

a 


Q- rsinOdr + rcos0a e + ra+ 


dl = pd(f>a t , p = rsin30° = 2(—)= 1 
• 2- 

z = rcos30° = V3 

Q<= r- Jp 2 + 7 2 

2k 

j&dl= j Vp 2 + z 2 pd<f>= 2( l)(2zr) = 4k 

0 


V x Q= cot0a, - 2a* + cos0a$ 

For S, , dS = r 2 sinG dti dty a r 
j(V x Q)*dS = Jr’ sin0 cot0 dQ d§ | 

S 

2 k 30* 

= | cos0 db= -H 
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(C) 


(d) 


(e) 


(0 


For S,, dS = rsmQdQdra & 

|(V x Q)»dS= - 2fr sin0 dty dr\^ jgi 


2 2k 

= -2s\n30jrdr Jc/<|> 
0 0 



For S n dS = r 2 sin0 di) cB a r 
J s . Q*dS= r 3 Jsin^ bc&d^ 2 


2k JO 

= 8\d$ |sin^ 0 db 



For S 2 , d S = rsin0 dfy dr a* 

\ s Q*dS= jr 2 sin0 cos0 dr\^ jgi 

4nS_ 

3 


V • Q= \4~(r 3 sin0) + 


r~ dr rsin# 30 

- 2sin#+ cos#cot# 


(sin#cos#) + 0 


Jv • QdV = J(2sin0+ cos0cot 0)r 2 sin 0d0d<j>dr 
r 3 2 3 °r 

= y q (2 n) J(l+ sin 2 9)d0 


«*, V3 

T ( T> 
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Check : } V . QdV = (J. + [ )(V x Q ). dS 


71 Vj VJ, 

= v*[ rT+T ] 

4n 41 

= —[ji - —] (It checks.) 


Prob. 3.41 


Since u = © x r, V x w = V x (© x r). From Appendix A. 10, 

V x (A* B)= A(V • B)-B(V • A)+(B»V)A- (A»V)B 
Vxw=Vx(©xr) 

V x (© x r) = © (V • r)- r(V • ©)+(>• • V)© - (© • V)r 
= ©(.?)-© = 2 0) 


or 0) = —V x u 


Alternatively, let x = rcos© f, y = rsin© t 

dx - d y - 


= - 0) A" Sin© t Q x + © /* COS© t Oy 

_ < _ 

= -to ya, + © x^ 

d d d 

Vx«= d x 3 y d z = 2(o a : = 2a 
-©y ©x 0 


z’.e., © = -Vxk 


Prob 3.42 


Let /l = UV V and apply Stokes' theorem. 

\lNV*dU JvA(L/V V) • dS 

/. 

= f (V LAY V)dS+ \ U (V AY V) . dS 

v v 

But VAY V = 0. Hence. 





\wv*dl= \{vuxvv)»d's 

i. .< 

Similarly, we can show that 

jw U • d / = J (V FAV U)*dS- \(VUXVV)*dS 

/. 

Thus, jUV V• d 1 = - jw U• d 1 


Prob. 3.43 


Let A = r n r= (x 2 + y 2 + z 2 )"' 2 (xa z + ya y + za : ) 
By divergence theorem, 

\A*dS= jv • Adv 

dAx dAy dAz 

VM= 17 t "a 7 + "^" 

d d d 

= fa( Xr " )+ dz^ zr ”'* 

= r" + 2 x 2 (^)(x 2 + y 2 + z 2 ) nl2 ~' 

+ r n + 2y 2 (^)(x 2 + y 2 + z 2 )" 12 ' 1 

+ r" + 2z 2 (^)(x 2 + y 2 + z 2 ) n ' 2 ~‘ 

= 3r n + n(x 2 + y*’ + z 2 )r"~' 

= (3+n)r n 

4 

Thus, jr n rds= J(5 + n)r"dV 
or \r"dv=—^—<&r n rds 

J Mi 


Prob 3.44 


V x G = cx 
16xv- 


_a_ 

dy 52 
8x 2 -x 


= 0tf x + (-/ + l)a y + (I6x - I6x)a : = 0 
Thus, G is irrotational. 
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(b) 

4= j&ds = jv»Gdv 
V • G = 16_y + 0 + 0 = 16 y 

III 2 

4= JJJ 16 ydxdydz- 16 J dx J i/zj >>^> = 16(1X1)(~ ) = 8 

0 0 0 l - 

(c) y 

1 

0 1 



*»/ y=l 1=0 y-0 

§G*dl = \{16xy-z)dx\, : o + \ 8x 2 dy^j^ \(16xy-z)dx\ v =t + \ 8x 2 dy\,.o 

L x=0 *' y*0 *“ Jr*/ 

* «+•<(/)>{. /«(/)y(tO ■ ■■■■ 

= 8 - 8 = 0 

This is expected since G is irrotational, i.e. 


jG*dl= \(V*G)'dS= 0 


Prob 3.45 



d_ d_ d_ 

V x T = dx dy dz 

ax+Pz^ 3x 2 -yz 3xz 2 - y 

= (-/+y)a x + (3pz‘ - 3z 2 )a y + (6x- ax)a : 

If T is irrotational, V x T = 0, i.e. 
a = / = P = y 
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CHAPTER 4 


P. E. 4.1 


(a) F = 


P. E. 4.2 


IxI0 ' 9 5xJQ- v [(J-3,7)-(2,0,4) 1 

v 2<5rc y 

-2:c/r v [(/.-J,7)-(-i,Q,5)i 

[(/-J,7)-(-5,0,5)] J 


45(-l,-3,3) 18(4-3,2) 


] nN 


— 1.004a x - 1.284a y + 1.4a. nN 


(b) E = — = - 1.004a x - 1.284a y + 1.4a. V/ m 




At point A, 

T sinG cos30° = F, + F 2 cos 60° 

r q 2 1 

— -- + -—-/_\ 

4nz 0 d : 4nz n d : K 2 


V 

8nz n d : 


T cosO = nn> 
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At t = 0, ( x,y,z) - (0,0,0) c, = 0= c, = c 6 
dx dy dz 

Also - ( 7rir^- (0m 

At t = 0 -> c, = 0 = Cj = c, 

e /r t 2 

Hence, ( x,y ) = 0 (-2,/) 

2m 

i.e. 2 \y\ = |x| 

Thus the largest horizontal distance is 
80 cm = 0.8 m 

P.E. 4.4 
(a) 

Consider an element of area ds of the disk. 
The contrhution due to ds = pdfydp is 

dE= ~<’- ds s _ 

4ns 0 r 2 4ns 0 (p 2 + h 2 ) 

The sum of the contribution along p gives zero. 


P, f 2 \ Z P dpcty hp, | pdp 

4* e. P L X (P 2 + h 2 V' 2 = 2z 0 (p 2 + h 2 f 2 

0 0 0 ( 

_£ i _ r /_- h - 1 

2s 0 l (h 2 + a 2 )" 21 


As a -> oo, 

ir P* - 

E= —a.- 


P.E. 4.5 

2 2 

a- 

-2 >2 

2 

= 72(4) \2ydy= 192 mC 

o . “ 

e, \^L- ar - j-Ei gbil 

* 4zzr~ } 4zt _\r-r'\' 
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where r- r' = (0,0,10)- (x,y,z)= (-x-y,10). 


~ E = l l 


12 \y\10- 3 (-x-y,10) 


10 


- 9 


>- J -tn(-—)(x 2 + y : + 100) 3/: 
Jon 


fi i f -jcdxdyaj. \ f -y\y\ dydxay 

= 108(10 )[ Jlrl i (X J t y t /W)) w Jw J ( y + / + m »! 


f f -\)\dx<ty 

* Wa ‘) ! [(x ! * y ! * 100) m] 


1 


r r 

E = 108(10 7 )a : [21—- 7 —^- 7 — 

i l(x 2 + y 2 + 100) 

2 


2/2 




' l (* 2 +70-/)' /2 (x : +100) 


m. 


}dx 


, - ac + Vac 2 + 104 •? 

= - 216(10 )a : ln|- v- — 

x+yjx 2 +100 -2 

. . 2\4m -2+>fl08 


= - 216(10 7 )a : (-7.6202 (10' 3 )) 
E = 16.46 a- mV/m 


P.E. 4.6 



I 


X 
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2m,,p 

To get a p , consider the 2 - -1 plane, p 


dp = d t cos45°- a y sm45° 


= 

10 ( 10 ' v ) 1 - - 
E}= 10- 9 2 {ax ~ ay) 

= 90n (d x - d y ). Hence, 

E = Et\ E}+ E} 

= - 180nd x + 270nd y + 90n d x - 90n d y . 
= -282.7 d x + 565.5d y V/m 


P.E. 4.7 


Q - p. - 

D = Dq + Dp = ~ J d r + ~dn 
4nr 2 

30x10[(0,4,3)- ( 0 , 0 , 0 )] 10xl0^_- 
4%(5) 2 5 + 2 

= - 1 ^-(0,4,5) + 5a, nC/ m J 
= 5.076d v + 0.0573d; nC/m 2 


P.E. 4.8 


(а) p v = V • D= 4x 

pv(-1,0,3) = -4 dm 3 

1 i / 

(б) 4= Q= Jpvcfr = |J1 4xdxdydz 

000 

= 4(1)(1)(1 / 2) = 2C 
(c) 0= 4 = 




8 -> 


P.E. 4.9 

Q = | p vdv = \j i = j £)• d s 
For 0 < r < 10, 

D r (4nr : ) = JJ|2r (r 2 )sinQdQdrd§ 

D r (4nr : )= */n(^-[)= 2nr 4 
2 2 

Dr = —— E = —— a r nV / m 

2 2z 0 

4(10 9 ) - 

E(r= 2)= ^-^r 1 a r = 72ita r = 226 a V/m 

==^— 

For r < 70, 

D r (4nr 2 ) = 2itr g 4 , r 0 = 10m 

r 4 r 4 

D r = zrr- —-> E = ■a r nV/m 

2r‘ 2e 0 r‘ 

£(r = /2) = -^±- ar = 7250n a, 
2(^X7^) 

= 2.927a r kV/m 


P.E. 4.10 

^>=ZL—+ c 

4ite 0 |r- r*| 

/4/ F(oo)=0, C*0 

|r- r,| =|(-7,5,2)-(2,-7,i)|= y[46 

\r~ r 2 \=\(-1,5,2)-(0,4,-2)\=yfl8 

\r-r 3 \=\(-1,5,2)-(0,0,0)\= 4Jd 

10' 6 -4 5 3 

K( ' W)= .10-*}446* m* 43d ] 

= 70.5 W 







W= 12 nJ 
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P.E. 4.13 

(a) 


(0A10) - 


0r = 70,0 = 0,^ = 0) 


loocoso jo;\ 

4tt 0 (W) U } 70 "\ = 

100 ( 10 ''') 

E- -T-riy- [2cos0a r = sinOae] 

4 ' ( T6n )l0 ’ 


= 9 mV 


1.8 a r mV / m 


it n 

A, (/.J.JX 

100cos^-(10~ 12 ) 

v= --= 0.45 r 

4ni J^ )(ly 

- 100(10-' 2 ) _ n - . n - 

£ =-r—9-(2cos—a,+ sin-a 9 ) 


= 0.9a, + 0.7794 do V/m 


P.E. 4.14 


After , W, = 0 
After a, W 2 =Q 2 V 2I = 


q 2 q, 

4m o \(l,0,0)-(0,0,0) | 
1 (- 2 )( 10 ' 18 ) 


= -18 nJ 


4%(10' 9 )- 


After ft , 


= 2(9)(/0- 9 ) 


|(0,0-/)- (0,0,0)| 1(0,0 - 1) - (1,0,0 )I 


/« nJ 


= 27U-^)-,H 
= -29.18 nJ 
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P.E. 4.15 


After Q 4 , 

w* = a (K, + Kj + Ks) + Qs(V s , + V J: ) + 


= - •/(9)(/r 1 ') -+ -+ --- [ + ^ 

'll(0,0,/)-(0,0,O)l 1(0,0,/)-(/,0,0) |(0,0,/)-(0,0-/) 

2 2 

= - 36( '-T2'?' 

= - 39.09- 29.18 nJ = -68.27 nJ 


Prob. 4.1 

(a) 


Fo. = 


g/g; ('(?,-'a) -20(/0 /2 )[(i,2,/)- (-4,0,0)] 


4nz r Ql - r Qt 


10 ' 9 , 

^ 2^ri (i ’ 2,/)_( ' W) 


= - 0.5555 


. (7,2,5) 

5&S.S0 


= -5.745a, - 1.642a v + 4.104a : mN 


Prob 4.2 

(a) 


Q( I1,0) 
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f. VQ WW)-W)J))qQ [(0,0,2) - (/,/,6>)] ?g [(0,0,2)-(-7,7,0)] 
E « (0,0,0)| J 4n s 0 \(0,0,2)- (1,1,0)\ 3 + 4ne 0 | (0,0,2)- (-1,1,0)\ 3 

+ qQ [(0,0,2)-(4-40)] ?g [(0,0,2) -(-I-/#)] 

4m o \(0,0,2)-(l,-l,0)\ 3 + 4* ej (0,0,2)-(-1,-1,0)\* 


But 


qQ 


15(10)(10-' 2 ) 


= 1.35 


4m n 4n(10' 9 /36n) 

Factoring and dividing by 1.35 yields 

_F_ (0,0,2) (-4-4 2) (/,- 4 2) (-/, /, 2) (1, l, 2) 


1.35 


8 


r 3/2 


< 3.2 


8 


F = 1.35(0.25+-jjj)a : = 1.072 a- N 
o ' 


(b) 


- F 1.072a. 

E = — = _~ = 107.2 a : kW/m 


q 10(10~ 6 ) 


Prob 4.3 (a) 


E(5 0 6)= qQ qQ ((5m- (2,0,7)) 

4*z 0 \(5,4,6)-(4,0,-3)\ s 4m 0 \(5,0,6)~ (2,0,1)\ 3 


qQ (40,9) ^ gg (5,0,5) 
4m 0 (y[82) 3 + -/ti e 0 (61) 3 ' 2 


If E : = 0, then 

9 _qQ 1 5 qQ 1 


4m 0 (82) 3 ' 2 * 4m 0 (61) 


3/2 


= 0 


o = --0 (—) 3/2 = -4(—\ 3 ' 2 nr 

^ 1 9^ 2 ^6r 9 4 ^6? nC 


(b) 


9 6V 
= -3.463 nC 


F(5,0,6) = q E(5,0,6) 
If E x = 0, then 


qQ, 


. 3‘2 + 


3qQ 2 


3/2 


= 0 


4nz f) (82) ‘ 4m n (61) 

% <92 ... <92 ,, 

O, = -18.7 nC 
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Prob 4.4 


l.Q 


2.q 


or 


For the system to be in equilibrium,^ must be negative and 

F12 ~ F 23 = F13 

-J_Qq zlQl = 4 Q 2 

4n (d-x) 2 4i\ x 2 4nd 2 

that is, 3(d - x) 2 = x 2 -■> 3d 2 -6dx + 3x 2 = x 2 

2x 2 - 6dx + 3d 2 = 0 

6d± yfJfhF^Td 2 6d±dyfl2 


x = 


4 4 

x = 3 ± VJ = 4.732m, 1.268 m 

Prob 4.5 

( a ) Q= jp t dl= j2x J dx = 4x 3 \mC= 0.5C 


4 2% 


Q= }p s <iS= | \pz 2 pd$dz | = 9(2n)^-\ nC 

2=0 f =0 3 0 

= 1.206 pC 


(b) 


Q= jp v dV = fff —^ r 2 smOdOd<f>dr 


2k ft 4 


(c) = 10 Jdfijdofrdr = 10(2;r)(;r) 

n n 


4 2 


0 0 0 

= 157.91 C 


Prob. 4.6 

o 

Q a = \p,dl= p L \dl= 5p ( = 10 mC 

- 5 

Q„ = Jp.v<® = Psf<^ = PsJJp44 

= p s Jp dp } 4 = p.vyC(T) 

0 4>=0 Z Z 

= P.v^K^) = 20 n mC= 62.83 mC 


3,3 Q 
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Prob 4.7 


E =\ 


pdlR 
4m R J 


; dl= dy\ R = (5,0,0) - (0,y,0) = 5 a x - ya y 


E= P/ f— l ax ~y°y 

' } 4m 0 (y 2 + 25) }/2 


2(10- 3 ) 7 


4n(10' 9 /36n) 


\(5a x + ya y )— 2 


(/ + 25) 3 


= 18(10 6 )[k t a x + k y a y ] 

where k 1 4 ^££>r 

0 O' + Jy 2 + 25 10 


0.1414 


where *’ = I o> J + «r 4 ’ = - jj-d^omsss 

E = - 2.545a x t 1.054a v mV/m 


Prob. 4.8 


£= ; dS=pd$dp; R= y/fSTh 2 


R= - p a p + ha : 


P s f(-p« p + /*<3 ;)p44> 


*e. J + 

WO r 7 f P'44> - ‘f r p44> 

+ ( P 2 + /»Y 

. cl , n6 r 71 f P 2 4 - JtA f P i/p 

= «(/0 [- 2 f(pj + * T J (p ; + hY 1 1 


W J ) r 7 r p'44> 


r f f P °» fl P ' . , f f P «P - , 

[ "1 i(o 2 +/»V 2 p l A (o 2 + h 2 ) 312 ° :] 


4n(10 /36n) >t 0 P ! 0 (p 2 + h 2 ) 


2>(p' + h J ) J 
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(b) 


r, . f x 3 dx ,V*‘ + a- X, X 

Bin J 7—3 - 7~pr = ln(-+ -) - + C 

, t xdx 1 

J (*' + **) Vx' + a 2 

Let E= 45 (JO 2 ) [ — k p a p + ~hk.a : ] 

1 r 1 , Vp* P p n 4 

^ P = [ln (- y —7 -+ M--_==][ = In 2 --=- 

* A Jo 2 + h 2 w 5 


* ,-^L 

\P‘ + k 
45 


2l _n_ _ / / _ 

* + /r ~5 + 2 = 


0./JJS 


E= — (10)[0.671a p + 2.5126 a-.] 

4 

= 7.549a p + 28.27 a : mV/m 

The result is the same as that in (a) except that instead of 


*/2 


*A? 


| £/<(» = —, we now have j sin^ d§ = 

*=0 2 * =0 

That is, we replaceJt /2 by 1 
E=45(10 6 )[-k p a p + hk.a : ] 

= 4.806a p + 18 a ; mV / m 


k/2 

COS$ I = 1 

0 


Prob 4.9 


„ f pc ,dS 1 , - 

V ~ Js4ite 0 r ; Ps = 7’ dS= P d t4>l r = JpTh 2 


1 


(P dtydp) 


0.1068 


r -ikK w^rWapfe 

^-ln(p + Vp' + ^)[ =0 = ^ 7 [ln(a+ ypVh 2 )- In/,] 


2 e 


1 a\ Jp~ + h~ 

— In-~- 



- tp ,dlR 

D= '17W' R= ~ aap+ ha - 

fv P /. f <a4(-^g P + /to.- 

4* lo {a 2 + h 2 ) 312 

Due to symmetry, the p component varies. 

D p L a(2*h)a, p^ a/m, 

" 4n(a 2 + h 2 ) 312 ~ 2(a 2 +h 2 ) 312 
a =2, h = 3, p tr = 5pC/m 


Since the ring is placed in jc = 0, a. becomes a x . 


2(6)(5)a x 


2(4+9) 


= Q.64 a x gC/m 2 


b) 

£, g [(3,0,0)-(0-3,0)] g [(3,0,0)-(0,3,0)] 
0 4 *■ |(3,0,0) - (0 -3,0)| 3 + 4 n |(3,0,0) - (0,3,0)| 3 

g(3,3,0) g(3,-3,0) 6 Q 

4^(18) 3/2 + 4zr(18) 3/2 = 4*(18) 3/2 


D - Dr + Dq - 0 


0.64(10~ 6 ) + 


6 Q 

4;r(18) 3 ' 2 " ° 


c?= 


- 0.64(4^)(18 V2 )10' 6 


6 


- 102.4//C 










Prob. 4.11 


Due to symmetry, E has onlyz- component given by 
dE. = dE cosa 

P gdxdy _ h 

4nz 0 (x 2 + y 2 + h 2 ) (x 2 + y 2 + h 2 )" 2 

F _ P.<^ f f dxdy 
z ~ 4** 9 l i(x 2 + / + h 2 ) 312 

Ps h j f 

' l } h (x 2 + y 2 + h 2 ) 3 ' 2 

p.s-fr f_yffr_* 

7te 0 j (x 2 + + y + h 2 )"® 

p,s ; h |_ bdx _ 

7tE 0 J (x 2 + h 2 )(x 2 + b 2 + h 2 ) 1 ' 2 
By changing variables, we finally obtain 

r Pi . _-J ab I - 

: 'h6 9 \h(a 2 + b 2 + h 2 )" 2 . \ a: 

= 36(10~ 3 )(0.0878 radians) a z = 3161 ji V/m 


Prob 4.12 


£ = £,+ E 2 + E 3 

Q - 


V - . P /. - P.s- - 

- - ja r + — - a p + -— a„ 

4nz 0 r 2%e 0 p 4 2z 0 

100V0 ~") f 


m !°1s ll</.W)-«/,-3)l' )+ lorAwjMMf 

36n ' 36 ji 

= (- 0.0216,0,0.0288 ) + (0,/S,/S) - 90n (0,0,/) 


W 9 ) j Odd)-(1,0,0) 


= -0.0216 a 18a v -264.7a- V/i 
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r P.s- - . P/. 

E = —— a„ + —- a 


2z 0 " 2nt () p" P 
p = (0,0,0)- (3,0-1) = - 3 a„ + a : 


* 4(1 O' 9 ) % 20(10' 9 ) (~3a x +a : ) 

E = - —"o.~7 . (a x ) + 


2(10' 9 136n) v *' 2n(10' 9 / 36n) (9+1) 

= 72ita x + 36(-3a x + a : ) 

F = q E - - 5(36) [(2ji - 3)a x + a : ] mN 
= -0.591 a x -0.18 a- N 


Prob 4.14 




* =/ 4n\(r- r k )\ 3 

- D _ q f mm -(2 am mm- (-2-2,0)] mot)-(-2,2,0)] 


4n { | (0,0,0)-(2,2,0)\ 3 \(0,0,0)-(-2-2,0 )| J \(0,0,6)-(-2,2,0)\ 

[( 0 , 0 , 6 )- ( 2 ,- 2 , 0 )] 


\( 0 , 0 , 6 )-( 2 ,- 2 , 0)\ 3 


15 \ 2 (-2,-2,6) 2(2,2,6) + 2(2-2,6) 2(-2,2,6) 


4n 44 


312 


44 


312 


44 


3/2 


44 


3/2 


15 


4n(44) 


j-(-4-12.0) nC/m* 


= - 16.36 a x - 49.08a, nC/nr 
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Prob 4.15 

Let Q, be located at the origin. At the spherical surface of radius r, 
Q, = §£hdS= 6 E,(4xr 2 ) 


Q, - 

E = -T a r by Gauss's law. 

4nzr 

If a second charge Q 2 is placed on the spherical surface, Q 2 experiences a force: 


F= Q/E = 


OQi - 

4 It z r 2 r 


which is Columb's law. 


Prob. 4.16 

(a) 


P y= V• D= 



dD } 3D : 
dy dz 


8y+ 0 - 8y dm 3 



- Id, Id d , 

Pv= V*D = (p Sin^)+-— (2pcos^)+—(2z ) 


= 2sin<|> - 2sin$ + 4z= 4z C/m 3 


(c) 

1 £ 2 

p = V • D = - — (-cos 0) + 
r or r 


1 d 
r 4 sin# 36 


(sin 2 6) 


- — 7 COS 0 + -T—;—~(2sln#cos#) = 
r 3 r 4 sin# v ' 


0 


Prob 4.17 

(a) 

P=z 0 (E) = 10- 9 -^-(xya x +x 2 a y ) 


P= 8.84 xya x + 8.84 x 2 a y pC/m 2 


(b) 


Pr = 


V • P - 


dP x d P v d P. 

«, + a + ' 

c x c y cz 


8.84 ypd m 3 


tj 




I 

l» 

li 


i- 

,i 

J 4 
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Let f(x,y) = x + 2y-5; Vf = a x +2a y 
V/ , (a x + 2a y ) 

° n = -\ V/l = ± Vi 

Since point (- 1,0,1) is below the plane, 

( a x +2a v ) 

° n= ' Vi • 


E = ~—a n = 


6 ( 10 - 9 ) (a,+ 2o,) 

2{10~ 9 ! 36ny Vi 


= -151.7 a x -303.5a y V/m 


Prob 4.19 


—— J| D\ 2 dV nJ 
l ZZ Q 

2t 0 W = jjj (4yU 16x 2 y 2 + l)dxdydz 

2 2 4 2 2 4 2 2 4 

- 4 |dx fy 4 dy jdz + 16 J x 2 dx J y 2 dy j dz + j dx jdty jdz 


x=0 y=f Z- - 1 


x=1 y=J z-1 x=l JC = - / X = -/ 


* /<S(y|;V(5) +PX3X-5) 

= 372 + 435.56 + 45 = 852.56 


Thus, 


2(1 O' 9 136 it) 


(852.56)= 853.56 = 5.357 Id 






Prob 4.20 

(a) 
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- Id JdD' 

p>=v, ° = p^ (pD » )t p 

p r = 4(z + 1) cos<|> - (z+ /)cos<|> + 0 
p r = 5(2+ /)cos<(» pC/m^ 


3D. 
d z 


Qenc = jp|^ = JJJ-*(Z + /)COS(|» </p</z 

2 4 */2 2 

(b) = ijpc/p J(z+ /) J cos<|>4 = 2(2)(y + z)J(sin^r / ‘) 

0 0 0 ^ 

= 6(8 + 4)(1- 0) = 72pC 

(c) 

Let y = \|/ / + y 2 + i|/ 3 + y.,+ = §D*dS 

where H',, Vi. Vj. V<. Vj respectively correspond witn surfaces S,,S 2 ,S 3 ,S 4 ,S 4 
(in the figure below) respectively. 



X 


S 
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For S, p = 2, dS = pc/<J></rap 


. 4 *12 

V / = J)2p( z + /)cos(j» ^ = 2(2)J(z + l)dz jcos<f>4 
= 4{12)(1)=48 

For S 2 , z = 0,c/.S = pc/<j»i/p(— a..) 




' ’ - _ jjp* cos<f> pc/<j> c/p = - jp J dp fcos^db 


0 0 


-tEw-' 

For 5^ z= l,dS= pd^dpaz, y 3 = +4 
For S,,c/= n / 2, dS = dpdzaty 


2 4 


v < = - JJ P(z= ^)sin^ dpdz^^ = {ll\pdpj(z + l)dz 

0 0 

= -y (M = -(TO = -a 

For Sj, c/ = 0,dS= dpdz(- a* ),\|/ 5 = JJp(z+ /)sin$ c/pcfe|^=0 
V = 48 - 4 + 4 - 24 + 0 = 24pC 

Prob. 4.21 




F = eE 
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Po = 


4 n 


R J 


3 e 
4n R 3 


Pr = 


p 0 0 < r < R 


0 , elsewhere 
jit-ds = lp,.dV = 

3e r 

r = Thx^R 3 
F= eE = 


3 e 4nr 3 


4n R 3 3 


e 2 r 


4n t 0 R 3 


Prob 4.22 

(a) 


(b) 


V = Qenc 

For r = 1.5m, 

Qenc ~ \9s l ds= P S l\<k=P,,(4*R 2 ) 

= 2(]0~ 6 )4it(l 2 ) = 8n(I0~ 6 ) 

V = Qenc = 25J3 VC 
For r = 2.5m, 

Qenc = Psi (4*&, 2 )+ P s2 ( 4nR 2 ) 

= 8n(10-*)+(~4)10- 6 (4n2 2 ) 

= ( 8n-64n)10~ 6 

V = Qenc - -175.93 iXC 


v = a„, fo.rfs=a, 

A a* 

eu 


D. = 


4nr 2 


= D r (4nr ’) 
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For r = 0.5, Q enc = 0 


D= 0 


For r = 2.5, Q m = -175.93\iC= -56%(W 6 ) 

; 

For r = 3.5 , = p „•/*/?,’ + p t , •/*/?/ + p s3 4*R 3 2 

= + 5(4%(3 3 ) ) pC 

= 124% pC 

D r = — 77 —rrpC/m' = 2.53la r pC/m^ 

Prob 4.23 


For p < /, 0 enc = 0-> 

For / < p < 2, 


D= 0 


2* /. 


0,, = \ f jl2pdtydpdz 


♦=0 p =/ z=0 


= 12{2n)L 9 —[ = 8%L(p 3 -l) 

2 2k 

y = \b*d ~S= D p \ \pd^dz= D p {2 %pL) 


p=0 ♦ -« 


Hence, 


8% L (p 3 - I) = D p (2%pL) 
" 2f 

For p > 2, vj> = D p (2i 1 p L ) 

a, = *«ip'f=«* l 

56% L= D p (2%pL) 
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0, p < /, l<p <2 

Thus, D, - ■ p>^ 

25 

1 P 

t 

1 

Prob 4.24 
(a) 

V =Qenc at /- = 2 

ti 

j 

i 

£? enc = \pydV = HI sin0 c© dr dty 

+ 2* K 

= 10 | | |sin0d3 

r=0 *=0 0=0 

= 10 (2) (2ji ) (2) = (50 n ) mC 

Thus, \j/ = 25/J mC 

i 

i 

i 

t 

i 

f 

i 

At r=6\ 

4 2% k 

Qenc = 10 \dr \d§ |sin0u0 

r=0 4*0 0=0 

= /0 (4)(2n ) (2) = M0ji 
\\i = 502.6 mC , 

(b) M00JS: ■■■■■• ■ 

V = Qenc 

ti 

i 

But v|/ = D r <|<iS = D r (4nr 2 ) 

At r = /, 

1 2n K 

Qenc = 10 jdr |di|> |sin0d0 

r=0 4=0 0 = 0 

0* = 10(l)(2n)(2)= 40n 

Thus, 

a . . ;°; ft . /« 

-/itr -/ 7t (/) 

!- 

i 

)• 

i 

i 

i 

i 

D - 10 a r nC / m : 
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At r = 5, Q enc = 160 it 

O 160 it 

D '- tTP-7^- 16 

= 1.6 a r nC / 


Prob. 4.25 

Break up path P( 1,2,-4) - > R(3,-5,6 ) 

P (12,-4) R(3 Jl -5,6) 


P (3,2,~ 4) 


P (3-5,-4) 


F F l< 


= \ ~E*dU J + J +J \E.d 


/> /*• «• 


j - j o 

= | dx + | z 2 rfp | + J 2>>z</z | 

x=/ y-2 z~-4 z--4 y=-5 


= 2+16(-7)+2(-5)~ | = 2-112-100^-210 

2 -4 

W= 210 Q= 210(5) = 1050 J 


Prob 4.26 
(a) 

W AB =q\E»dl, dl= dpctp 
€ 

-W f 

~f- J(^/)sin+4-U.„=» 

^,=0 


--= J (z+/)cos<|> pd|> | = 4sin<|> j 

q *=« p--/.r=« o 

W m . - -2q - -8 nJ 
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(c) 

-W 'I 

—— = J psin<|u& | = 4s\t\30°(z |) = -4 

0 ; = 0 * sJ0 ° o 

p = 4 

W a) - 4q- 16 nJ 

(d) 

W AD = W AH + W'flc- + W a) = 0-8+ 16 = S_nJ 

Prob. 4.27 

(a) 

From A to B, dl = rcfta&, 

90 ° 

W AB = -Q J lOrcosb rdD | = - 1250 nJ 

0 = 80 ° '-5 — ■ 

(b) 

From A to C, dl = dr a r , 

to 

w ac=-Q f 20rsiaQ dr | = -3750 nJ 

r=5 6=30° ===== 

(c) 

From A to D, dl=rsmQd^a^, 

W m = -Q Jo(/-sin0)<4 = 0 J 


(d) 


W AE = W M + W DF + 

where F is (10,30,60). Hence, 


W, 


AE 


O ' 90 

20 r sinG dr | + 10 J 10r cos0 rdd 

5 e=io° e*jo 


,75 700 

'“ty t11 


nJ = - 8750 nJ 


Prob 4.28 

W=qV AH = q (V„-V A ) 

= 2(10'’)[2(l)(-3)- 1(1)(2)] = -16 nJ 
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Prob 4.29 
(a) 


- V V - - (2xa x J r 4ya } .+ 8za : ) 
-2xa x + 4ya y .+ 8za : V/m 


- dV- dV _ dV - 
-E=~a x + —a v + —a : 
ax ay a z 


= cos(x‘ + y 2 + z 2 ) ,/: [2xa x + 2ya y + 2za : ](~) 
= ~(xa x + ya y + za z )cos(x 2 + y 2 + z 2 )" 2 V/m 


- dV . 1 dV - dV 

- E= —a P + ——«#+ -z~a : 
op p o<p oz 

= 2 p(z+ l)sin <j>a p + p(z + l)cos^a / ,+ p 2 sm<j>a z 
= -2p(z+ \)s\n<f>a p - p(z+ l)cos <f>a p - p 2 s\n<f>a z 


- dV - IdV- 1 dV- 
d G ~ r d 0 a * + r sin0 d <|> 

1 - e r 

-E = - e x sin0cos2(|»a ( . + ~e' r cos0 cos2<|> a e + —(-2 sin 2<j») 

- 1 - 2e~ r 

E = e sin0cos2<|> a r - ~e r cosOcos2<|>a 6 + -(sin2^)a* V/m 


Prob 4.30 (a) 


4n\r p -r k \ 

4m 0 v p - — m — + _ _ + __ 

r \(-V,2)-(0,0,4)\ |(-/,/, 2 )- (-2,5,/)| |(-/,/,2)- (3,-4,6)\ 

f (!0 s. y _ L_ 2 3 12 3 

' ' ' |(-/,/,-2)| ‘ | (I,-4.1) + K-4,S,-4)\ = J6~ 418* 45 

!()-'' 

4*— { W>)V n = 0.3542 

■■■ r = 3(io') v 
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(b) 


V 0=I 


Q k 


4nz ,.V„ = 


10- 3 


-2(I0~ 3 ) 


3(10 ) 


° Q ~ \(l,2,3)-(0,0,4)\ \(l,2,3)-(-2,5,l)\ \(1,2,3)~ (3-4,6)\ 

1 


2 3 

+ 


1 2 3 

+ 


4n z 0 (10 3 ) V = ---+ - = -= + — 

p \(U-1)\ | (3-3,2) \(-2,6,-3) I 46 4n 4? 

10 9 . 

4n ~T7~(10 S ) V p = 0.410 
Jon ' 

V Q = 3.694 (10 6 ) V 

• • v pq = V q~ v r = 0.69 (10 6 ) = 694 k\ 


Prob 4.31 
(a) 


(b) 


- dV - dV. dV - x 

E= -y a -*J^ a '*!7 a ’ ) 

= - 2xy(z + 3)a x - x 2 (z+ 3)a y - x 2 ya z 
At (3,4,-6), x= 2, y= 4, z= -6, 

E = - 2(3)(4)(-3)a x - 9(-3)a y -9(4)a : 

= 72a x + 27a y -36a z V/m 


p K = V#D= e 0 V*£ = - e 0 (2y)(z+ 3) 

V = Qenc = \pydV= - 2z 0 jjjy(z + 3)dxdydz 

III 2 

= -2t 0 \dx jycfyj(z+3)dz= - 2z 0 (/)(// 2)(^-+ 3z)\ 
ooo 2 o 

1 -7 10 9 

- -s 0 ( 2 + i)- 2 (—) 

CL = - 30.95 pC 
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Prob 4.32 


E = 


Qo<* 


4z 0 r 


•> Q r t 


r > a 


Po r 


^ o a 


a r 


r < a 


Since V = - f E* dl - - \Edr , 


V = 


-P r 


12z 0 a 


+ C,, r < a 


pa 


4z 0 r 


+ C 2 , r> a 


But F( 00 ) = o 


C 2 - 0 ; 

2 




4z, 


I2z. 


Thus, V = 


^^,r<a 


12z 0 a 3z 0 

Po 


4z 0 r ’ 


r > a 


Prob 4.33 

(a) 


V x E = 


d_ d_ d_ 

dx dy dz 

yz xz xy\ 


= (x- x)a x + (y-y)a y + (z- z)a 


>4 




'J 
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§E»dl = | yzdx | + J xzdy | + J yzdx 


= 2y \ + 2x\ = 4-4 = 0 


a « 


Prob. 4.34 (a) 



e 0 r 4nz 0 r 


60(70-*) 
4 * 00 -’)^ 


= /5 tV 


*(j> 

F= J J = 15 kV 
4nz 0 r - 




P/. g 

4n z n r 4nz n r 


= 15 W 


Prob 4.35 (a) 


For r > a. 


Q, n , = |pi ^= }{{Po( a2 _ sin0 c# </<)> c/r 
g-nc = P „ j sin 0 00 |4 j (a V - /- J )< 
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, r 3 r s ’ 
Qcnc= oiO'-J- -r)i 


V = \ d* dS = z„E r (4n r 2 ) 

V = Qenc ■ 

*„E r (4nr )= —p 0 


r- 2 Po 

E r = —-y or 

15t n r 


15* 0 r 2 


V = fE*dl = - lr~ ! dr = ^ 

Since V(r- > 0)= 0, C,= 0\ 

1 / _ ^Po 


15z 0 r 


I5t 0 r 


For r < a, 


a 2 r 3 r 5 <• aV J r 5 

£?«c = P®(4*)(-J— y) I = —- y) 

£ = Qenc P 0 ( a 2 r _ S 

r 4nz 0 r 2 z 0 3 5 

E= 4 )* 


2 2 4 


4 2 2 

p n r a r 

Since V(r = a + ) = V{r = a'). 
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2 P 0 _ P o ( g 4 _ g* c 
15z n a z„20 6 }2 

V= P <L ( r l-_ 2 P o + 7 Po<*' 

e„ 20 6 15z 0 60z 0 


jp o 7py_ 
15z„a 60 z () 


The total charge is found in part (a) as 


For r>a,E decays to zero with no maxima. 


For r < a, 

' e„ 3 S’ 


BE p 0 a 2 3r 2 

-r-T-(-T--r) = o 


r = 0.7453a 


Prob 4.36 


divide by m, and integrate once, one obtains: 

dy eEt 

u — = - +c 0 

dl m 


y = -j— + °ot + c, (/> 

/ ftl 


" From rest" implies c, = 0- c 0 


At t = t 0 , y= d, E= — or V = Ed. 

d 

Substituting this in (1) yields: 

, 2 m d 
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eE \2md 
m V eE 



that is, u a yfv 
or u= k yfF 


Ue__ / 2 (1.603) IQ ' 19 
V m V 9.1066 ( 10 -31 ) 
5.933 (10 s ) 


,.2 m 9(10 6 )- 

v- 100 _ 

2e 2(176) ( 10 ") 2557 * V 


Prob 4.37 

(a) 

This is similar to Example 4.3. 


“*= u o 


eEt 2 


y 2m ’ X= U °‘ 

x / 0 (/ 0 ‘ 2 ) 

' = ~= ~ ,/>? = 10 ns 

u 0 10 7 

Since x = /Ocm when_y = /cm, 

E= 2my_ = 2 (/ 0 ~ 2 ) 

e / 2 ” 1.76(10")(10~ 16 ) 

E = - /./J6 a., kV / m 


= 1.136 kV/m 


u x = u 0 = 10 7 , 
2000 


Uy = ~r76^ L76)I0 V° > = 2 ( y ° rf ) 


M = (a* + 0.2a y )(10 ) m/s 
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Prob 4.38 


p cos0 ArcosG 


4ne 0 r r 

At (6>,lnm), 0 = 0, r-ln m, V - 9; 

k(J) 

thatis ’ 9= ' k=9 ( 10 ~ l *'> 
COS 0 


V= 9(/0-'*)- 

r 

At {1,1) nm, r= 42 nm, 0 = 45°, 
„ 9(10- I8 )cos45° 9 

Vm ' ,o-*j2 -1T2-12212L 


Prob 4.39 

The dipole is oriented along y - axis. 


p* r - - . 

V = ~~ -p ; p*r= Qd a y » a, = Qd sin0 sin<|> 

Qd_ sin0 sin$ 

4ne c r ! 

E. „„ sv- ldv. 1 sv. 

L = “ V k = - — a r - -an-- a± 

dr rdQ 9 rsinG d* * 


Qd ]2sin0sin<|> _ cos0sin((i _ cosG 

a 1 j &r — ] ae — i a* 

4718*1 r J r 3 r 3 * 


(2sin0 sin<|» a r - cosG sin<|i a e - cos(> a+) 


Prob 4.40 


W= Q 2 V 2l = Q 2 


4/r<e 0 |r 2 - ri| 
- 2 ( 1)(10 6 ) 

10‘ 9 

4;r( 36^ )l(5 " 10 ' 1)l 


-18(10 3 ) 
Vl26 


W = - 1.604 



Ill 


Prob 4.41 

W= UD'Edx’= Z -f \\E\dv , 


F Q 

E= - -r a r , 

4z 0 r 


W = 1~ III, a 5c ,('-*’sine^4) 


W-- 


16 n z 0 r 

Q J ,_f' 0*’ 


' r / , 

1 ^ I —dr = 

r e J #• 


52ji e, ' r~ 


8ne 0 a 


Prob 4.42 

/ 

2 


= 2.2 e 0 (8 it) = 25.6* 


1F= 07111 nJ 


10 


o 


26* 


11 || 
= — e 0 J| £”|^c/v = -e 0 |||(4r 2 sin^G cos' 7 <(► + r 2 cos 2 0 cos*’<|) + r 2 sin^)r^sin 0 <30 d§ 

y f 2% k 2k n 

= ~e 0 jr - 'i/r I 4 Je°s^(|> ^ <3^ x jcos’ <j> d§ Jcos9sin0c$ 

* i 0 0 0 0 

2k 2k \ 

+ Jsin^d|> Jsin0d3 1 

0 0 J 

= |e„ j \ |-#(^)(2*)/(/-cos J 6)rf(-cose) 

+ t(2ji) Jcos^0</(-cos 0) + —(2*)(-cos0) | | 

^ 0 ^ 0 J 

cos J 0 1 COS J 0 1 

= 2.2e 0 [4*( —— -COS0)| + 7t(-— —)| + 2*] 

3 n 3 a 
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Prob 4.43 


t dV - ldV- dv- 

E = - v V-~ (t~«p + ~~i + T—a.-) 

cp p dp dz 

E= - (2pzsin<|> a p + pzcos^a* + p 2 sin<t> a : ) 

w ~ J 6 o j I £|‘Vv = jf| (4p 2 z 2 sin 2 <)> + p V cos 2 <|> + p 4 sin 2 4 )p 4 dzdp 


4 2 n/3 


2 k/3 


= 4]p } dz\z 2 dz J sin 2 $4 + JpVp Jz 2 <& Jcos 2 


•o / 


/ -2 0 


•* 2 K/J 

jp 5 dp Jdz J sin 2 4> 
/ -2 0 


*' } 1 nl3 17 

But J cos 2 <j>4 = - f [/+cos2<|>]4 = ^-+48^^-= 0.7401 

« Z t n A < 


0 2 o 6 4 3 

*'2 J 2 

j sin 2 (|> 4 = - }(/- cos2<|»)4 = ^- 4sin 2 T = 03071 

0 2 0 6 4 3 

JW A 1 It 2 2 J 2 6 4 

y \^\{0J 0 7l)^~\~\m40l) * ^-j«K0J07/) 
= 2S5(~)(0.3071) t ^f(lj-X0.704l) + (0.3071) 

J 4 J o 

= 417.67 + 239.394 + 838.59 = 1495.6 
1495.6 10~ 9 

W= - (-) 

2 v 3<5n 

= 6.612 nJ 
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CHAPTER 5 

P. E. 5.1 dS = pd^dza p 

2n 5 : 2 k 

f=jjmdS= | J/0;:sin 2 §pdzd $\ ?= 2 = 10(2)— 5 J-(/-cos2<|))^4> = 240n 

$ -0 : = ! / () Z 

1 = 754 A 

P. E. 5.2 

/ = Pgwu = O.SxIO' 6 xO.IxlO = 0.5\x A 
P = IR = 10 n x0.5xI0- 6 = 50 MV 

P. E. 5.3 a = 5.8x10 ’ S/m 

, ,, „ J Sx/fl" 

7 =a £ -> E= -= — - _ 7 = 0./33 V/m 

a 5.8x10 ===== 

*/ 8xl0 6 

J-.^U u -_ 4J2mL m /s 

P. E. 5.4 The composite bar can be modeled as a parallel combination of resistors as 
shown below. 



t or copper. 
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/? - 

*/A 

- = 0.8781 

n . 

x~xl0 

0.974x0.8781 


*#. + ^ 

~ 0.974 + 0.8781 " • 

P. E. 

5.5 

p />5 = P *a x = ax 2 +b 

P ps 

= P 

x*0 


P ps 

= /> 

x = L 

• a x \ , = aL 2 + b 


\Pps dS = 

-bA + (aL 2 +b)A = AaL 


P pv = -y-P = -—(ax +b) = -2ax 

p-L = p^L = 

L 

Qv = Jp/jv^ v = J(-2ax)/4aic = -AaL 2 
o 

Hence, 

Qr = Qv+Qs = -AaL 2 + AaL 2 = 0 

P. E. 5.6 

{/ 

E = —a =- r a, = 500a, kV/m 

d 2x10- 3 

10' 9 

P= X e t 0 E = (2.25- I)x——x0.5xl0 6 a = 6.853a x \iCI nr 

JOTt x 

p ps = P* a x - 6.853\iC/ m 2 
P. E. 5.7 (a) Since P = e„x e E, P x =z a x e E x 


P, 3x10* 1 

X, = — 7 T- = ~rz — zx36nxl0 = 2.16 
z E r lOn 5 ==== 




„ r 36%xlO y 1 

(b) E =-= - ■ ~ (3-1,4)10 = 5a x - 1.67a v + 6.67a. V/m 

X,e„ 2.16 JOn j 

(c ) 

„ z,P 3.16 ( 1 ) 

°= z (l e r E = — = — 1^— J(3-1J) nC/m 2 = 139.7a x -46.6a y + 186.3a 



P. E. 5.8 From Example 5.8, 

c Ps 3 2 


2 2z„F 


But p t = e„E = e„ -j-. Hence 

a 


2 2e a F e 0 V 
P ' 5 d 2 


2 _ 

" “ e,.S 


V d = V ,- V 2 = 



as required. 

P. E. 5.9 (a) Since a n =a x . 


D, n = 12a x , D„ = -10a x + 4a ., D,„ = D. = 12a, 


Ei, = E, 


z 2 D„ l 

e, 2.5 


{-10a v + 4a.) = -4a + 1.6a. 


D 2 - D 2n + D 2i = -12a x - 4a + 1.6a. nC/m 2 . 


/LX A d 2i yk^ty+(E6) 2 

(b) tanG 2 = ~ = --—^—— = 0.359 


-> 0, = 19.75° 


(c ) E„ = E y . = £,sin0, = 12sm60° = 10.392 



0 1 















£,„ = £,„ = — I2cos60° = 2.4 


E, = j£ /f - ♦ £,„* = 7MZ 


e 2.5 

tan0. = — tan0, = — 
E ,•> / 


tan 60° = 433 -> 0, = 77" 


Note that 6/>6^. 


P. E. 5.10 


D= e„£ = —-(60,20-30)xl0- J = 0.53la x + 0./77a -0.2<55a_ pC/m 2 


p, = D„ =|D|= — (/0)VJ6 + 7+ 9(IQ' 3 ) = 0£9 pC/m 2 


Prob. 5.1 


I = ^J*dS, dS = rs'mQdfydraQ 


2 2x 4 

/ = - J J r J sin 2 04 </r | e ^ = -(sin 30°) 2 2 (2n)=-2n = -6.283 A 

. - • • • . " • 

Prob. 5.2 ; ; ^ 

r a f 2 ? 500 

/ = j 7• dS = J j -p44> = 500(2na) = lOOOnx 1.6x1 O' 3 = 1.6n = 1026 A 

p=0 *=o P 


Prob. 5.3 


£1 

1= \ j* ds =10 \ J e - (/ - p/a) p 44 = 2071 J p e - (/ - p/a> 4 




r 

.V(? tW c/v = —- (ax - /), 
J n “ 




117 


/ = 20ne' , a 3 (~- l)e*'X a = ^^-(1+ 0) = 23.1 la 2 A 
a e - 

I’rob. 5.4 


/ = ^ = -3x10'e~ 3 ' 
dt 


1(1-4)) = - 0.3 mA. 


1(1 15) -0.3 


166 n A 


Prob. 5.5 (a) V*V = -p„/e 


vV = ^-(2xy 2 z) + 4r(2x 2 yz) =6xyz 
ox oy 


Pv = -Sxyz(2e 0 )= -16xyzz„ 


(b) J = p v u = - J6xy 2 zt o (I0 4 )a y 


jq- 9°S 0.5 f 2 

1= \j»dS= -I6(10 4 ) -jxdxjzdz= - 16(36n)(10~ } ) y 


/ = -4(36n)(10- s )(0.5y = -/./J/ mA 


/ 8xl0- 2 8 

Prob. :>.6 (a) R = — = , — 4 - = 33.95 mi? 

oS 3x10 xnx25xl0 6 75n === 


(b) / = V / R = 9x~— = 265.1 A 

o - 


(c ) P = IV = 2.386 kW 


Prob. 5.7 (a) R 


4.04 iid 2 R 

p = RSI 1= —7 -= 2.855x10-* 

10 4 


a = ll p = i.5x/Q 7 Sm (Aluminum) 


(hi J=!/S = 


= 5.66x10 A/m 2 


x 90x10" 


J = 0 E = 3.5x0.1616x10' = 5.66x10" A / nr 
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I*rob. 5.8 

R = — 7:, S = nr : = nd : /n,d = l=N2xR = NnD, D = (5.5 mm 

a o 


n 150xit(6.5)xl0' 3 

R = - ( 0 j) : -= MM 

5.8x10 xn —— xlO~° 

4 


IVob. 5.9 (a) r =Y' S > = nr < = *U-5) 2 x10' 4 = 2.25^x1 O' 4 
So = K(r„- -r/) = n(4-2.25)xl0~ 4 = 175nxI0' 4 


R R 

R ^' ,,R ° = T7t„ 


P±Pjl 177x1118x1 O' 16 

Sq i- iq 2J5jtxl75TtxlO _ 

P^P,, 1.77x1 O' 8 11.8x1 O' 8 

s , \l 1.75 kx10' 4 + 2.25xxl0' 4 


0.27 mO 


(b) V = I,R,=l 0 R 0 


/, R a 0.3219 
l 0 R, 1669 


= 0.1929 


1, + !„ = 1.1929I a =60 A 


I <> = 5MA A (copper), /, = 97 A (steel) 


„ 10x1.77x10 ** 

lcl UhImT 4 -°-222sa 


Prob. 5.10 


* a5 oit(J J -fl J ) 10 s n(25- 9)xl0' 4 


Prob. 5.11 


|f , |=«|/?|=«£W = 2«e</ = x e e 0 £ (£ = 2e) 


2x5xl0* 5 xl.602x!0~ 9 xlO~ H 
Xe =-— =-5-- 0.000182 

G " £ 10 ,/W 

- x/0 

36n 


£, = / + x, = 1.000182 
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I*rob. 5.12 


p = 


2> 

/ = / _ /=/ 


I />!= —1/?|= 2xl0 19 xl.8xl0~ r = 3.6x10 '* 

V 


r = \P\a x = 3.6xlO' IH a C/m 2 


But P = Xe z 0 E or x e = 


e r = x,. = 10407 


P 3.6x36nxl0 9 xlO 1 * 


* 0 E 


10 9 


</K 


l*rob. 5.13 (a) E = -VK = -—a. = 600:a. 

dz 


D=t a z r E= ^—{2.4)600za. = J2.73za. nC/m : 
Jon ' • 


dD . 

P„ = V. D=-r^-= 72.73 nC/m 3 
oz . 


(b) Xe =z r -1 = 1.4 

P=l e t o E=^-= £{12732)0. = 7.427a. nC / m 2 
i r 2.4 * ~ 


Ppv = -y, p= Z 7A27 = nC/m 3 

I’rol). 5.14 


p^ = -V.P*2, P pJ = P*a n = 5 sina.y 


Prob. 5.15 (ai Appl\ini! Coulomb s law. 


£, = 


D r £ 


e » -^ 516 ,,/•* 

4 C 


e -/tie/-' 


h < r < a 
a <r <b 


0.0407 
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P = ——- D (= D-zE) 

e, 

I lonco 

£ - / 0 

/>, = --.-^T, «</-</> 

c r -/jtr* 

, b , P(ji = _ v ./> = -^|-( r ->,)=2 


= '■ =a 


P,, P'(a,) - 4l[b A c )' r b 


»*rob. 5.16 


p _ QiQj F Q1Q2 

1 4nz 0 r 2 ' 2 4ne 0 e r r 2 


-± = *,= 43/2 = 225 


e r = 225, polystrene 


Prob. 5.17 


Q = 4nr„ p 5 , r o = l0 cm 


1-rom (iauss s lau. 


Q= J D»ciS=D„(4nr 2 ) 

£~u, 

4uzr" 

Ai (-xm. -4cm. 1 2un i. 


D n =-f- T = zE 
4nr~ 
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r ^CPv _ _(0. 
E ~ 4nzr °' = IQ' 9 


(O.l) 2 x4xl0' 


a. = 107.la. V/m 


x2.5x(0.13)‘ 


Since a r = -(-3a x + 4a y + /2a x ), 


E=- 24.72a. + 32.95a.. + 98.86a. V/m 


Pi oh. 5.18 


l or 0 < r a. 


or a r - b. 


D = -Q-j a r 
4nr 2 


E=—^~ja r , P = 0 
4ne 0 r 


0 = -^°, 


F — — a P — 1/ r F — ^ ^ 

. 2°’"’ ‘ ~ — 2 a r 

4nee r r e r 4n r 


I or r > b. 

D = ^J°r 


E ~~~~2 a r ' P = 0 

4ne„r 


-a r , r> 0 


4nzz r r* 


—a ry a <r <b 


— a r , otherwise 
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*r-l Q 


~a r , a < r < b 


P={ c r 4n r r ' 

0, otherwise 

Prob. 5.19 (a) 


P„, 0 < r < a 


For r<a, eE r (4nr 2 ) = p 0 


V = -\E*dl = -^-+c, 
J 6e 1 


For r > a, e u E r (4nr 2 ) = Po 


V = -\E»dl=^- + c, 

J ?F f 


s, V = 0 and c 2 = 0 


At r = a, V(a + ) « V(a*) 


py i C/= p°° j 

6 E o*r ' iE 0 


c l =^-(2e r+ n 

6e 0 a 


V(r=0) = c, = 


P„(2t r + J) 


(b) V(r=a) 


Prob. 5.20 Since -^- = 0 , V»J = o must hold. 

ot 


(a) V« J = 6x 2 y + 0-6x 2 y = 0 


This is possible. 


V# J = y + (: + l)*0 


This is not possible. 


/ d i 

V • J =-(r*) + cos<|> * 0 

P dp 


This is not possible. 


V../ = -4 — (sin0) =0 
r~ rr 


This is possible. 
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Prob. 5.21 (a) 




•/ 

/ 

l 

' id 


= e„ 

/ 

7 

I 

10 

D. 


/ 

/ 

4 

0 


D x = 50e„, D y = 50c „, D. = 20e„ 

D- 0.442a x + 0.442a y + 0.1768a. nC/m 2 


(b) 


~D X ' 



1 

l 

' /0 ' 

D y 

= e„ 

/ 

4 

/ 

20 

D, 


1 

1 


-20 


D x = 30z, n D y = 60z n , D. = P0e„ 

D= 0.2653a x + 0.5305a y + 0.7958a : nC/m 2 


Prob. 5.22 (a) V.J = -—(—) = -^ 

P dp p 


a/ p 3 


a/ 


wo , 

—r- C/m 3 .5 
P 


r rr/00 « , /(/(/ f f 

(b) /= l|—!-pd»<feL., = — [<# [<fe = 50n = 757.7 A 


.?* / 


0 0 


Prob. 5.23 (a) 

f rr5e~ l ° 4 ' < r ‘J 

/= y*dS= jj- r 2 sin0</9<A|»| r= ^ = (2XJ)e~ /0 '' Jsin0d9 fc/(J> = JOne' 10 ' 1 

0 0 

At t=0.1 ms, / = 40T[e~' = 4623^ A 
_£Rl = V.7 -> Pv = -fv.ya/ 

c/ J 


V*7 


cr 



I 

I 




At t=0.1 ms and r = 2m 


Pv = ' = 4898 pC/m 3 


3 Jx iol 

Prob. 5.24 (a) - = —Jf** = 2.741x10 4 s 

a 10 ===== 


10 


-9 


E 6 x 'i< 

(b) - = — = 5.305x10 4 s 

o 70 = 


« S0x J7, 


(c) r~ir =7J,7,,S 


Prob. 5.25 (a) g = Q 0 e 


-l/T, 


1 


3 Qo=Qo 


z ,lu s i£li, l82lls 


r Ini Ini 


(b) But T r = z r = ^-= — 5x182x10 6 

o ' , E„ 10 




36n 


L _ _ o -30//8 3 _ 


(c) — = e = e 


= 0.792i i.e. 19.23% 


Prob. 5.26 


t _ e 2.5X/0' 9 

I r - — = -;-= «/.42 |1S 


ct 5xl0~ 6 x36k 


Q 10x10 

77 - ~iZ -= 0.2984 C /m 3 


r */ji 


xlQ- f, x8 


Pv = P 7 ' = 0.2984e :J4: = 0.1898 C! nv 


-: 4 4 ; 
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Prob. 5.27 (a) E : , = E„ = -300a x + 50a, . E ln = 70a. 

Qn = D ln > £ „> An = C /An 


E, n = — E/ = —(70a.) = -/J75a. 

E> •/ 


E 2 - -30a x + 50a ^ + 4375a z 


A = e„e r £, = 4x~—(-30,50,4375) = -1.061a x + 1768a v + 1.547a. nC/m 2 
Jon ^_:_ 


(b) P 2 = ejC^A = 3x—(-30J0,4375) = 0795&I, + /.J2<5a + U6la. nC/ m 2 

Jon r _:_ 


(c ) E, »a. = E, cosQ„ 


cos0„ = -f—====== 07683 -► 0 = 29.79" 

Prob. 5.28 

10~ 9 

(a) A = e = 2x—(10-6,12) = 0.7763a, - OJQ67a y + 0.2/22a z nC/m 2 


(b) £ /o = -6a x , £?, = £„ = 10a x + 12a. 


D Jm = D h 


£ 2^2n ~ £ /E/„ 


or E 2n = — £ /n = 

e, 4 _ 5 e„ > 


E 2 - 10a x - 4a + 12a. V / m 


A A, V/0 2 + /2 2 

tan0 2 = -r- =-;-= J.90J 

An 4 

(C) H-,. =^D.£ = ^e|£| ’ 


0 2 = 75.64° 


1 , / /A 9 , 

-£/IAI" = -x3x-^-(10‘ + 6' + 12-)= 0.2219 nJ/rrv 

2 2 Jon ====== 


/ , . / . /0 ' , , 

U Y: = -E : ! A!* = -x42>x——(10~ - 4~ + /_> ) = 0,3208 nJ/nv 








Prob. 5.29 (a) D,„ = I2a p = D ln , 


Di ( = -6 a ^ - 9a : 


E 2t ~ E 2l 


_ ®2i 

8/ e 2 


8 J 

D„ = -L D : , = —+(-6a t + 9a.) = -14a. +2la. 
e, /.5e„ " ’ 


D ; = I2a p - 14a^ + 2la. nC / m 2 


„ ^ , ( 12-14,21)xl0- 9 

E, = D,!z, =- pp -= 387.8a p - 452.4a k + 678.6a. V / m 


JJjc 




(b) P 2 - z 0 i e2 E 2 - 0.5z o - 2 l = - ~ (12,-6,9)= 4a p - 2a k + 3a. nC/m 2 


e 2 1.5z ( 


P v j = V • A =0 


, , 7 _ r 1 D, • £>, 7 (. 12 2 + 14 2 + 21 2 )x10-‘ 8 

(e) w A/ - D,» E, - — = —--= 72.02 mJ / m 2 

2 2 e 0 e r/ 2 _ _ 70 - 




5.5jc 


30ji 


7 A • D, 7 (72 2 + 0 2 + 9 2 )xl0-‘ 8 
W U = T ‘ = --TT^r-= P.52P mJ / m 2 


2 £ o £ /-.’ 2 


5x 


70 


-9 


JOn 


Prob. 5.30 (a) 

10~ 9 

p i = £ oXe /Ej = 1.5x—(2,5,-4)xl0 3 = 20.5Ja p + OOJ7a 4 - 52.05a. nC/m 2 
Ppv/ = • 7*, = - ——(20.52p) = - J122. n c/ m 3 

p dp p 


(b) E 2t — E (t — 5ai 

= d m -> =^£ /n =^(2) = 5 

8 7 7.0 


£\ = 5a p + 5a^ - 4a. kV / m 


D : = £ „e r £ = 2Jx — (5J-4)xl0 3 = 110.5a p + 110.5a t - 88.42a. nC/m 2 
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Prob. 5.32 (a) p, = D„ = z 0 E n = ~y/l5 2 + 8 2 = 0.1503 nC/m 

Jon ========== 


(b) D„ = p, = -20 nC 


D= D n a n = (-20 n C)(-a y )= 20a y nC/i 


Prob. 5.33 (a) 


n 0 /2 jc/ 0' s ' 1200 , 

At = P v = -- 7 =- nC/m 2 

4nx25xl0 4 n 


\D\= 381.97 nC/m 2 


fb) Using Gauss’ law, 


D r 4nr 2 = Q 


„ Q 12 _ , 0.955 

D = = ^ja, nC/m = —a, nC/m ! 




52n e. 


g 2 


144xl0~ 18 

o /0 " 9 2 

8nx~~— x5xl0 2 
36n 


= 12.96 pj 
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CHAPTER 6 


P. E. 6.1 

v : v = -~ 

e 


d_V_ PqX 

dx 2 z„ 


V = -^-+ /4x+ 5 
6za 

_ dV (p 0 x 2 1 

dx x {2ea J 

If E = 0 at x =0, then 


0 = 0- A 


If V= 0 at x =a, then 


0 = -^- + B 


Thus 


r E °it a - 


P. E. 6.2 V t = A t x+ B h V 2 — A 2 x + B 2 

V,(x = d) = V 0 = A,d+B, -> B,=V 0 -A,d 

V,{x = 0) = 0 = 0 + B 2 - > B 2 =0 

V,(x = a) = V 2 (x = a) -*> A/ + B, = A 2 a 


D,„ = D 7 


z t A t -z 2 A 2 


a 2 =^-a, 


A t a + V Q - A,d = —aA, 
e 2 


V 0 = A, -a+d + —a 


A,= -^-, A 2 =^A,—-^ - 

d-a + z,alz 2 z 2 z 2 d-z 2 a + z,a 


Hence 


-V a 

r OX 


E I A i a * d-a+t.a/z^ E: A: ° x a+z 2 dU,-z 2 aU l 


P. E. 6.3 From Example 6.3, 
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c _ K, 

ti - -a*, 

D~z t) E 

P*o * 


p , = D„U = 0) 

H 

• ^ 

Pf, 


The charge on the plate <j> = 0 is 


Q = L s dS = -^\ j U-.J Q 
3 <t>„ 3 3 p 

:~Op=a 


L\n(b/a) 


c = M = ^ 
K, ♦„ a 



■ 45 ° ■> 
asm-- 2 

2 


a - -= 5226 mm 

sin 22.5° 


„ IJxlO' 9 rt 1000 JJJ „ 

C =-Jin- = 444 pF 

« 5226 V 


Q- CV a = 444x1O' 12 x50 = 22.2 nC 
P. E. 6.4 From Example 6.4, 

4 _ 

V o = 50, Q, = n/ 2, e 2 =45°, r = yll 3 ~+4 2 ~+7 2 =>[29, 0 = tan' / ^ = - _> 0 = 652° 

z 2 


50\n{tan34.1°) - 50a a 

V =-- - - = 22 13V F _ _ e _ 

tan(22.5°) — ■ ’ J29sm68.2° lntan(22.5°) 

P. E. 6.5 


= 11.36a 0 V/m 


„ dv dV 

E = ^ v --a x --a y 


4 K 1 

b “ sinh mta/b 

n = <xlu 


[cos(nnx/b)sinh (nxy/b)a x + sin(mtx/b)cosh(nny/b)a v 


(a) At (x,y) = (a, a/2). 
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V =- {0.3775- 0.0313 + 0.00394 - 0.000584+...) = 44.51 V 

71 =. 

E = Oa x + {-115.12+ 19.127 - 3.9431+ 0.8192 - 0.1703 + 0.035 - 0.0094+ ...)a v 
= -99.25a. V/m 


(b) At (x,y) = (3a/2, a/4), 


V =- {0.1238 + 0.00626 - 0.00383 + 0.000264+...) = /d.50 V 

71 "- 


£ = {24757 - 3.7358 - 0.3834 - 0.0369 + 0.00351- 0.00033 +...)a x 
+ {-66.25 - 4.518 + 0.3988 + 0.03722 - 0.00352 - 0.000333+ ...)a y 
= 20.68a x - 70.34a v V/m 

P. E. 6.6 

x 

F(y = a) = sin(77u:/6) = sin(nnx / b)s'\nh(nna / b) 

w=/ 

By equating coefficients, we notice that c n = 0 for For n=7, 


sin(77uc/A) = c 7 sm(7nx/b)sinh(7na/b) 
Hence 


^ — _Li_ 

7 sinh(7na/6) 


V(X ' y) ~- 7uih(7 


P. E. 6.7 Let.F(r,0,<|>) = R{r)F{Q)0{$). 
Substituting this in Laplace’s equation gives 




rf/*v rfr/ r‘sin0d0V <707 sin’ 0 d§ 2 


Dividing by RF0 / r 2 sin" 0 gives 

sin 2 0 d / , v sin0 d , , / d 2 0 

— 3^-r ^ <si " eF >=-^= x 


0"+l'0 = 0 
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Id,,. 


1 d 


toft-Ttoi*'**”•*' 


2R'+rR"= h 2 R 


2 p : 

R n +- R'~ R = 0 

r r* 


sin0 d 

~F^ 


(sinGf”)- X 2 + u^sin 2 © = 0 


F"+ cot0 F'+ (p‘ - X 2 cosec 2 Q)F = 0 

P. E. 6.8 (a) TK is similar to Example 6.8(a) except that here 
0 < <j> < n / 2 . Hence 

r 2n/Va V ,n ~ 

= T~Fhf~\ md R- -f-= -~- 
ln {bid) I 2nta 

(b) This to similar to Example 6.8(b) except that here 0 < <j> 




V 0 ait(b : -a 2 ) 


V t 

and R = — = - 3 - 3- 

I an(b 2 -a 2 ) 


P. E. 6.9 From Example 6.9, 


llo_ , 

, b ’ - b 

p In — p In — 

a a 


I-\j*dS= | | J t pd§ + \j : pd§dz=— B -r\no l + nG 2 \ 

♦=* J i n - 


0 < <|> < 2n instead of 


< 2n . Hence 
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In 


R= — = 


a 


1 7t/[a ; + o ,] 

4%z 

P. E. 6.10 (a) C ~~]—/’ Q and Q are in series, 

a 6 


C, = ¥jix 


70‘ 


3(5 ji 


f 

> 



( 

) 

25 

= 5/3 pF, 

r A io-> 
C >- 4XX 36* 

35 

10 3 

10 3 

10 3 

10 3 

2 3 / 



T - TJ 


= 7/9 pF 


C,C, (5/3)(7/9) 

"C/ + Q (5/3)+ (7/9) P 


2ne 

(b) C=-^— j, C, and C 2 are in parallel. 


a b 
( 


C, = 2%x 


10 


-9 


36% 


25 


10 3 10 3 


= 5/24 pF, C, = 2nx 


io- 


36n 


35 


JO 3 _ 10 3 
v 7 ‘ 3 j 


= 7124 pF 


V 7 3 ' 

C = C 7 + Q = 05 pF 

P. E. 6.11 As in Example £.8, assuming V(p = a) = 0, F(p = b)= V o 

Inp /a 


V = V 0 —Z —, E = -VV = - 
° In bla 


pin b/a p 


Q= Je£*</S 


JoL 

In b/a 


L 2k 


J J Uzpdif = 


:=0 +=0 ' 


V a 2nzL 
In bla 


Q 2mL 

C= — =- 

V„ In bla 

P. E. 6.12 (a) C| and C 2 are in series. 


2nz rl z, 
\nc a 


2 xx 2.5 10 
In 2// 36 :1 


= 200 pF/m. 


C\ 


2nz r: z u 
InA c 


2 TLX 3 J 10' 1 
Ini 2 36x 


= 4HO pF / m 
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C,+C : 200 + 480 K 

C T = Cl = 1JJ nF 

(b) Ci and C 2 are in parallel. 


C-C,.C, = ^5^. , »<«„ B _6k_ I0_ = ISIJ 

In b/a In b/a In b/a In 3/7 36n 

C r = Cl= 152 nF 


P. E. 6.13 Instead of Eq. (6.31), we now have 


ln£>/a 


b 4 k !-—2-r 2 40 ™o 


„ Q 40n 10- 9 

c ~\v\~ v~ rm~3K = y/inF 
\V\ In4/1.5 36n . 


P. E.6.14 Let 


f = f, + f 2 + f 3 + f 4 + f 5 

where F n i = 1,2,...,5 are shown on in the figure below. 


Q 2 £?‘(a t siniO" +a y cos 30°) Q : (a x cos 30" +a v sin J0") 



4nt„r' 4m a (rcos30"y 

Q~ (a x cos30" - a sin 30") 


4ne„(2ry 


4xz„(rcos30") : 
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V =-x s +54.33x-103.3 

V(2) = -8 + 108.66 - 103.3 = -2.667 


Prob. 6.3 (a) 


Vt = 


= -far ! 2 + kdx + A 


dx dz g dz (> 

-► V =-kx 3 /6 + kdx 2 / 2 + Ax + B 


When x=0, V = 0 


0 = B 


When x=d, V = v o , -► ,V 0 = ^kd 3 /6 + kd 3 / 2 + Ad 


A = VJ d-kd 2 / 3 


v _ _ Pq - *' + Po x + 1 L. _ M L 
(5rfe„ 2e 0 l 2e 0 J 


£ = _V F = _^ = fMl_M__^ + ML 

U^o e„ </ 3e„j * 


(b) p v = D„=e 0 E„ = z 0 E»a„ 

At x=0, a n =a x , Ps = 

3 a 

At x—d, a n =-a x , p s = - p 0 d/2 + p 0 d + z 0 V 0 Id - p 0 d/3 


= £A_ + M 

d 6 


Prob. 6.4 If V” = f. 


A 

r= J/(x)dtc+c, 


P = | J/XMptA+C/X+Cj 


K(.V = 0) = P, = c : 


C, = P, 


I 
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/. \ 

V{x = L) = V, = J | f(\x)d\idk + CfL + c : 


C ' = ~L 


0 0 
A X 


V,-V t - JJ/^ )d»dk 


o o 


Thus, 


L 


LX x X 

V J ~ v !~ \\fi\x)d\idk + V, + JJ/(p)4uA 


o o 


o o 


Prob. 6.5 

v-V = 


}w , d‘V _ p, 50(1 - y 2 ).l0 6 


dx‘ 


= -k(l-y) 


. , 50x1 O' 6 ,„ n , 

where k =-s- = 600nxl0 

3x'°— 

36k 

~j~ = -k(y-y 3 13) + A 
dy 

V = ~ k [^J - yjj + Ay + B = 50n.I0 3 y 4 - 300n.l0 3 y 2 + Ay + B 
When y=2cm, V=30xl0 3 , 

30x10 3 = SOnxlO 3 xl6x!0- 6 - 300nx!0 3 x4xl0~ 4 + Ay+ B 

or 

30,374.5 = 0.02A + B ( 1 ) 

# 

When y=-2cm, V=30xl0 3 , 

30,374.5 = -0.02 A + B (2) 

From (1) and (2), A=0, B=30,374.5. Thus, 

V = 157.08y 4 - 942.5y 2 + 30.374 kV 


Prob. 6.6 (a) 


V-K, 


c*V ; a-V, aV, 

f '.v “ <y m cz~ 


i.e Yes. 


2 + 2-4 = 0 


i 

J 

I 

! 

l 

! 

I 


1 

I 

i 


I- 


! 


.1 

ij 

l| 





( b ) y 2 = 71 - T J 7J7J = l,r = r '' 

(x +>' +r ) 


l d( 2 dv 2 


/ af 


v-V, = -— r 2 -r^ +0=-—k *-7 

/•' cr V cr J r cr\ / 

i.e Yes. 

/ a ( a-V,l / a*V, a-V, 

(c) Y‘V, = -p— 7 - + — —r + —r 

p 5pV a<|>‘ J p* d<|r &* 


ID z " ~ 

=-(pjr sin 4>)-sin <)> + 0 = —sin +4 -sin<|> = 4 

P dp p p p 


i.e. No. 


., /0sin<b d . . n /0sin0sin<j> 

(d) V^=0 + — -J— (s.nGcosG)- 7 - 21 

r sinG do r 


/Qsin^cos^G-sin^G) /0sin6sin(|> 70sin<t> J0sin6sin<t> 


r 4 sinG 


r 4 sinG 


i.e. No. 

Prob. 6.7 (a) 


V 2 V = — + — + ^Xr = —{-5e' 5jr cos/i>-sinh l2z)+...= 2SV - M9K + 144V = 1 
Sx 2 c>y 2 dz 2 dxV ' 


vV = — f_£S2!il_££^ + o = £®25i_£®^i = o 

P dp v P / ‘ P P J P J 


(c ) V = J0r _i cosG, 


/ d 


vV = —— (-60r~‘ cosG) + —=-(-sin020r 2 sinG) = —r-cosG-— -(2sin0cos0) = 0 

r 2 dr r 2 sinG dG r 2 /-'sinG 


Prob. 6.8 If 


. d*V d 2 V d‘V 

V-V = —7 + —7 + —7 = 0 

8x- 8y 2 dz 2 


r c 2 V 

+ d*V 

a-VV 


dM 

c 2 f 

cV^ c 2 ( 

cV\ 

V cx~ 

dv‘ 

+ ^r 
c:‘ ; 

dx’ v 

dx ) 

+ — l 

O V 

cx J cz 2 l 

■&J 


or 
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o = ^- t e x +~e x + ^- t e x = v'e x 

dx 2 dy 2 d: 2 

i.e. V‘£. = 0 . 


The same holds for E v and E 7 . 


Prob. 6.9 


= (-/f«sin nx + Bncosnx)(Ce ny + De ) 


— = (-An 2 cosnx - n 2 Bs\nnx)(Ce ny + De ny ) = —n 2 V 


— = (A cos nx+ B sin nxXnCe ny ’ -nDe ~ ny ) 
dy 


v 


Thus 

v> v J±S± 

dx’ dy’ 


= -n 2 V+n 2 V=0 


Prob. 6.10 (a) 


8V , d 2 V j 

— = 4xy>z, — = 4yz 

dx dx 


dV , 2 . 2 d 2 V' 

— = 2x 2 z - iy 2 z, —j = -6yz 
dy dy 


dV ■ 2 3 d 2 v n 

dz~ X y y ’ dz 2 ~ 


V 2 V = 4yz - 6yz + 0 = -2yz 

V*V * 0, V does not satisfy Laplace’s equation. 


v-t 7 = - J 


Pv = 2 vre 
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,2 .2 


Q = \(>ydv = J J ^(2yzz)dxdydz = 2e(/)^-| 0 / 


—\ n = e/2 = 2e„ /2 = e. 


O = 8.854 nC 


Prob. 6.11 


v-V = ^- = o 
d-J 


V = Az+B 


When z=0, V = 0 


When z=d, V = V„ 


V 0 =Ad or A = Vo/d 


Hence. 


- V7K ^ V o 

E = -V k =- a. = — —a. 

dz d ' 

D = eE = -e a e r -?-a. 

a 

Since V 0 = 50 V and d = 2mm, 


V = 25z kV. E = - 25a, kV/m 


D = - — (1.5)25x10*a. = - 332a . nC/ m 2 
Jon * - 


p , = D n = ±332 nC / m 2 < 

The surface charge density is positive on the plate at z=d and negative on the plate at 

z=0. 

Prob. 6.12 From Example 6.8, solving V 2 K = 0 when V = K(p) leads to 


K q Inp/a 
In b/a 


E = ~VV 


pin b/a 


f— a D , D = zE = - 


£<firK) 

- -, 

pln6 /a 


e c K 

p v = D n = ± ~f J rf~ 
plno/a 

r p-(t,h 

In this case. V o =100V, b=5mm. a=15mm. 


Hence at p = 10mm, 
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100 

E '-- 


D = -9.102x10 s x——2a =-161a nC/m‘ 
36 :i p ===== 


10~ v 10 s , 

p,(p = 5mm) = ^(2) 


/0" 9 /O' 5 

p,(p =/Jmm)= - — (2> — = WOTJnC^ 


Prob. 6.13 

Let p be in cm. 

K(p = 2) = 60 -► 

K(p = 6 ) = -20 -> 


V = /41np+ B 


60 = A\n2 + B 
-20 = A\n6 + B 


Thus, A = -72.82, B = 110.47, and 


V = 110.47-72.82 Inp 


„ dV A 72.82 

E = -—-a p = - a p =- a p , D = e„£ 


At P =4, V = 9.52 V . E = 18.21 a r V/m 


jq-V 

D = e„£ = -- xl821a B = 0.161a o nC/m 2 

° p p 


Prob. 6.14 


V*P = 0 


V = -A/r + B 


At r=0.5. V=-50 


-50 = -A/0.5 + B 


-50 = -2A + B 
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At r= 1, V =50 


50 = -A + B 


From (1) and (2), A = 100, B = 150, and 


r- or, A *00 

E = -V V = - —a = - — —a r V/m 
r r 


Prob. 6.15 From Example 6.4, 


VtanG, 12 

,1'tane^'l 
\tan0, 12) 


Vo = 100 , 6/ =30°, Q 2 =120\ r = ,[77(^77 = 5, 0 = tan’ 7 p/z =tan* / 3/4 = 36.87° 


V= 100 


tan 18A}5°_ 
tan 75° 


tan 60° 
tan 15° 


= 11.7 V 


~ K a e 


- 100a a 


rsinG 1 


tan Q,/2) t 


tan0 2 /2] 5sin36.87° ln6.464 


= -17.86a a V/m 


Prob. 6.16 (a) 




V = A\np+ B 


F(p = b) = 0 
V{p = b) = V„ 


0 = A\nb + B 


V n = A\na/b 


In b/a In b/a 


B = -A\nb 

A---Ll- 
In b/a 


1 r (P = /5mm) = 70 —— = 12J V 
ln50 ~ 
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(b) As the electron decelerates, potential energy gained = K.E. loss 


470- 12.4] = J-«-] 


10 u -u 2 = —X57.6 


2 , nN 2x1.6x10 ,, 
W = /O'-'-—— x57.6 = 10 12 


9.1x10 


— _ 3/ x57.6 = 10 u (100 - 2025) 


u = 8.93x10'’ m/s 


Prob. 6.17 (a) For the parallel-plate capacitor, 


p _ E, 

E ~-~d • 


From Example 6.11, 

C = -L- fe| Efdv = -4 f e V -Ldv = 

F/ J J d 2 d 

(b) For the cylindrical capacitor. 


E = --2— a a 

pin b/a p 


From Example 6.8, 


y o 222 (p\nb!a) 


^—jpdpd^dz = - 2?ie£ - ^ 

/(in b/a) 2 * P In6/a 


(c )For the spherical capacitor. 


x 2 (l / a-1 / b) C 
From Example 6.10, 


C = ~[[[ -- EV ° - JT 2 sin QdQdrd* = - - - 4n 

v „ JJJ r (l/a-l/b) (l/a-l/b) 2 2 r 2 L_I 


Prob. 6.18 This is similar to case 1 of Example 6.5. 


X=c,x + c K = 


c 3 y + c 4 


But X(0) = 0 


0 - c,, Y(0) = 0 


Hence. 
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V (*>>’) = XY = a„xy, a n = c,c 3 


Also, V(xy = 4) = 20 


20 = 4a„ 


a„ = 5 


Thus, 


l'(x,y) = 5xy and E = -VT = -5ya x -5xa y 


At (x,y) = (1,2), 


F = /0V, E = -10a. -5a„ V/m 


Prob. 6.19 (a) As in Example 6.5, X(x) = As\n(,mx!b) 
For Y, 


~y(y) = c, cosh(nnyfb) r c_, sinh(/my/6) 


Y(a) = 0 


0 = c, cosh(mta /b)+c 2 sinh(mt<j / b) 


C/ = -c 2 tanh(mta/6) 


I 

T = Y, a n sin(mcx / ^[sinhf/my/A) - tanh(nrca /6)cosh(mry /£)] 

n-l 

go 

V(x,y = 0) = y o =-^a„tanh(mta/b)sinh(mix/b) 

n= I 

2 * 4F 0 

-a„ tanh(/ma /6) = - [f o sinC/my/A)^ = i ’ /,_<x,d 

o 0, « = even 

Hence, , 


n n=odd L«tanh(mta/Z>) n 


4V 0 sin(«KJc/6) r 
it ^ „sinh(«na/6) l sin(wt - v 7 cosh7wt « 7 6 ) - cosh(mty / 6) sinh(wi o/A)] 


v- 1 sin(m ji / 6) sinh[wn (g - _y) / 6] 
1 n ^d «sinh(«na/6) 


Alternatively, for Y 


K( v) = c y sinhmt( y-c 2 )!h 
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Y(a) = 0 


0 = c, sinh[mt(a - c 2 ) / b] 


^ b n s\n(nn.x /b)s\nh[rm(y - a) I b] 


where 


n = odd 


■ — - n ^ 

b n = j m sinh(«7ia/6) ’ 

0, n - even 


(b) This is the same as Example 6.5 except that we exchange y and x. Hence 


TT ^ 


>r-i sin(mt 7 /a)sinhmo:/a] 


7i wsinh(rat6/a) 


(c) This is the same as part (a) except that we must exchange x and y Hence 

4V a y siii(/ra >> / b) sinh[wn (a - x) / 6] 

X '^ n «sinh(«xa/6) 

Prob. 6.20 (a) X(x) is the same as in Example 6.5. Hence 

GO 

V(x,y) = sinh(wny / 6) + b n cosh(mi^/f))] 


At y=0, V = V, 


V } =y ^b n s\n(nnx/b) 


UVi 

—-, n = odd 
nn 


0, n = even 


At y=a, V = V 2 

X 

V 2 = ^ sin(muc / b)\a n sinh(wta / b) + b n cosh (rma / 6)] 


a n sinh(mia / b) + b n cosh(mia / b) = 


—, n = odd 


0, n = even 


4V : 

trx s\nh(mza / b) 


(V 2 ~ Vj cosh(mca /b)}, n = odd 


0, n = even 
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Alternatively, we may apply superposition principle. 





t.e. v = v A +y B 


V A is exactly the same as Example 6.5 with v„ = v 2 , while V B is exactly the same as 
Prob. 6.19(a). Hence 

-f v" 1 sin(«7tx / b) r 1 


v ( x ,y) - ( a i e ax + a 2 e* ax )(a 3 sin ay + a, cosay) 


lim V(x,y)=0 


a 2 =0 


y(x,y = 0) = 0 

V{x,y = a) = 0 
Hence, 


a 4 =0 

a=rm/a, n = 1,2,3,... 


v (x>y) = ^ a n e~ mxla sin (tmy/a) 


Y(x= 0,y) = V Q = ^ J a„s\n{my / a) 


. „ —,n=odd 

-* a n = n* 

1 0, n= even 


w *-1 


4V 0 y' sin(A?7c^ / a) 


n n 

n=odd 


zxp(- MIX I a) 


(d) The problem is easily solved using superposition theorem, as illustrated below. 



ns\nh(nna I b) 
sin(wut / a) sinh(wiv / a) 


ns\nh(rmb / a) 


sin(wuc / b) sinh(wi>> / b) 


ns\nh(nna / b) 


sin( ^7TC\* / a) sinh[wr(/? - x ) / a ] 

A?sinh(/77t/> ; a) 
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Also, 


— (r‘R')~ XR = 0 
dr 


R"+--\r = 0 
r r~ 


Prob. 6.23 If the centers at <J> = 0 and $ = ni2 are maintained at a potential difference I 
of V 0 , from Example 6.3, ! 


£* = —-, J = oE 


Hence, 


/= jj.dS = ^- j J idpd: = ^L\n(b/a) 

n p -a:=0^ 71 


I 2ot\n(Jb!a) 


Prob. 6.24 If V(r = a) = 0, V(r = b) = V a , from Example 6.9, 


-5 - - -, J = aE 

r 2 (I / a - ] / b) 


Hence, 


/ = \j *dS = 7 /° a f f -Lr 2 sinGded* = 2TCFqCT (-cos9)| 0 
j //a-//i J J r 2 1/a-l/b 0 




ft = !jl ~ o b 

/ 27 ta(/-cosa) 


Prob. 6.25 For a spherical capacitor, from Eq. (6.38), 


For the hemisphere, R'~ 2R since the sphere consists of two hemispheres in parallel. As 
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Z -A\L, _ic_] = — L+ 1) s 6 P F 

. . ~ . ■% t ■» z' irt-i It 7 J ^ 


; 0 (z r + l)A/d 2d d \2 e f + 


1 36n 2x1 O ’ v 2 7 


Prob. 6.29 


Fdx = dW,. 


V,, = jU\E\ : dv = ^z 0 z r E : xad + ^z„E : da(I - x) 


where E = V„/d. 


dW h I v o - ... 

-t-T-T*'-’*' 


Z„{Zr-l) V o a 


Alternatively, W h: =^CV 0 2 , where 


C = C, + C2 = 


z 0 z r ax z^dj-x) 


ax 2 a 


Zoter-jWja 


Prob. 6.30 (a) 


e„S I0__ 200x10- _ 

C " d ~ 36n 3 x10- 3 P 


(b) P S = D„ = !0~ 6 nC/m 2 . But 


D n =zE n =^ = p s 


V n - = 10~ 6 x3xl0~ } x36nx!0 9 = 339.3 V 


Q : Pt 2 S ir^200xl£\36nxl0^ _ { f ?f m>| 

25e„ _ 2z„ ~ 2 



z—2 


a 


Let z be in cm 
d 2 V 

—r-= 0- > V = Az+ B 

dz ‘ 

When z= -2, V = 0 -► 0 = -2A + B or B= 2A 

When z = 2, V = 200 _ 200 = 2A + 2A -1 

V = 50z+ 100 

(a) V(z=0) = 100V 

(b) E = -V V = -Aa, = -50a. V/cm = -5a : kV/m 
P s = D„ = tE n = zE*a‘ 

At the upper plate (z=2), a„ = - a z 

10 9 

p, = 5000z o z r = 5000x2.25x - 

36 % 

= 993 nC/m 2 

At the lower plate (z= -2), a n = + a z 
p = - 993 nC / m 2 
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Prob. 6.32 (a) 


^ Q £ „£ r S e , JO- 9 80x10- 4 
C= ~ = —r-=5.6x^-x——— 7 =619p¥ 


V , 


3<5n 6.4x10' 


(b) 




—> K = Q/c 

E=-VV= -3a x -4a y + 12a. kV/m-* |£|= Vi’+ -/’+ 72’ = /i kV/m 


Pv= A = eJ^I 

Since the entire E is normal to each conducting plate. 
0= Pj S=eJ£|S 

r , cl \E\d 13xl0 3 x0.64xl0' 3 

K = 0/C = E 0 j£|5—-= — L -=-—-= 14.86 V 




5.6 


Prob. 6.33 (a) 


10 - 


c= 


4 * x225x 36 n 


1 1~ 1 


f— = 25 pF 


a b 5x10' 2 10x10 2 

(b) Q = C V 0 - 25x80 pC 


Q 25x80 

Pj = “ J = ~ TTT^J PC/m = 63.66 nC/m 2 
4%r 4nx25xl0 . 


Prob. 6.34 (a) 

W = 0 


When r=20cm, V=0 
When r=30cm, V=50 


-> V=-—+B 

r 

_^ 0 = - A/0.2 + B or B = 5A 


50 = - A/0.3 + 5A or A = 30, B = 150 


30 

V= + 150 W 
r 


F VV A 30 v/ 

t = - V y = - — a = - — a . V / m 

f r~ 
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4n llc-lld llb-llc 1/a-l/b 
— = -+-+- 


ii . £ ; x £ i 

L_L L L L L 

c d b c a b 


Prob. 6.36 

4m 

c= z_ 1 

a b 

Since b —► oo , 

10' 9 

C = 4ncK. 0 z r = 4nx5xl0~ 2 x80x -= 444 pF 


Prob. 6.37 


4m 4nx5.9xl0~ 9 / 36n 

7 7 = Ti 1\ = 2/^JpF 

IrjJ " 0 


Prob. 6.38 

2xzL 2i,xj--xl00xl0‘ 

C = i ,i; . =- 1 °' , -= 1.633x10 “ 

1 n(b/a) In (600/20) 


xx 50x10-" 

v -& c =im^F- 3 ^L 


Prob. 6.39 V = V 0 e ~ ,,T ', where T r = RC = 10 x 10‘ 6 x 100 x 10 6 = 1000 


50 = 100e-" T ' 


™> 2= e' 


/ = /0001n2 = <593.7 s 
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Method 2 : We solve Laplace’s equation 


d dV dV 

V • (sV V) =—(£——)= 0 -* e —— = A 

dx dx dx 


dV A Ad c, 

dx £ £ o (.v+t/) x+d 


V = c, ln(x+ d) + c : 


V(x=0)=0 


0 = c, \nd + c. 


> c, = -C/Inc/ 


V(x=d)=V <> -» V 0 = c l \n2d-c l \nd = c,\n2 


C ' In 2 


„ t x+d V Q t x+d 
V = c, In—— = —In—— 
1 d \n2 d 


dV V. 

17 _ o 

dx° x = " (x+ djh^° x 


(b) P=(t r -l)s 0 E=- 


£±rf_ 7 )_JL&_ fl 

d ) (jc+ d)\n2 x 


z» x K 

d(x+ d)In2 


PJ^,= P*(-a x )\ x ,„=0 


(V , 


2d In 2 
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(d) 0=Jp^S=p,S 


kSK 

d\w2 


C= Q__ KS 10 ^_ 200 xW^_ 

' ~ V~ din2 ~ 36n 2.5x10^ In 2 ~ f££j£ 


Prob. 6.43 Method 1: Using Gauss’s law. 


Q = jo* dS = 4nrD r - 


n Q 

D- -rfl 

4nr 2 r 


E= D/s = ~ 7 ^~t a 
4ns„k 


V - - »<// = - - 2 - U = - 2 —(b-a) 

j J„c IrJ rnt.k 


4ns k 3 

<> a 


c _ Q_ 4nsjc_ 

\V\ Z>- a 

Method 2 : Using the inhomogeneous Laplace’s equation. 


1 disk ,dV 


V.(sVr)=0 -> 77hf^TN 

r dr \ r dr) 

/ dV „ dV 

E ,/y = A -> —— = /I or U = Ar + B 

dr dr 

V(r=a)=0 — 0= Aa+ B - > B = 

V(r=b)=V a -> V„= Ab+ B= A(b-a) - 

„ dV V 

E.-—a t --- Aa , = -~ Ur 


> /! = 


p = 0= _JW, 

P - " b-a r 1 l “> 


r V & Jc ct I 

Q = jp ^ JJprr 2 sin0c#c/<|> = - 


Uejt 


c = j£?j = 

1' 6-q 
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Prob. 6.44 Method jj We use Laplace’s 


V.VL= 0 = 


l_d_ 
P dp 


dV\ 


d ( z k dV ) 

7* P—7 -\ = 0 

dp V P dp ) 


equation for inhomogeneous medium 



, dV 


-> 


dV 

— = A or V = Ap + B 
dp 


V(p = a) = 0 - > 0= Aa+B - > B = - Aa 

V(p = b)=V a -> V Q = Ab+B= A(b-a) -> 

r 


dV V n 



P s = D n = E E„ 
On p = b, a n = -a p 


p v = T-, dS = pa<(>dz 

b - a p 
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C = 


C= 


Q_ 2kzJcL 
K = b-a 

C 2nz o k 
T = b-a 


Method 2 : We use Gauss’s law. Assume Q is on the inner conductor and -Q on the 
outer conductor. 


n Q 
D -- a 

2nL p 


E= DU = 


a„ 


2kz3L p 




2nz a kL 


Q_ 2jzJcL 
V b-a 


c= £ = 2n Jo k 


L b-a 


Prob. 6.45 

^ I0 ' 9 6 
C = 4nz n a = 4kx-^— x6.37 xlO 6 = 0.708 mF 
Jon ' ■" 


Prob. 6.46 (a) 


v - ■ 


Q 

1 

/ 

lOxIO' 9 

~i 

/ 

4nz 0 

.1(6,32) 1 

\(6,3,8)\ 

4nxl0~ 9 /36n 

7 

yfl09. 


= 4237 V 


E = 


10x10- 


4nxl0 9 / 36n 


(W) (633) 

7 3 


109 


3/2 


= 1.1 a x + 0.55a y - 0.108a : V / m 


(b) 


Q,Q, - 10xl0xl0- ,8 [(0,0 -3)- (0,03)) . . (0,0-6) 

E = - - -a r =- 777Zg -= -900x10 9 — - = -25a. N 


4kz r‘ 


4kx^~\(0.0-3)-(0.03)\ 3 

Jon 


6 3 
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Prob. 6.47 


4nC 

-3nC 

3nC 

4 

4 

3 

2 

1 


(a) Qj = -(3nC - 4nC) = ln£ 

(b) The force of attraction between the charges and the plates is 


F= F /} + F u + F 2} + F 24 


|Fj= 


10 ^_ 

4nxl0~ 9 / 36n 



2(12) 16 

3 2 + 4 2 


= 5.25 nN 


Prob. 6.48 


Q. (-3,2,4) 


Qi(-3,2,0) 


Q 2 (1,0,5) 
3 


z=2 


-02 (i,0,-l) 


Dix.y,:). Q- 


(x,y,z)~ (-3,2,4) 
\(x,y,z)-(-3,2,4)\ 3 


\(x,y,z)-(-3,2,0)\ 3 


+ Ql_ (7,0,5) (x,y,z)~ (1,0,1) 

4n \\(x,y,z)-(I,0,5)\ 3 \(x,y,z)-(l,0,l)\ 3 


_ 50 _ (x + 3,y-2,z-4) _ (jc-f 2,z) 

\(* + 3) 2 +(y-2) 2 +(z-4) 2 \ 3 ' 2 |(jc + 3) 2 + (y - 2) 2 + z 2 \ 3 ' 2 


(x-l,y,z-5) _ (s-7 ,y,z + /) 

4n (J(x - 1) 2 + y 2 +(z- 5) 2 f 2 |(x - 1) 2 + / + (z + 1) 2 \ 312 

(a) At (x,y,z) = (7,-2,2), 


Pv = D._ 


\z~2 ~ 


50 ^ 

4n 


2-4 


(10 2 + 4 2 +2 2 ) 3i2 (I0 2 +4 2 +2 2 ) 312 


JO 

4n 


1(6- +4 J + 3 2 ) 3 2 (6 J + 4 2 + 3 2 ) 




nC / rrr 
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p t = 7.934 pC / m' 


(b) At (3,4,8) 


50 ( 6 , 2 , 4 ) ( 6 , 2 , 8 ) 

4 n j _( 6 * + 2 * + 4 2 ) 3 ' 2 ( 6 2 + 2 ~ + 8 2 ) 3 ' 2 


20 ( 2 , 4 J ) _ ( 2 , 4 , 9 ) 

4 n [( 2 * + 4 2 + J 2 ) j/2 ( 2 * + 4 2 + 9 2 ) 3 ' 2 


D= 17.2Ia x - 16.29a - 8.486a pC / m 


(c) Since (1,1,1) is below the ground plane, P = 0 

Prob. 6.49 We have 7 images as follows: -Q at (-1,1,1), -Q at (1,-1,1), -Q at (1,1,-1), 
-Q at (-1,-1,-1), Q at (1,-1,-1), Qat (-1,-1,1), and Q at (-1,1,-1). Hence, 

fr — flj , _ — ff -j- n -—a ( 2a * Jr2<3y +2a ^ , ( 2a y +2a z ) (2a x +2a 2 ) (2a x +2a,)~\ 

4m 0 2 3 x 2 3 y 2 3 ~ n 3 ' 2 Sw ^573- + -77 /2 ~ I 


= 0.9(a x + a, + a.)(- j^j j + ^j) = -0J891(a x + a, + a.) N 


Prob. 6.50 
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Prob. 6.51 (a) 


£=£+£_ = 


Pz. K/ <V[ Mx/O'* (2,-2, J) - (i-2,-/) (2,-2,J) - (3 -2,-/) 

2ne„lp/ P: J 2nxl()- v /36n \(2,-2,3)-(3,-2,4)\ : \(2-2,3)-(3,-2,-4)\ 


,o (-W) (-W) , r/ 

= —-—- ——— = -138.2a t - 184.3a v V/m 


(b) P' = D„ 


D=D^+D.= 


P/.K/ a P 2\ 16x1 O' 9 ] (5,-2,0)-(3,-2,4 ) (5,-P,0) - (3 -2 -4) 


2n{p, p : ) 2n \ \(5,-2,0)-(3,-2,4)\‘ \(5,-6,0)-(3,-2,-4)\‘ 


= ^ ] nC / m 2 = -/.0/Sa. nC m 2 

n 20 20 


Pj = -1.018 nC/m 2 


Prob. 6.52 


y=2 y=4 y=8 


y=-4 y=0 y=2 y=4 y=8 


At P(0,0,0), E=0 since E does not exist for y<2. 
At Q(-4,6,2), y=6 and 


E = Z |r«. = 2x10^ /36n (~ 30a y + 20a y + ^ + = 2262a > kV/m 






mA/m 












165 



(b) At (0,0,10cm), z = 9cm, 
50xlQ- i x25xlQ- 4 
2(5' + 9 2 ) 2 ' 2 x IQ- 6 


- 57.3a? mA/m 


P.E. 7.4 


H- (cos<3 . - cost), )a. - 


2x 0.75 


(cos0 2 - cos0,)a. 


(a) At (0,0,0), 0 = 90° , cos0, = 

‘ V0.75 2 + 0.05' 

= 0.9978 

jy (0.9978 - l)a t 


-0.9978 


- 66.52 a. A/m 

(b) At (0,0,0.75), 0 2 = 90‘,cosQ, = 

„ 100 . 

H= jj(0+ 0.9978)a t 
= 66.52 g. A/m 


(c) At (0,0,0.5), COS0, = -0 995 

ylO.5 2 + 0.05 2 

. 0.25 

cos0 , = - 7 - , = 0.9506 

« V0.25 + 0.05 2 

H = IT (0.9806 + 0.995)a z 


P.E. 7.5 


= 151.7 fl I A/m 


// = —A x a 

2 


(a) H(0,0,0) = — 50a. x (- a> ) = 25a, mA/m 

(b) H(J,5-3) = ~50a. x a. = -25a mA/m 



















P.E. 7.6 


\H\ = 1 2n p 


,p - a( p(p + a= a(p(// 
, otherwise 


(a) At (3,-4,0),p = >/i‘=5cm < 9cm 

\H\ =0 

(b) At (6,9,0), p = V<5 : + 9‘ =yfTJJ < 11 

■ j 10 3 x 100x 10- 3 


P.E. 7.7 


(a) fi = Vx/l = (-*z- 0 )a ;[ + (0 + 4yz)a, 

5(- 7,2,5) = 20a, + 40a, + 3a : Wb/m 2 

V / 4 / 

(b) v = Jb.Ss = | |(y’-x‘)axay= Jy*ay-5| x ’5x 

y=lx=0 -i o 

1 5 

= -(64+1)--= 20 Wb 

Alternatively, 

/ V 0 

V|/ = J A.dl = | x^(-/)dx + | y 2 (l)dy + J x^(4)dx + 0 

o -I l 

5 65 

= --+—= 20W> 


P.E. 7.8 



H=f 


kcs x R 
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<?s = <?X(?y,k = k y a y 


R = (-x,-y,h), 
k x R = (ha, + xa z )k y , 

•k y (ha, + xajcxoy k y ha, ) 


f K y v n a, + xajcxoy 

^(x* + y- + h*’)'^ 


4n 


f [ - 6x8 y Mi f f xdxdy 

LUx-\y\ h -yy: + * H (x : + y : + h :^ 


The integrand in the last term is zero because it is an odd function of x. 
k ha x 2 } 


H = 


4n 

r 


*-o P .o(p + h y 2 4n o 2 


k h 


-I 




up +b y 


Similarly, for point (0,0,-h), H = --k y a. 
Hence, 


H = 


2^y a x » 

L. 

2 k y a * 


2{0 


Prob. 7.1 

(a) See text 

(b) Let H = H y + H z 


F ° r H * = 2np 8 * P = j(~ 3 ) 2 + < 2 =5 


a * =-a z x 
20 


(~3a x +4a y ) (3a y -4a t ) 


5 5 

H * = li(25) {4 *' +3i y ) = 0J093si * + 0.382a y 

F ° r Hy = T~ a * ’ P = \l(~ 3 ) 2 +5 2 = y/34 


l Tip 


(-Ja,+5a,) ia z -5a, 

> m ju 


H. = 


10 


2n(34) 


(~5a x +3a r ) = -0234a x ^0.1404a 
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Prob. 7.3 
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H = -(cosa, -cosa. )a. 

4np - ' 


cos cc 2 =-=, cos(180-a,) = -= = cosl80°cosa. +sinl80° sina, 


cos a., cos or, =■ 


OP = (x - 0, y - 0) = \a x + y a v 


AB = -a +2a. 

* y 


But on AB, y = 2(1 -x) 

OP ■ AB = 0 = - x + 2y = - x + 4(1 - x) = 4 -5x 
x = 0.8, y = 0.4, p = |OP| = 0.4>/5 


a p = a i x a P 


~ a > + 2 a y > | r~0.8a x -0.4a y 
5 J X l 0.4V5 


H = •°- 4775 ^ 


Prob. 7.5 


(a) H = 


I / 2 ( 10 l 

-—A.cos a 2 - cos a. )a . = ——_ - 0 \a 

4 *p * 4^5X572 J 1 


- 28.47 a., mA/m 


(b) H = 


(c) H = 


2 

f 10 

4k^42) 

•UV6 

1 f~ 

«, + 

Snyfl 

72 , 

2 

-y v ,— 

,f ,o _ 


a r + a y 


50 TTyfiA ’ 
28.47 a mA/m 




- - 13a, + mA/m 


-ok. 


mA/m 


(-3a,+a t ) = -5.1a, + 1.7a, 
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H = 5.1a r + 1.7a.. mA / nr 


Prob. 7.6 


C (0, 0. 5) 


A (2,0,0) B (1,1,0) 


(a) Consider the figure above. 

AB = (l,l,0)-(2,0,0) = (-1,1,0) 

AC = (0,0,5)-(2,0,0) = (-2,0,5) 

AB • AC = 2, i.e AB and AC are not perpendicular. 


(. Qri o \ AB • AC 2 

cos (180° - a, 1 = t—=— r = -p. ' .— 

v 17 |ab||ac| V2V29 

BC = (0,0,5)-(-1,-1,5) = (-1,-1,5) 

BA = (l,-l,0) ‘ 

BC-BA - 1+1 

cosa 2 = -— r = ; —-—- = 0 

BC BA BC BA 


—» cos a. = - 


i.e. BC = p = (-1,-1,5), p = V27 

5 = 5x5 = C '• °) x (- 1 '- 1 ’ 5 ) = (S.S.2) 

' ' " s/2 J21 JS4 

H 10 fp , 5 (5,5,2) 

2 ~ \29J V2? 2xyl29 27 

= 21.71 a x + 27.37 a v +10.95 a. mA/m 

(b) H = //,+//,+ /7 3 = (0.-59.1,0) + (27.37.27.37.10.95) 

+ (-30.63.30.63.0) 

= - 3.26 ci — 1.1 ci. +10.95 a. mA/m 
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where = -a x xa y = -a z , a, =180°, a 2 = 45 ° 


H < = —7vi(cos45 0 -cosl80 0 )(-a z ) 


**< 4ji(2) v /' “z/ 

= - 0.6792 a 2 A/m 
(b) H = H,+H y 

where H x = ^)(l-0)a,, a* = -a x x-a y = a z 
= 198.9 a, MA/m 


H x = 0 since a, = a 2 =0 


H = 0.1989a. A/m 


(c) H = H x + H 


where H x = ^jO-0)(- a , xa z ) = 198.9a y MA/m 

Hy = 4 ^ 2 )^ - °)( a y x a z) = 1989 a x MA/m 
H = 0.1989 a Y + 0.1989a, A/m. 


Prob. 7.8 


For the side of the loop along y - axis, 

H, = —(cosa 2 -cosa,)a. 

4rcp 

2 

where a + = -a x , p = 2 tan 30° = a 2 =30°, a, =150° 

h, = ^^f cos30 '- cosl50 °)(- s .) = 

Fl = 3H, = -1.79 a. A'm 
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Prob. 7.9 


Let H = H, + H 2 + H 3 + H 4 
where H n is the contribution by side n. 

(a) H = 2H, + H, + H 4 since H, = H 3 



H, = —(cosa 2 -cosa,^ = —+ 

4*p ' * 4rr(2)tV40 yfl) 1 


H; = 4k(6)( 2k V3o) 5 -’ H< = 5^5)( 2 J) 5 ' 


H = |>Uo j) + 6^0 + I^] 5 ’ = l964i - A/m 

(b) At (4,2,0), H = 2 (h, +H 4 ) 

5 = JO_8_ - _ 10 4 _ 

‘ “47t(2)V20 " 4 = 4^)^0 ai 

H = —— l + -j)a 2 = 1.78 a A/m 
* V 4; — ■ 

(c) At (4,8,0), H = H, + 2H 2 +H 3 


H, = 


2"rVk. H 2 = f4=-4=la. 


4n(s){ 4y[5 


4tc(4)U S~42p 


h 3 = -l^-fAV_a ) 

4tt(4) ^ V2 J ^ z 


77 5 (- \( 1 4 4 ^ 

H = I^Ht? + VT 7? = -° ll78i - A/m 


(d) At (0,0,2), 


H - 10 { 8 nVn - 1 10 _ 

1 ■4n(22)l^i J (a>XaJ = 


H - 10 f 4 nV f 2 a v -8a, 

: “ 4xj64(jS4P*{~w 


5 ( a x +4a y ) 
1771V84 
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Hi = 


10 .r-x-oW 2 *-* 


a v + 2 a : 


47ry/2Q ( V§4 


a/20 


7TyFl\ 


H, 


10 jo + 4 


4*72 1”' V2o) (_5 ' X ‘ f ' ) = PM 


H = 


1 5 )_ 

f 1 10 V f 

134*721 kMP* 

Ua/21 


20 


34;ta/2T tta/2T 


0.3457 a — 0.3165 a,. + 0.1798 a A/m 


Prob. 7.10 



a , 


H = 4Hi, where Hi is due to side 1. 



H, = -^-(cosa 2 - cosa ,)a 4 


p = a, a 2 = 45 0 , a, = 135°, a^ = a y x-a x = a. 


u J_fJ_ JL\ 21 

‘‘ 4» P IV2 + 4*a42°" 


ro 















Prob. 7.11 


P = r 
O 


(a) Consider one side of the polygon as shown. The angle 
subtended by the Side At the center of the circle IS ,, 

360° = 2k C 

n n I 

The field due to this side is j 


H, =-(cos a - cos a, ) 

4np 1 


where P = r, cos a = cos 90 - - = sin - 


cos a, = -sin — 


H, = —2sin- 
4nr n 

H = nH, =-sin — 

2nr n 

(b) For n=3, H = — sin- 

2nr 3 

r cot 30° = 2 -> r = ~^= 

V3 

H = r v 'T~ = r = L78A/m - 
2 *Xl3 2 

For n = 4, H = — sin^ = 


2nr 4 2n(2) 


= 1.128 A/m. 


(c) As n— >oo, 


tt nl . 7t nl n I 

H = lim-sin — =-= — 

2ot n 27rr n 2r 
From Example 7.3, when h = 0, 


H = — 
2r 


which agrees. 







Let H = H, + H 2 + Hj + H 4 
10 


H 


I _ 

— a, = 

4a 


4x4x 10 


-2 “z 


a. = 


= H, = 




4x4x10 
= 19.99 a 


cos a 2 


62.5 a 2 
-cos90°)a 2 , 


«2 = 


H 3 = —^2cosPa z , p = tan* 1 — = 87.7° 
47i(l ) 4 

= — 2 cos 87.7° a z = 0.06361 a z 
4n 

H = (62.5+ 2x19.88 + 0.0636 l)a 2 
= 120.32 a 2 A/m. 

Prob. 7.13 


From Example 7.3, H due to circular loop is 

Ip 2 


2 (p 2 + z 2 )' 


(a) H (0,0,0) = 


5x2 2 


■ a, + 


5x2 2 


2(2 2 +0 2 f 2 * 2(2 2 +4 2 f 2 

= 1.36 a. A/m 


(b) H (0,0,2) = 2 — 7 ———T 7 a. 


2(2 2 +2 2 f 2 


= 0.884 a. A/m 
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Prob. 7.14 


B = = Ml 

0 L 

N _ B1 5xlQ~ 3 x3xlO 2 

H-l 4n:x 10' 7 x400x 10 

N % 30 turns. 


Prob. 7.15 


m / v 

= — (cos 0 2 - cos 0. ) 


Ini 0.5x150x2x10" 

-u/ 1 -:- r- = 69.63 A/m 

2,1 VY 2 2 X 10~ 3 x V4 2 +10 2 



90°, tan0 2 = i = ^ = 0.2 -> 0 2 = 11.31° 


n 150x0.5 

cos0 2 = ---cos 11.31° = 36.77 A/m. 
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(b) From Prob. 7.15, 


FL = 


T» P <a 


p > a 


At (0,1 cm, 0). 


FL = 


3x1x 10 
2;rx4x 10' 


H = 11.94 a, A/m 


At (0,4cm,0), 


H = 3 = 300 

* 2/rx4xl0' 2 ~ 8 n 

H = 11.94 a, A/m 


Prob. 7.19 


AAA 

(a) J = V • H = dx dy dz 

y r x 0 
J = - 2 a. A/m 2 



(6) (fH.di = I enc _! I_ 

= P<*5 - (.£>2)** = (- 2X3X5) = -30 
f Rd ' = + l___p x )dy\„, + [ydx\^ 

* = (-1X3) + (-3X5) + (4X-3) 
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Prob. 7.20 


(«) c/ = V x H = dx dy dz 

>'z(x 2 +>■’) -fxz -4x‘>- 
= (8x 2 y + xy : )q x + [y(x 2 + y : )- 4 xy 2 ^ y 

+ [-/z-z(x‘ +>- 2 )X 
At (5,2,— 3), x = 5, y = 2, z = -3 
J = 420 a, - 22 a v + 99 a. A/m 2 


(6) I = Jj-z/5 = |J(8x 2 ,y + xy 2 )dydz j 

= f dz f (8y->' 2 )iz = 2|4y 2 -^- 


= 4|^16--J = 53.33 A 
(c) B =//H, V B = 0 -> v-H = 0 

vM=+ ^ Hy+ £ H ^ =2xy_2yxz = 0 
Hence V • B = 0 


Prob. 7.21 


(«> At (-3,4,5), p = 5 

=r 4tf X 10" 7 X 2 _ „ , 

B = -2^5)- a * = ^ a <* n Wb/m 2 

0b) <f> = |B.dS = PsL ff 

* 2n ^ p 


4^xl0' 7 x2 


= 1.756 //Wb. 


InplUt = 16x 10’ 7 In3 
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Prob. 7.22 


f— _ I 1*0° 10 6 

y - jB.ds = /i o £ 0 J 0 -sin2^/?d^dz 


Y = 4/rxl0~ 7 xl0 6 (0.2)j^-^^ 

= 0.04^-(l-cos 100") 

= 0.1475 Wb 

Prob. 7.23 


Let H = H, + H 2 


where H, and H 2 are due to the wires centered at x = 0 and x = 10cm respectively 
(a) For H,, p = 50cm, a^ = a, x a p = a 2 x a x = a y 


H, - 


>71(5 xl( 


■ a = — a 


ForH 2 ,p = 5cm, a. =-a 2 x-a x = a H 2 = H, 


u ou 100 - 
H = 2H, = -a 

n 


= 31.43 a< A/m 


— 2a + a ^ 2a — a 

(b) ForH„ a,= a 2 x 

\ \S ) v5 

— 5 (— a + 2a ^ 

H, = - r -- —= -3.1835 +6.366 a v 

InS-Js x 10' 2 v yf5 J . 

For H 2 ,a p = -a 2 xa y = a x 

H, = —^a x = 15.924 a 
‘ 2n(5) 

R = H. + R, 


= 12.79a„ +6.366 a. A/m 







Prob. 7.26 

(a) v • A = - ya sin ax * 0 

— A d_ 

v x H = dx dy dz 

y cos a\ 0 y + e x 
= a x +e~ x a v - cos a x a z * 0 
A is neither electrosta tic nor magnetosta tic field 
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v.B =±fG,O=lf(20)=0 
p dp ' p dp 

v x B = 0 

can be E - field in a charge - free region. 


• C = — 4r 3 sin 0 * 0 


v x C 


1 d ( 2 . 2 

-(r sin 

r sin 0 dr 


C is neither or E nor H field. 


d) * 0 


Prob. 7.27 


(a) VD = 0 


V x H = dx dy dz 

u 2 z 2(x + l)yz -(x + l)z 2 
= 2(x + l)y a x + . . . * 0 
D is a magnetostatic field. 


(b) V • E = 0 


V x E = —— cos 0 a p + . . . ^ 0 
P 

E can be a magnetostatic field. 

= f — 

(c) V • F = 0 

^ - 1 T d ( -i • 2 sin 0 

r L dr r 

F can be a magnetostatic field. 


* 0 


Prob. 7.28 


(a) B = Vx A = 


2x 2 y + yz xy 2 -xz 2 -6xy + 2z 2 y 2 


-6xz + 4z 2 y + 2xz 2 )a 1( + (y + 4yz)a v + (y 2 - z : - 2x : - z^, Wb/m : 
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(b) y/ - jB dS, dS = dydzdx 

V = to to ^ 6XZ + 4zy - 2xy * dy dZ *=' 

= J | (~ 6z)dy dz + 4 / j z 2 y dy dz + 2 j | ydydz 
= -8^ zdz^dy + 41 z 2 dz £ y dy 


= -8— fc)+4^ 



= -32 + 


y/ = -10.67 Wb 
E can be a magnetost atic field. 

— — <9a 5a 

(c) V-A - $A k + —- +—- = 4xy + 2xy~6xv 

xz ' 

V • B = - 6z + 3z 3 +1 + 6z — 3z 3 —1 = 0 


Prob. 7.29 


n \r a 1 dA, - 

B = V x A =- L a„--a. 

p 5(j) dp 4 


-e‘ p cos<j>a p + 15e p sin<j>a. 


B ( 3 ’f’- 10 J = 5e- 3 ^a p + 15 e- 3 -La, 


H = 


B 10 7 15 


j — C I 3 4 1 
4n y/2 U P 4 


H = (l4 a p +42 a*)-!0 4 A/m 

\\i = Jb • ds = JJ— e‘ p cos <J> p d<j> dz 


= 15 z 1^° (-sin <()))^ e’ 5 = -150e' 


v|/ = -1.011 Wb 
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Prob. 7.30 

Applying Ampere's law gives 
r^np 1 

H m = -2-p 
<p 2 ^ 

B = u H = u — 

q> • o <p to 2 

— SA 

But B = VxA =- l -a a + 

* dp * 

dA z 1 

= 

A z = 

4 

or A = \p 0 x 0 p 1 a z 
4 


Prob. 7.31 


(* ! +y ! .) 


^./» 2 - 


a z = - , a 

4mr 2 z 


B = VxA= = "° H 

i.e. H = i4a, - i^Epi g, 

2/cor 2 2mr 2 * 


By Ampere's law, (j’H.dl = I e 


-2 np = I c • 
2m 4 
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Prob. 7.32 

A = ir-[l n (d-p) ~ Inp]a. 

2 K 

B = VA = ^—?-a = -&1 _!_1 

dp f 2 n\_ d - p p 

= ^> Ld ■= 

2 np(d-p) * 



or J = - —V 2 A = - — V 2 A1 

Po ' Po 

= -±a z [lifS + ±^ + ^ 

Po LP 5 Pv dp ) p 2 dty 2 dz 2 


J __ }_&_(20 > 

PoS^pIp 2 j 



a z A / m 2 
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Prob. 7.34 


h = -w. -> v. = -Jh di 


From Example 7.3, H = 


la 2 


4‘ + a’) 


/ 

2 


V 


= - — f2 + aO^dz = / la 


(z ! +a ! 


As z—►<», V = 0, i.e. 


0 — — —+ c c — — 
2 2 


Hence, 


V = - 
m 2 


1- 


>/z 2 +a 2 J 


Prob. 7.35 


For the outer conductor, 
j- 1 


I 


^rC* 2 ~6 2 ) zr(j6 — 9jbr 2 
Let A = A z a z . Using Poisson's equation, 

r 2 


7/w 2 


V^A Z = -ju 0 J z 


j__a_ 

p d p 


v 5 p ; 


_ Po 1 


la k 


or 




op v op) 

Integrating once. 


= 

1m 2 


or 


p^4. = ^ 2 + c 

' dp 14zzwr 2 ' 

dA , _ pjp + £i_ 

dp 14 ot 2 p 
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Integrating again, 

A = — + c. In p + c, 
28^33 2 1 H 1 

But A, = 0 when p = 3a. 

9 

0 = — p„\ + c. In 3a + c, 
28;r 

, , 9 

c, = -c, In3a- u I 


i.e. A = ^--a ] + c, /w — 

28 A a 1 ' 3a 


But VxA = B = p 0 H 

_ — dA _ f p Ip c, "l 
dp \\4na 2 p 

At p - 3a, jH.dl = I -► wi(3a)H^ = 1 


or H. = 


Thus V x A |^= p o H (p = 3a)implies that 

_(. c , ) _ 


14 m 3a J 6m 


= !*i W = JAeA 

2 n 14 n 14 k 


Thus, 


A, = 


= £L(4- a )_W In P 

28 k a 2 I Ik 3a 


Prob. 7.36 


H = —a. 


2 7tp 9 

But H =-W m (T = 0) 
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I _ 1 dV m _ „ I 

a. =-a p -> ^ +C 


2 np p 




2/r 


At (lO,60°, 7 } <f> = 60° = —, V m = 0-» 0 = -— -+C 


In 3 


or C = — 

6 

r„, = <(> +- 

2 n 6 

At (4,30°,-2) <j> = 30° =^, 

6 


v ..-±.2 + i .1 

m In 6 6 12 

V = 1A 

m 


12 

12 


Prob. 7.37 

For an infinite current sheet, 

H = -Kx a_ = -50a x a„ = 25a, 

But H=-VF m (j = 0) 
dV 

25a, =-—a -> V m = -25x + c 

ox 

At the origin, x = 0, = 0, c = 0, i.e. 

= -25x 

(а) At (-2,0,5), F m =50A. 

(б) At (10,3,1), r m =-250A. 


E 

1 

< 


f 

i t 

1 

1 
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Prob. 7.38 


t , „ n faF_ 1 dv _ dF _ 

(a) VxVV = Vx —a +-a. + — a 

Up p pd<f> * dz 1 


i d 2 v _ i a 2 r 

p d<j)dz p dzd<f> 


a p + 


d^V_ _ d 2 V 

dzdp dpdz 


1 f d 2 V d 2 V V 

+ — - —- a. = 0 

p l dpdtp d<f>dp I 


(b) V -(Vx a) = V. I *, 

\pd<p dz) 


+ + ±\±(pA 

= I* 2 ^ i afi a 


p dpd<j> p dpy dz J p d<f)dz p d<pdp dz ^ p dp 

aft &0 




dz{p d(f> ) 

d 2 A. \ dAu d 2 A d j dA d 

= ~ --+-- +-- = 0 

dpdz p dz dzdp p dz 


Prob. 7.39 


R = I F -r | = [(x-x 1 ) 2 +(y-^') 2 +(z-z') 2 ]^ 

= (l 5 ' + | 5 ' + l 5 -)^- x ') 2+ ( y - y ) !+ ( z - z, ) ! F 

= ~ ^ ^ ( x “ x ' )a, |x - x 1 ) 2 + (y - y 1 ) 2 + (z - z' ) 2 

= -[(x-x')a x+ (y-y^ + (z- z, K]/ _ R 


R = [&*■ V" 2 + ^ 5 ^ (x " X,)2+(y_y)2+(z_zl)2 ^ 

= -^(- 2 )( x - x, K[( x - x, ) 2 +(y-y) 2 +( z - z ') 2 P = - 5 - 
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1 CHAPTER 8 

1 

P.E. 8.1 

1 

s' 

(a) F = m-^ = QE = 6a i N 

(b ) ^- = 6a s =^-(u x ,u v ,u z ) => 

dt dt 

i 

i* 

■l 

$ “-=0->u,=A 

dt 

du v 

a , =°- > ".= B 

du ’ =6->u. =6t + C 
dt 

1 

1 

1 

Since w(/ = 0) = 0, A = B = C = 0 


u x = 0 = Uy, u z = 6t 


dx 

u — = 0 -> x = A 
x dt 

“'a = °- > - v = B 

u, — = 6/ -» z = 3(’ +C. 
dt 

ji 

i 

1 

1 

j 

At t = 0, (x,y,z) = (0,0,0) Aj = 0 = Bi = C| 

1 

Hence , (x,y,z) = (0,0,3t 2 ), 

r 

1 

u = 6 ta 2 at any time. At P(0,0,12), z = 12 =3t 2 -> t =2s 

i 

l 

1 

t =2s ' 


(c) u = 6 ta z = 12 a z m/s . 


a = ^- = 6a, m / 2 
dt * A 


(d) K.E = ^mU 2 = ^ (lXl44) = 72 J 

I* 

i 

P.E. 8.2 

(a) ma = euxB - (eB 0 uy, -eB 0 ux, 0) 

> 

i 

l 

d 2 x eBo dy dy 

, = = W 

dr m dt dt 

ii_ 

(i) : 

i 




( 2 ) 


d y _ eBo dx _ dx 
dt 2 m dt dt 


— = 0;^ — =C, 
dt 2 dt 1 


From (1) and (2), 


d\x _ d 2 y _ 2 dx 

dt ’ dr dt 


(D‘ + w 2 D)x = 0 —> Dx = (0, ±jw)x 


x - C 2 + C 3 COswt +c 4 sinwt 


dy 1 d 2 x 

— =- t- = -c.wcostwt -c 4 wsin wt 

dt w dt 2 


At t = 0, u = (a,0, J3). Hence, 

c, =/?,c 3 =0,c 4 = — 
w 

dx dy . dz 

— = «cos wt ,— = -asm wt ,— = B 
dt _ dt dt H 


(b) Solving these yields 

a . a 

x - — sin wt,y = —cos wt,z- j0t 
w w 

(c) x 2 + y 2 = ^y,z=pt 

w 


showing that the particles move along a helix of radius a / placed along the z-axis. 


P.E. 8.3 


(a) From Example 8.3, QuB = QE regardless of the sign of the charge. 
E = uB = 8 x 10 6 x 0.5 x 10' 3 = 4kV/m 

(b) Yes, since QuB = QE holds for any Q and m. 

P.E. 8.4 


By Newton's 3 rd law, F n = F 2l , the force on the infinitely long wire is: 

p ~ p — dd) 1 1 

h--r - ~ -(—-K, 

2 ' t A, P„+a 
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4^x10-7x50x30 IV kr 

-- a , = 5 a„ uN 

2k (2 3J ' =J=L= 


P.E. 8.5 


m = 752 = 10 x 1 O' 4 jt50 


7.143 x 10 J (2, 6, -3) 


\a t +4.286a. -2.143a.lx 10~ 2 A-m 2 


P.E. 8.6 


(a) f - m x B = 


10x 10~ 4 x50 2 6 -3 
7x10 6 4 5 


0.03 5. - 0.02 a. -0.02 a. N-m 


(b) f=7Sflsin0-> f 


50x10' 


\6a x +4a y +5a z =0.4387 


or 71 =\mxB = -0.30553. +0.0763.. + 0.305 5a . = 0.4387Nm 


P.E. 8.7 

(a) Hr = — = 4.6, = // r -1 = 345 

Mo ~ 

(b) H = — = ^ x ^ f - a Aim =1730e" y a A/m 

4^x1 O' 7 x4.6 z z 

(c) M = x m H = 6228g~ >> A/m 


P.E. 8.8 

- 33,+45, 


5 ln=( 5 l = 


(6 + 32X65, + 85 ) 


= 0.228 a x + 0.304 a y = B 2 „ 


B u = (5, • B Ul ) = -0.! 285, + 0.0965, + 0.23. 


= HL b u = 1 0B U = -1.285, + 0.965, + 25. 
M\ 
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| B : = B 2„ + B j, = -1-0525, +1.2645, + 2 a : Wb/m‘ 

P.E. 8.9 

(») B U, = B 2n =: 2* 


or //,//, •5 n2l = n 2 H 2 *a n2 , 

.. (60 + 2 -36) „ (6// 2t +10-12) 

^ 7 -^ 7 
35 = 6 H 2x 

H 2x =5.833 


K = (//,- // 2 ) x 5 nl2 = 5„ 2I x (tf, - tf 2 ) 

= a n21 x[(l.,l,12)-(3^-5,4)] 

_ 1 6 2-3 

6 8 

^ = 4.865 - 8.645„ + 3.955, A/m 


Since 5 - /jH , 5, and //, are parallel, i.e. they make the same angle with the 
normal to the interface. 


COS0, = —7 * ^" 21 


0, = 76.27° 


1100 +1 + 144 


= 0.2373 


C0S # 2 = — 2 ! a ” 21 = ^ : ' 13 = 0.2144 

H 2 7V(5.833) 2 +25 + 16 


0, = 77.62° 


P.E. 8.10 

(a) V = M 0 Mr” 2 S = 4n x 10 7 x 1000 x 16 x 10 6 x 4 x 1 O' 4 


8.042 H/m 


( b ) W V= X L ' /2 = J^(8.042)(0.5 2 ) = L005 J/m 
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P.E. 8.11 From Example 8.11, 


Lext 


- M m 1 fff 


I 1 1 2 JJUn l p 




, / In b 

1 r^c^r 2 Vo 


MM 


Q + P)P 


^•2jd\ -?— 


= VI\ | n *-| n i±* 


n I a 1 +a 


L = L in + L exl = ^L + tA L^-lnll^ 


S/r n a 1 + a 


P.E. 8.12 

(a) L ’. = 3l = 4;rxl0 ' ? =, 


L’, = L’- L’ in = 1.2 -0.05 = 


L-=«Ji + i„*r£ 


2^r L 4 a J 

, d-a 27d' ... 2 ttx1 .2 x10~ 6 ... 

In-=-0.25 =- - -0.25 

a fu 0 4/cdO 

= 6-0.25 = 5.75 


d ~ a „ 5.75 


= e 5n =314.19 


? S88 y 10’ 3 

d - a = 314.19a = 314.19 x - - - = 406.6mm 

2 

d = 407.9mm = 40.79cm 


P.E. 8.13 

This is similar to Example 8.13. In this case, however, h=0 so that 


X = 


4 b- 2b 
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_<j\i _ H,, 70 * 1 _ 4;r x 10 7 x ;r x 4 


P.E. 8.14 


I _ V„ / _ V„ 2*P„ _ 4^xl0' 7 xl0xi0' 

Mn * — -—- 


8;r 


- 31.42 nH 

P.E. 8.15 

(a) From Example 7.6, 




MoNI _ Mo NI 


2 *Vo 

Of i = 2pJ = 2x10x10 2 x 0,5 x 10~ 3 
4/rxl0~ 7 xlO -4 xlO 3 

= 795.77A 

Alternatively, using circuit approach 
R = J_ = 2 = 2«jp 0 

/iS / 4 /ra 2 

3 = A7 = ^- = —, as obtained before. 
W /za/V 

w = ^ 2W0X.0-* |x|0 , 

//a 4;rxl0“ 7 xl0 4 

3 = = 0.5xl0' 3 xl.591xl0 9 =7.955xl0 5 

3 

/ = — = 795/4 as obtained before. 

N 

(b) If p=500p o , 

795 77 

/ = ——— - \ 5 9 2 A 
500 — 


P.E. 8.16 


. 895 . 25N 

2//, 2x4/Tx10 8.t 
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Prob. 8.1 


F = q(E + uxB) 

V F=0, E = -uxB = Bxu 


10 20 30 
3 12 -4 


x 10 5 x 10~ 


E = -4.4a + 1.3a r + 11.4a kV/, 


Prob.8.2 


F = ma = quxB 

a = —uxB 

m 


(u x ,u y ,u z )=0 


2 u x u y u z 
110 0 


= 2 ( 0 , u z ,-u y ) 


dt x 

4u y du z 

dt dt y 

d 2 u y „ du 

IF"' 2, lf = ^ u ’ 

u y +4u y =0 

u y = C, cos 2t + C 2 sin 2t 
1 du 

U Z = 2~dt~ = “ C| Sin2t + C 2 COS2t 

At t = 0, u x =0 -► c n =0 


Hence, 


u y =0 -> c , =0 
u z =10 -► c 2 =10 

u = (0,10 sin 2t, 10 cos 2t) 


dx 

u x = — = 0 
dt 


-> x =c 4 


u y = —= 10sin2t -> y =-5cos2t + c 5 


u z = 10cos2t 


z = 5sin2t + c< 


At t = 0, 

x = 0 -> c 4 =0 
y = 0 -» c 5 =5 
z = 0 —> c 6 =0 

Hence, 

(x, y, z) = (0,5 - 5 cos 2t, 5 sin 2t) 

At t = 0, 

(x, y, z) = (0,5 - 5 cos 4,5 sin 4) 

= (0,8.268,-3.724) 

u = (0,1 Osin 4,10 cos 4) = (0,-7.568,-6.536) 

K.E = \-m\x = -(lOOsin 2 4 + 100cos 2 4) 

2 2 

= 50 J 

8 a y +10 u x a y -10 u y a z 

( 1 ) 

( 2 ) 

(3) 

u y + lOOw^ = 0 -> u y = 5,cosl0/ + 5 2 sinl0f 
From (2), 

10m. = 8 + m ( =8-105, sinlO/ + 105 2 cosl0/ 
u 7 =0.8-B|Sinl0t +B 2 cosl0t 
At t=0, u = 0 -+ ,-t, = 0,5, = 0,5, = -0.8 
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Hence, 


u =(0, 0.8sinl0/, 0.8-0.8cosl0/) 
dx n 

dy 

u v - — - -0.8sin 10/ -> y = 0.08cos 10 1 + c 2 
dt 

w, = — = 0.8 -0.8cosl0/ —» z - 0.8/ + -0.08sin 10/ 

‘ dt 

At t=0, (x, y, z) = (2, 3, -4) => Ci=2, c 2 =2.92, c 3 =-4 


Hence (x, y, z) = (2, 2 + 0.08cosl0t, 0.8t - 0.08sinl0t - 4) 


! At t=l, 


(x, y, z) = (2. 1.933. -3.156^ 

(b) From (4), at t=l, u= (0,0.435,1.471) m/s 


K.E. = -m|«| 2 --OX0.435 2 + 1.471 2 ) 
2 2 


1.177J 


Prob. 8.4 


ma = Qu x B 

10“ 3 a = -2xl0 -3 Wjr Uy “* 

0 6 0 

—(, m,) = (12m, ,0,-12m,) 
du. 

i.e. —- = -12m, 
dt 

du v 

= 0->u y = A, 
du 

—= -12m, 
dt 


From (1) and (2), 


m, = -12m, = -144m, 


m, + 1 44m t = 0 —► u x = c, cos 12/ + c 2 sin 12r 
From (1), u / = - cisinl 2t + c 2 cosl2t 


At t=0. 
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Ux~2, Uy—0, u z —0 —> A|— 0—c 2 , ci —5 

Hence, 

u = (5cosl2/,0,-5sinl2/) 


u(t = 105) = (5cosl20,0 ,-5sin 120)= 4.071 a x -2.903 a ; m/s 

dx r / . 

u x = — = 5cosl2/-► JC = X-sinl2/ + fl, 
dt ' 1 z 

dy 

dz c / 

u. = — = -5sin 12/ -> z = V~cos\2t + B, 
dt / J 

At t=0, (x, y, z) = (0, 1,2) -> B|=0, B 2 =l, B 3 = — 

12 


{x,y,z) - ^ ~ sin 72/,/,cos ^ 2t + 


At t=10s, 

(x,y,z) = ( Jj sin I20 ’ J > cos 120 + =| 


By eliminating t from (4), 

x 2 +(z = , %) = (% 2 ) 2 ’ y = 1 which is a helix with axis on line y=l, z= | 


Prob. 8.5 

(a) ma = e(u x B) 


m d . v m. «„ u 


0 o B z Uy B°® x B 0 u x a y 


—5- = 0-M/=C=0 
dt 

du B c 

= = where w = 

at m 


Hence, 


u r = vvw, - -w w 


or ii x + u~z/ r =0 -> u x - A cos \\ t + B sin \\ t 


u x = — = -.4sin u7 + flcosuY 

M' 


I SO 
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jl At t=0, u x = Uo, Uy = 0 -» A = Uo, B=0 


Hence, 

dx u, . 

U x = u a COS Wt =- > X = -Slt\W( + C, 

dt w 

, dy - u. 

w, = -u 0 sm wt — —> y — -— CO s W ( + Cl 

dt w 

At t=0, x = 0 = y —> C|=0, C 2 = —. Hence, 

w 

u a . u„ 

x = - sm wt,y = — (1 - cos wt) 

w w 

^-y-(cos 2 wt + sin 2 wt) - {—1 =x 2 +(y-—) 2 
w \w) w 

showing that the electron would move in a circle centered at (0, —). But since the field 

w 

does not exist throughout the circular region, the electron passes through a semi-circle 


and leaves the field horizontally. 


(b) d = twice the radius of the semi-circle 

= 2u ° - 2u ° m 
w B a e 


I Prob.8.6 F = Jldl*R 


k=l 

+ I 


a v x B = 


11 dx a x x B + 1 

[| = 2 dya y xB 

1 0 0 
6x - 9 jc 3z 
0 1 0 
6x - 9x 3z 


|* dy a y x B + l| dx a x x B +1 


= ~3za y ~9>-a z 

j VA 7A JZi | 

_ I 0 1 0 I 

a„xB - I I = 3za x - 6 xa z 

F = ij* dx(-3fa y ~9ya z } z =o + ij* dy($fa x - 6 xa z )|x =3 

+ l| dx(-3fa y -9ya z ^ z= o + l|dy(3ia x -6xa z )|z=i 

= l(-18-18 + 36 + 6 > z = 6 Ia z 
= 6 x 5a, = 30a, N 
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Prob. 8.7 


B, = — a^, p = 3 


2 np 


a y = a z x 


— 3a — 4a 

y y 


\-i 


^ \ 


3a y + 4a y 




q 4# x 10 x 15[ 4_ 3_ ) 6x10 

B| = -:-1 -a v --a., | = 


r-1 


-(■«a,-3a y ) 


F 2 = dF = IdlxB = 2x10 2 xl2xl0" 3 a„ x 
= -86.4 a x pN 


y- 3 , 6xl0' 7 


( 4a x“3a y ) 


Prob. 8.8 


(a) 


= iixa-.5 = £ = /,a,xB 2= i^ili 

L ' 2 2 np 

- 5,x(-5,)4x10' 7 (-2x10 4 ) 

t 2\ - ~ -- 

2 n ' 4 ■ 


(b) 

(c) 


= a y mN/m (repulsive) 

F n =-F 2l = -a v mN/m (repulsive) 

- - - , 4. 3. . 3, 4. 

a,xa^ a : x (--a x + -a y ) = --a x --a y ,p = 5 


5 

4yrxl0' 7 (-3xl0V 3 _ 4 _ ^ 

2n(5) l 5 ax ~l ay j 
0.72a x + 0.96a v mN/m (attractive) 


*31 = 


(d) 


Fj _ Fy | + Fyj 

4/rx 10' 7 x6xl0 4 )/. 


/•' - 


2^(3) 


(a. xa ( )= -4 a x mN/m(attractive) 
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=- 3.285, + 0.96a y mN/m 
(attractive due to L 2 and repulsive due to L|) 

Prob. 8.9 

W = - • dl , F - |Ldl x B = 3(25.) x cos^5^ 

= 6cos^a^mN 

In 

W = - j6co sd/^Podd = -6x3sin^ j’^mJ 
0 

= -18sin— = -15.59mJ 
3 


Prob. 8.10 


(a) 


(b) 


= 1 




4ttx\0 


p = 2 


- —dpa n x q. —- 

2 np * In 


-(2)(5)ln^a. 


= 2 ln2 a z pN = 1.3863 5. pN 

F 2 = j/ 2 5/ 2 X By 

+ dza z \x5f 


_ MM fl 
2n ' p 

_ rj 

' p 


2ir 


But p = z+2, dz=dp 




4nx\0 1 


l . 

(5X2 ),\-[dp5 z -dza p ] 


In * p 

p=4 n 


21n^(5 I ~a p )pN = 1.3865, -1.3865,p/V 


2^" 

But z = -p + 6, dz = -dp 

4n x 10" 7 4 


^-=P-(3X2) 

2;r J /? 

p=6 ^ 

2In y 6 (a.+a p )pN = -0.81095, -0.81095./W 
F = Fy+ F 2 + 

= 1.38635. + 1.3865, -1.38635. -0.81095, -0.81095. 
= 0.57515, -0.81095. p.V 
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Let B — By + Z?2 + B^ + B^ 

where B n = a 
" 2np * 

For (1), 5, = a,xa p )a : x(-a y ) = a , , 

5 Anx 10" 7 x2000x 100 _ 

B \ =-t- a x = 2a 

2xx20x\0 3 

For (2), p = 6a x - 2a y , 


a * = ~ a z x 


(6a t -2a y ) = (-25, -65,,) 
>/40 


V40 


= 4;rxl0 7 x2000xl00, __ 

B 2 -^-(-2 a. -6a..) 

2;r x 400 x 1 O' 3 3 


= -0.25, - 0.65 > 
For (3), p = 6a x +6a , 




2 .. (65, + 6 a y ) _ (-65, + 6a y ) 


yfl2 


472 


5 4«"xl0" 7 x2000x100. _ , 

t>, - -r-(-6a, + 6a„) 

2«-x720xl0 -3 * y 

= -0.33335, +0.33335, 

For (4), 5, = -a. xa y =a x , 

4;rxl0~ 7 x2000xl00 _ _ 

-;-a = 0.6667a, 

2^ x 60 x 10’ 3 

b y'A*, 

= 2.13335, - 0.2667 a y Wb/m 2 


B < = 


Prob. 8.14 

T = mB = NISB = 1000 x 2 x 10‘ 3 x 300 x 1C 6 x 0.4 
= 240uNm 

Prob. 8.15 

_ 

B - —( 2 cos da r + 5111660) 
r 

At (10, 0, 0). r = 10; 9 = */ v a r = a x ,a 0 = -5. 
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-0.5x 10~ 3 a. =-^-(0-5 r )->A: -0.5 

Thus, 

B = (2cos 65 r + s\n6a g ) 

(a) At (0, 3, 0), r=3, Q = = a v ,a g = -a, 

B - ~~(0-a.) = -18.52a. mWb/m 2 
27 * — 

(b) At (3, 4, 0), r=5, 0 = y v a g = -a : 

^ = ^(°-a,.) = -4a. mWb/m 2 

(c) At (1, -1, 1), r=>/3 , tan# = P/ = "&■/ i.e. 

/ z / -\ 

sin# = ,cos# = ~y^ 

0 5 / ft / 

5 = W3 ( “^3" r +V /3 g tf) = ~ lllg r + 78.6a, mWb/m 2 




r 

i 


Prob. 8.16 (a) M = x H = 


B 


4999 1 5 

-JJ94xlQ 6 A/m 

N 


m. 


(b) M = 


~ 1 =] 


Av 


If we assume that all m k align with the applied B field, 

Mw k 1.194xl0 6 



Nm v 

m = 

- L -> w k = 


Av k 

m k = 

1.047xl0 -23 A m 


N/ 8.5x 10 28 
/Av 


Prob. 8.17 

(a) ^=^- 1 =^ 

(b) B = // 0 // r f7 = 4;r x 10' 7 x 6.5(10,25, - 40) 

= 81.68 a, + 204.2 a y - 326.7 a z /AVb/m 2 

(c) M = y/ m H = 55a, +137.5a y -220a z A/m 

(d) W m = —/aH ■ H = ^(6.5)4^ xl O' 7 x 6.5(l 00 + 625 + 1600) 

= 9.5 mJ/rrr 


(1 


i 


1 
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Prob. 8.18 


(a) 


= V, 

(b) 

H 

B 

(c) 

M 

= 

(d) 


= v> 


4y a z x 10 3 
4/T x 10’ 7 x 4.5 


= 707.3ya z /1/m 


= 2.476 a x kA/m 


8_ d_ d_ 

dx dy dz 

0 0 M,(y) 

2 


dM, 

dy 


Prob. 8.19 


For easel, 



2 

1200 

1 1 
600 4*rxl0 -7 


= 1326.3 


y/ m = //, - 1 = 1325.3 
M, = y/ m H x = 1,590,366 


For case 2, 



1.4 

400 

1.4 1 

400 X 4;rxl0 -7 


= 2785.2 


¥ m = Mr - 1 = 2784.2 
M = y'n.tf = 1,113,630 
AM = M, -M 2 = 476,680 
= 476.7 kA/m 
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Prob. 8.20 


fH-di = i_ 
H .-2 


m 


1 H=JP- 

2/za 2 

M = y/J{ = 0/,-0-^-a, 

_ 17C& 

A = vxm = 1A( pM# ) =(a ._ 1) 


/ _ 
—ra. 




Prob. 8.21 ,/ b= VxM = ^ 

a 


d 5 
dx dy 
-y x 


_a 

dz 

0 


= 2—a. 


Prob. 8.22 

(a) From Hu - H21 = k and M = XmH, we obtain: 


tisL-thL- 


Xml X m2 


= k 


Also from B, n - B 2n = k and B = jxH = (fi/x m )M, we get: 
M\M\„ _ mM ln 


X m i 


l m2 


(b) 


From B,cos0, - B, n = B 2 „ = B 2 cos0 2 
and ^ smffl = H 2i = k + H 2 , = k + ^^l 


Mi 


Dividing (2) by (1) gives 


Mi 


( 1 ) 

( 2 ) 


tan 0, 


Mi 


B 2 COS#2 fJ 2 


i.e. 


tan#, _ 
tan 0 2 n 2 


+ 

( 


tan#, tan#, 


Mi 


1 + 


kMi 


B, sin 6-. 


1 + 




B , sin# 


2 ; 
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H 2 = H 2l +H 2n = -2.2a x +3.9a y -a, 

M 2 = M/ m2 H 2 = 9H 2 = -19.8a x +35.1 a y -9a z A/m 

B 2 = M^2^2 = 10p. 0 H 2 

= 471 (- 2.2,2.9, - l)|aWb/m 2 

B 2 = -27.65 a x +49 a y -12.56 a 5 ^iWb/m 3 
H 2 = H 2t + H 2n = -2.2a x + 3.9a v - a. 

H 2 = H 2l + H 2n = -2.2a x + 3.9a y - a. 



M 2 = l m 2 H 2 = 9H 2 = ~ I9&a x + 35.la y - 9a. A / m 

B 2 = \i 2 H 2 = 10\i o H 2 = 4nx(-2.2,2.9-1) nWb/m 2 
= - 2775a x + 49a y - 12.56a ; nWb/m 2 

(c ) H,* a n = H , cos0 ! 


COS0 , 


H, • a n ( -8+3)/y[9 


1 16 + 9+ 1 


= -0.-/3S9-> 
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n H,*a n (-4.4+ 3.9)/y/5 

- 0J044 


Prob. 8.25 


Let H 2 = (H x ,H y ,H : ) 


(H l H 2 j^ o n \ 2 - k 


where f(x, z)= 5z - 4x = 0 and 
_ V/ _ 4a x - 5a x 


|V/| 



(H l -H 2 )xa M2 ^-L 25 ~ Hx - 30 -^ 45 -^ 

' 2 "" V41 4 0 -5 


^=[l 50 + 5H y ,l 80 - 4H X , 120 + 4H y ] = k = 35a, 


Equating components. 


a,: 150 + 5// = 0-> H= -30 


5,: 300-4//.-5//, =35-+4//.+5//, =270 


a.: 120 + 4//, = 0->//, =-30 


Also, /?,„ — —> /^|//|„ — n 2 H 2n 


5// <( (2 -30,45)^2^ = 10/i,„(//,,//,//.)^E^ 












100 - 225 = 68H X - 10H Z 


or 125 = 10H Z - 8H X 

= 10H Z - 8(54-0.8H z ) _► H z = 33.96 

and H x = 54 - 0.8 H z = 26.83 

Thus, 

H, - 26.83 a x - 305, + 33.965. A/m 

Prob. 8.26 

H u , = -3a., = H u = 10 a x + 1 55, 

H 2i = H u = 1 0a x + 155, 

= ~H\ n = ~r(-35 z ) = -0.0155. 

/J 2 200 

H 2 = 105 x + 155,-0.0155 z 

B 2 = fi 2 H 2 = 200 x 4 tt x 1 O' 7 (10,15,-0.015) 

B 2 = 2.515, +3.775, -0.00375. mWb/m 2 
B 2 „ 

tan a = -*=- 


or a = tan - ' . 00037 = 0.047° 

v2.51 2 +3.77 2 

Prob. 8.27 

(a) H = j/^k x 5„ = j^(30-40)5, x(-5 r ) = -55, A/m 
B = ju 0 H = 4?rx 10~ 7 (-55„) = -6,285 //Wb/m 2 


(b) // = ^ (-30 - 40)5, = - 355, A/m 


# = n, t n r H = 4/r x 10' (-355,) = -1105,// Wb/m 2 
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(c) H = y 2 (-30 + 40)5, = 5a„ 

B = //„// = 6.283a,.// Wb/m 2 

Prob. 8.28 = Vm +1 = 20 

w . = jB,H, = j M HH 
1 


= — |i(25x 4 y 2 z 2 +100x 2 y 4 z 2 + 225x 2 y 2 z 4 ) 

W m = JW m dv 

= ^[ 25 i x4<lx f y 2d yf, z 2 dz + 1001 x 2 dx£ y 4 dy£ z 2 dz 
= + 225|x 2 dx£ y 2 dy£ zdzj 


1 - 

x 5 

y ! 

* z> 

^ 3^5 

+ 4^ 

J z> 

I ~ 2 

5 

. 3 

. 3 

H S| 

. 3 


-i 


= + 9- 


__ 3 

1 3 

2 5 

2 

X 

y 

Z 


3 

„ 3 

y 



0 

0 

-1 


25/^f_[ 8 9' 4 32 9 9 8 33' 

v 5 3 3 + 3 3 3 + 3 ?T, 


25 „ ,n~7 on 3600 

= —x4;rxl0 x20x 
2 


45 


W m = 25.13 mJ 


Prob. 8.29 

(a) B = 70 + (210) 2 = 44.17Wb/m 2 


Br = 


B 


44.17 x 10 1 


H„H 4;rx 10‘ 7 x 210 


= 167.4 
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* a * ‘ o 

W m = jffdB = Jh(J^ + 2H)dH 


= ^6~ + \ H " = 7350 + 6 174000 
= 6181.35 kJ/m 3 


Prob. 8.30 

(a) i = * = = 


II In \2p 0 -aJ 
(b) L = = ^N^-^o-a 2 / 2 } 

when p 0 >> a, binomial series expansion gives: 




Or from Example 8.10, 


L = L'l= _ MoN 2 *** _ 


Prob. 8.31 


For d » a, 


V^L/ = 

f * rr n tv 


n a n 


or In — = 6.25 -> — = e 625 =518.01 
a a 

a = —-— = 5.78/w/w 
518.01 

D = 2a = 11,58mm 


Prob. 8.32 


, |i„A r ‘S 4nxl0~ 7 x(450) 2 xn(10~ 2 ) 2 

L ‘~.T~~~ n/- 


Prob. 8.33 
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Prob. 8.38 


Total F = NI = 2000 x 10 = 20,000 A.t 

R L - (24 + 20-0.6)x10~ 2 

‘ ~ ~4^rxl0' 7 x 1500x2x10' 


= 0.115 x 10 A.t/m 


= 8x IQ- 4 Wb/m 2 


R, = -j- = 2.387 x 10 7 A.t/m 

MoVrS 4;rxlO’ 7 (I)x2xlO~ 4 --- 

R = Ra + Rc = 2.502 x 10 7 A.t/m 

3 20,000 0 l/v 4 2 

i^7i7 = 8x '° 

J^ 3= «ww = i 

/(„+£, 2.502 —— 

3,-3 = OMSx^OOO _ 

/!. + /(, 2.502 — 


Prob. 8.39 



F = NI = 500x0.2 = 100 A.t 


42x10' 


42xl0 6 


_ ‘c _ _ V/ 

US 4%xl0' 7 xlO 3 x4xl0~ 4 16n 


)i 0 5 4nxlQ- 7 x4xl0~ 4 16n 


R + R 


1.42x10' 


F 16nxl00 16n 

V “ R* R ~ 1.42x10 s ” ~1A2 






V I6txl0'° , 


Prob. 8.40 


F _ ft? S _ V' 2 __ 4x IQ' 6 _ 

2 Mo 2ju 0 S 2x4nx 10' 7 x0.3x 10' 4 ===== ^ 


Prob. 8.41 

(a) F = N1 = 200 x 10' 3 x 750 = 150 A.t. 

K = = - ',°'l =3.183x10’ 

ju 0 S 25x10 V 0 

R,=-t- = _ * x0A _ = 20 x 10 7 

H a H r S fj 0 x300x25x 10‘ 6 


W R a + R, 10 7 (3.183 + 20) 20x10 


F= BjL = r _ 41,861 xlQ- 14 

2 Mo 2f/ a S 2 x 4 ^ x 10 ' 7 x 25 x 10' 6 

= 6.66 mN 

If Mi —* °°. R, = 0, y/ - — =-- 

R a 3.183xl0 7 


F 2 = I 2 dl 2 • B x = l 2 dl 2 = 2x10 3 *5* 10 3 x 150 
L L L 1 2 2 0 *7 .__+ 


5 3.183x10 7 x25x10~ 6 


F? = 1,885 nN 

Prob. 8.42 


V2 V2 

fvi 


3 

_ 23 

V'i = 2^,,^, =Y7— 


Y 2 k 

_ 3/? u ' 

~ if V;' ) V, 

_ 3^, 2 

\2 Mo S) 2 Mo S 

“ A,* 
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_ /ySg 2 4;rx 1Q~ 7 x 210x IQ -4 x9x 10 6 
3 / a 2 ~ 3xl0 6 

= 24 n x 10 3 = mg —► m = = 7694 kg 

Prob. 8.43 



Since // -► co for the cure, R* = 0. 

I R \ V'( c A + x) 
3 = Atf = J + — = —^- 

l 2 J // 0 5 


_ ^(2x + a) 

2fi 0 S 

3 = = t //—— = — 1 —* N 2 I 2 4p 0 S 2 

2 Ho 2 Mo S 2/J a S (a + 2xf 

_ 2A f2 / 2 // 0 5 

(a + 2;t) 2 

F = -Fa, since the force is attractive, i.e. 
j? - -2 N'l'nJSa, 

(a + 2x) 2 









CHAPTER 9 


P.E 

.9.1 






(a) 

V 

r emj 

■-J 

(u x fi) 

•dl = uBl = 

II 

2c 

00 

11 

04 V 

(b) 

/ = 

v 

f emf 

_ 04 

= 20 mA 




R 

~ 20 




(c) 

F m 

= // 

xB = C 

1.2(0.la,, x 

-0-5a.) = -a. 

mN 

(d) 

P = 

FU 

= I 2 R 

= 8 mW 



or 

P 

_ K m/ 

II 

'o' 

II 

= 8 mW 





R 

20 



P.E. 

9.2 






(a) 

V = 

v emf 

J(«x5 

)-dl 




where B = B 0 a y = B o (sm<f>a 0 +cos 0a o ), B a = 0.05 


I (u x b)- dl = -pwB 0 sin <f>dz = -0.2/rsin(w/ + 

° 03 /- —\ 

V emf = J(w x Bydl = -6;rcos(l QOnt) mV 


At t = 1ms, 


V emf = -6k cos 0.1/r = -17.93 mV 


i = 


emf 

~R~ 


- -60^cos(l00^iJ mA 


At t = 3ms, i = -60;r cos 0.3;t = - 0.1108 A 


(b) Method 1 : 

T = j~B dl = jz? o /(cos0a, - sin <f>a^)-dpdza^ 

where B a - 0.02, p 0 = 0.04, z a = 0.03 
$ = wt + / y^ 

V = -B„p 0 =j cos wt 


- J J/?/ sin <f)dpdz = -B 0 p 0 zj sin <f> 
o o 


V 


emf 


cl 


B „P„=„ cos wt - B„p 0 zj sin wt 
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= (0.02X0.04X0.03)[cos wt - w/sin wt\ 


= 24[cos wt - w/sin wt]pV 


Method 2: 


J(w x B)dl 


B = B J°x = B „t(cos<fi - sin (fa ),<t> = wt + */. 


B 0 (cos</>a-sin<fia D ) 


Note that only explicit dependence of B on time is accounted for, i.e. we make <|> 
= constant because it is transformer (stationary) emf. Thus, 

Po : o 0 

Km/ = ~ B o J j(cos^ p - sin <fa p )dpdza^ + j- p 0 wB a t cosjdz 
o o 

= B oPo z o(S' n <t> + WtCOS<f>),<t> = Wt + */^ 


At t = 1ms, 


= B 0 p 0 z q (cos wt + wrsin wt) as obtained earlier. 


v emf = 24[cosl8° -1 00;r x 10“ 3 sin \%°\pV 


At t = 3ms, ' 

i = 240[cos54 o -.03* sin 54° ]mA 
= -41.92mA 


P.E. 9.3 


v = -N tOL V = -N ^ 

1 ' dt ,Vl 2 dt 

= = !h_ v - 300 *i20 

V, IV, 2 N, 1 500 


= 72V 


P.E. 9.4 


(a) J it = —= -20 \\'€ 0 sin(vw -50x)a x A/m 2 

cH 

(b) V x // - J t — > - z -a - 20 w £ ti sin( wt ~50x)a 

cx v 
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°r H = l~^c°s(wt-50x)a : 


- 0.4vv£ o cos(w/ -50x)a. A/m 


(c) VxE= ■■ dH - - 


-Mo 


dt ~^ a : = 0A M„we it sin(w/ - 50.r)a. 


1000 = QA^ 0 £ n wr = 0.4 — 


or w - 1.5 x 10 10 rad/s 


P.E. 9.5 


(a) 


^T-y 


2 -j 


y/2Z45° 


4SZ- 26.56° 


-2 

= -j(y 5 Z\43.\3°) 


= 0.24 + iO.32 


(b) 6Z30° + j5 - 3 + ej 45 = 5.196 + y'3 + y'5-3 + 0.7071(1 + j) 

= 2,903 ± i8.707 

P.E. 9.6 

P = 2sin(l 0/ + x - y A )a y = 2cos(l Ot + x-^- *, = 10 

= K^e J( ^a y e jM J = R e (P s e JM ) 

i.e. P t =2e J(x ~ i * / * ) a‘ 
y 

Q = R e (Qz JW, )= R e (e J( *""\a x -a^mny 

= sin^cos(w/ + x)(g jt - a .) 


P.E. 9.7 


-"f - m 7hle {E <™ e)a ' 

_ 2cos# n 

-5 —cos(hy - 0r)a r - — sin<9sin(uf - 0r)a n 

r f • r u 

£> 2cos# . 0 

H ~ — — s in(u7-/fr-)a r + ZZ s in0cos(irf- 0 r y 
\\ f ’ <' 


~^1 

!i 
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M' 6xl0 7 

P = — =-- = 0.2 rad/m 

c 3x 10 = 

10' 7 10' 8 

H =— r cos#sin(6x 10 7 -0.2r)5 r +-sin#cos(6x 10 7 -0.2r)a g 

3 r‘ 3r 


P.E. 9.8 


3c 9x10 s 




= 2.846 xlO 8 rad/s 


E ~ ~ fv x //<9/,=-cos(u7 - 3 y)a x 

£ J W£ 


- - 5 - q -cos(utf - 3 y)a t 

9x10* 10~ 9 yt x 

—r= • -(5) 

VI0 36 

E = -476.8cos(2.846x 10*f -3y)a x V/m 


Prob. 9.1 


dt dt ^ 


2 .. i r\-l 


= 3770 sin377t x 7i(0.2) x 10 


= 0.4738 sin377t V 


Prob. 9.2 


Prob. 9.3 


= }(«xB) di, di = d^, u = P ^ 


= pw a, 


uxB = pw a, xB 0 a. = B 0 pwa / 


= to B o^ a P d ^ = B o w ^r = i B o wl2 


= -B 0 wl ; 


= -— = -W— [b • dS = -NBS — 

Pa Pa J //a 


= -NBSW = -50 x 0.06 x 0.3 x 0.4 = -54V 









Prob. 9.4 


V = JtJ-dS = B5 

Kn,/ = ~~7~ = ““j-S = +40xl0 4 sin(l0 4 ) l0‘ 3 x20x10 
dt dt v ' 

= 0.8 sin 10 4 / 

I = = 0.2 sin 10 4 /A 

I flows clockwise for increasing B field. 

Prob. 9.5 < a > v = J(wxB)-di, dl = dya, 

u x B = 2a, x 0. la, = - 0.2a y 

y = x since the angle of the v-shaped conductor is 45°. Hence 
y = x = ut. At t = 0, x = 0 = y 

v = - Jo.2 du = - 0.2>>, y = ut = 2t 
v = - 0.4/ V 

(b) v = J(«xB) di, dl = dya, 
u x B = 2a, x 0.5xa, = - xa y 
But y = x and x = ut. When t=0, x = 0 = y 

v = - Jxdy = - J_ydy = - y /£ 

But x = y = ut = 2t 
v — — 2/ 2 V 
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Prob. 9.7 This is similar to Prob. 9.6. Assume loop is of width z. 


pjz. p + a 
V = ——In-- 


V, 


, d ¥ dtp dz pj p + a 


dz dt 


2 n 


= - x 15 x 3 In — =-9.888/yF 

2 n 20 

Thus the induced emf = 9.888uV. point A at higher potential. 
Prob. 9.8 


=-J^«as+|(5xS).d; 

where B - B 0 cos wta x ,u = u a cos wta y ,dl = dza. 

I y I 

Kn,f = J Jz? rt wsin wtdydz - J B 0 u 0 cos 2 wtdz 

r=0 y=~a 0 


1 = B 0 wl(y+a)sinwt - B 0 Uolcos 2 wt 
Alternatively, 

i y 

ip=jB»ds- | ^Bocoswta x • dydza x = B 0 (y+a)lcoswt 

z-Qy--a 

Km/ = = Bo(y + tfVw'sin wt - B a ^Icoswt 

n . dy u. . 

But — = u = u„ cos wt -> y = —sin wt 
dt w 

Vemf = B 0 wl(y+a)sinwt - B 0 Uolcos 2 wt 

= B 0 Uolsin wt + B 0 walsinwt - B 0 u<>lcos wt 


= -B 0 Uolcos2wt + B 0 walsinwt 
= 6 x 10' 3 x 5[10 x 10sinl0t-2cos20t] 


Vemf = 3sinl0t - 0.06cos20t V 
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(D 

( 2 ) 
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, x CT 2x/0"' 

(c) — =- - 

we 9 . 10' 9 

2-xxIO xjx - 

36n 


= 72x10~ 


Prob. 9.15 


CO =-= 2nf 

lOe 


J d o)eE co e 


/ = 


20 


20itz 


20kx 


IQ- 


36 x 


f= 36GHz 


Prob. 9.16 


J c = I - s - = aE-^E = ^~ 

E aS 

J a = jcoeE ->\J a \ = coeE = 

oS 

10*x4.6xlO‘V x0.2xl0'‘ 

W =- 7 T- , n .,- .... -= 1254nA/m 2 

25x10 xlOxlO - 

Prob. 9.17 

(a) V*E s = p / £ ,V*H s =Q 

Vx£ t = j<i)fuH s , V x H s = (cr - j(oe)E 


(b) 


„ = aa>, r azv m 

ax ay az ^ 

„ 5 A aa x aa 55. A 

v • a = 0 -* —— h—-+—- = 0 

ax ay az 

ar < 5 y az dt 
dE x dE. _ aa„ 
az at a 
a£ v aa t _ aa. 
ax ay ar 

s; x h = j ~ — = y _ 

cr cy cz 1 cr 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 
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dH t dH. 
dz dx 
dH y dH x 

dx dy 


Prob. 9.18 


dD 

J ’ + a/ 

(7) 

+ -- 

' dr 

(8) 

V* 5 = 0 

(1) 

<3 

• 

II 

(2) 

Vx£ = 

dt 

(3) 

Vx// = J + — 
dt 

(4) 


Since V • V x A = 0 for any vector field A, 


V.Vx£ = -- V»B 0 
dt 

V.VxH = -—V*D = 0 
dt 

showing that (1) and (2) are incorporated in (3) and (4). Thus Maxwell’s equations can be 
reduced to (3) and (4), i.e. 


„ - dB „ - dD 

dt dt 


Prob. 9.19 


Hence, 


•—= V.y = V«a£ = aV. — = -p v 
dt e e 


f^P .-0 

dt e 


Prob. 9.20 


Vx£ = 


VxVx£ = - — Vxfl = -|i — Vx// = 
cr cf 


VxVx£ = V(V • E)- V* £ 
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V(V.£)-V-£ = -n —, J = oE 
dt 


In a source-free region, V*£ = p v /e=0. Thus, 


V-’£ = pG — 
ct 


Prob. 9.21 


V»J = (0 + 0 + 3: : )sinl0 4 t = - — 

dt 


3z* 

p v = |V • Jdt = \3z 2 s\nl0 4 tdt = - —ysin I0 4 t + C 0 


If p„|..o = 0, then C a =0 and 


p v = -0.3z 2 sin 10 4 1 mC/ m J 


Prob. 9.22 (a) 


d d d 


J d = VxH= 


dx dy dz m 

dy 

0 0 H.(y,t) 


a x = 20sin(10 9 1 - 4y)a t A/m 


dD 

But 


D= \j 4 dt = - —-j-cos (10*t- 4y)a I - -20cos(!0°t ~ 4y)a t nC/nr 


dH D 

(b) V xE = - u —— = Vjc — 
dt e 


c c 


cx cv cz 


D x {yj) 0 0 i 


I (-20) 

~77T'}(-•*) sm ( 10 t-4y)a. 

8 V 10 ' 
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Prob. 9.24 


„ _ dB dH 
VxE = ~— =-Ho¬ 
ot dt 


VxE = 


dx dy 


dE. dE v 


0 E y (x) £.(x)| 


40x8cos(I0 9 1 - 8x)a y 50x8sin(!0 9 1 -8x)a. 


H= ~~l VxEdt = -^—\l0x8sm(l0 9 t-8x)a y - 50x8cos(i0 9 t - 8x)a. 
~ --~-^320%m{I0 9 t-8x)a y -400cos(10 9 1~8x)a.j 

H = -02546s\n(l0 9 1-8x)a +0J184co$(l0 9 1-8x)a. A/m 


P = 0 )V^= (Vr = S) 


e r = 576 


Prob. 9.25 (a) v »a = 0 


— pc 8x3x10 s 
£ ' % = 10 ' = 24 


VxA = I 


d_ d_ d_ 
dx dy dz 

0 0 E.(x,t) 


dE : (x,t ) . „ 


Yes, A is a possible EM field, 
(b) V.B = 0 


VxB = ——[/0 c ° s (oa/-2p)]a. * 0 
Ye§, B is a possible EM field. 


(c) V.c = — ^-(Vcot *)-^*0 

P cp v ’ p- 


YtC = (cospsinwr) - Jp : — (cot<|)) * 0 

p Cp C<j> 

No, C is not an EM field. 
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(d) V«£> = — P~ —sin(«of-5r) —(sin^G) *0 

r'sinG <50 


<508 _ . 1 d,_ ns _ / ; _ 



VxD = - —2- a r +-—(rD 9 )a 4 = - sin 0(-3) sin(o)/ - 3r)a* * 0 
cy r dr r 

No . D is not an EM field. 

Prob. 9.26 From Maxwell’s equations, 

<■> 

dt - ' 

Dotting both sides of (2) with E gives: 

£*(Vxtf) = £.J + £*^ (3) 

But for any arbitrary vectors A and B, 

V»(Ax£) = B»(VxA)-A»(VxB) 

Applying this on the left-hand side of (3) by letting A * B and B » £, we get 
H»(VxE) + V»(HxE) = E*J + %^-(D*E) (4) 

From(l), 


Substituting this in (4) gives: 

-y 2 ^(B*H)-V*(ExH) = j.E + y 2 ^-(D*E) 

Rearranging terms and then taking the volume integral of both sides: 


Jv«(£x H)dv = f(£ •D + H*B)dv- p • Edv 

v ^ V V 

j(ExH)*dS = ~- p*Edv 
or — = -<j"(£ x H) • dS - j£ • Jdv as required. 


Prob. 9.27 VxH^J+J, 


J = a £ = 0 in free space. 


! , ^ rr IcH. cH % \ r dH D cH.' 1 E c 5H ,1 

Jj = VxH=. 

. p cp cz , cz cp ; p ; cp * c<p 
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0+— t— (-?p J cos<t>) — pcos<J> cos4xl0 6 ta. = ^-(-/cos<(» -p cos$)cos4xl0 6 t 
p [ op I p 


Jj = icos<j> coslxlO 6 ta. 


r _ d _H_ d JL 

dt =£ ” dt 


£=r/•/„<* 


„ 3 cos<|> . , 3 

E *r,7nF smMO ‘°:*—lo* 

4x10 x——~ 
36k 


cosij> sin 4xl0 6 ta. 


E = 84.82 cosij> sin 4xl0 6 ta. kV/m 


Prob. 9.28 Using Maxwell’s equations. 


VxH=aE+ e— (<7 = 0) 

dt v ' 


- * E=- \VxHdt 


_ rr / dK Id 12 sin0 

7^1i~ a '*~r~d~r {rH * )a ' = “ 7 “Psrn (2xxl0 t-$r)a, 


12 sin0 r 

E =-P j sin(2itx/ 0 8 t- P r)dta^ 


12 sin0 


-p sin(fi) t - P r)a ^, <n = 2kx10 8 


Prob. 9.29 


Vx£ = IA (p£ )5 

p dp p dp 


= (2 -p)te~ p -‘a ; 


^ = Vx£->£ = -jVx Edt = J- 

Integrating by parts yields 


{p-7)t e- p -'dt_ 
V du ' 


[-{p - Die-”-' + |(/? - 2)e'' , ‘ < A]fl. 
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= {2- p)(\+t)e- p -'a z Wb/m 2 


- „ - „ B l dB. _ 

y = Vx/y = Vx — =- -a 4 

Mo Mo d P 

= ——(1 + 0(-l - 2/ + p)e' p ~‘a 4 

Mo 


3 JllDOzfEU; W 


Prob. 9.30 For time factor e‘ jwt , replace every j by -j and obtain: 


B=VxA, 


s = -VF f -jwA, 


VxA s = -jwfueV f 


V 2 V t + v?neV s = - p y 


V 2 ^ + w 1 fxeA s = -jjj t 

Prob. 9.31 

(a) 

z = 4 A30° - 10 A50° = 3.464 + j-6.427 - jl.66 


= -2.296 - 5.60 = 6.39/. 242.37° 


7+ j2 


2.236A 63.43° 


2.236A 63,43° 


6-j8- 7A15 0 6- j8- 7.761 - j1.812 9.841A 26557 0 


= 0.2272A - 202.1° 


(5A53.13°y 25A10626° 

12 - J7- 6- jlO = 18.028A - 70.56° 


= 1.38” A 176.8 













237 






238 


C= Re[c>'“ ,, ] = Re 


22.36 
—— e 


j(<ot~i+63 43*) 


sinGa^ 


22.36 

—]—cos(o)/- + 63.43° )sin0a t 


Prob. 9.34 

A = 4 cos(o) t - 90°)a l + 3 cos to ta y = R.ej4e- ,( “'" ,<r) a x + 3e JV “a y j 
A s = 4e~ ,90 °a t + Ja y = -j4a x + 3a y 

B s = l0ze j9O ° e~ Jz a t 

B = Re[i^“'] = 10zcos(®t- z + 90°)a x = - 10zsin(®t - z)a. 

Prob. 9.35 We begin with Maxwell’s equations: 

V»D=p v /s = 0, V * B = 0 

dB 8D 

V x£ = - —, Vx/fW+ — 

a/ ar 

We write these in phasor form and in terms of E, and H, only. 


= Re[ A/ 


t JOH 


V *E S = 0 


V . H = 0 


( 1 ) 

( 2 ) 

(3) 

(4) 


Vx£, = - y q ji H s 

< 

V xH s = (a + j®t)E s 
Taking the curl of (3), 

VxVx£ t = - y © (i V xH s 

V(V. £,)- V’£ t = -y<on(a + j®t)E t 

V •£. * (a) : ue - yo)ua)£ f = 0-> V 2 E s + y 2 E s = 0 

Similarly, by taking the curl of (4), 

VxVx//. = (a - y'(oe)Vx£ s 
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CHAPTER 10 

P. E. 10.1 (a) 

2n 2n 

F= — = Tin * = 31 42 ns - 

ca 2x10 

k = uT = 3x10 s x31.42xl0' 9 = 9.425 m 
£ = p = 2n/k = 0. 677 rad/m 


(b) t, = T/8 = 3.927 ns 
(c ) 

H(t = t,) = 0.1 cos(2x 10 s * „ ~ 2x13)a v = 0.1cos(2x 13 - n / 4)a > 

as sketched below. 


a a 
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*» j j 

x- 1 


= V77 


= a V77 = —— = JL374 rad/m 


( b ) —= 0.5154 

0) E 

yflTu nonJITs 

(c) lnl= ^r = ^7r-' /7772 


T) = 1777211363° Q 
/JX co 70 s 

(d) u = ~ = = 7.278x10 m/s 

P /.J *f - 


(e) a H = a k xa E 


a * xa n =«--> a H = a v 


H= Tn 75 e Sin(W t " P2 " = 2 J 817 e " 13 swjl(ft-fr-I 3 £ 3 °)a y mA/m 

P. E. 10.3 (a) Along -z direction 


(h) X = — = 2 ti/ 2= 3.142 m 


co 10 s 

f =—= ~t~ = 15.92 MHz 
2 n 2 n - 


P = co y[^= co VmXVmX = - V( 7 ) e r 


/— „ , 3xlO H x2 
or Ve f = pc/co =— ^ =6 


e, = 5.6 


(c) e n = 0^1 =^=^ 7 ^ 77717=^=2071 




-a. = o.jfa,, 


«// = a. 
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50 

H = sin(© t + p z)a s = 795.8 sin {10 t + 2z)a x mA/m 


P. E. 10.4 (a) 

10 


a 

0)8 


10 nx4x 


10 


-V 


= 0.09 


36 n 


a s 0 ) 


It£ 

2 




co f - a 


70 v it 


we 2x3x10 


(2)(0.09) = 0.9425 


He 

"/ + 4(—] 

2 

+ 7 

2 

2vo)87 



70 9 n 

J*70 s 


•y/2[2+ 0.5(0.09)*] = 20.955 


£ = 50e~° cos(10 v tu - 20.96 y + 7t / 4)a. 

At t = 2ns, y = lm, 

£ = 30e' O 942S cos(2n - 20.95 + it / 4)a. = 2.757a. V/m 


lOn 

(b) P_y = 70° = tt 7 rad 


750 


or 




it 7 


75 p 18x20.905 
(c) 30(0.6) = 30 e‘ ay 

7 


= 8.325 mm 


mr 5 Xn h'- mam 


50n 


20.. = tan ' 0.09 


0 .. = 2.5 ~ 7 " 
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a H = a k xa,, = a xa. = a x 


H= -~~e~° ,/4:5y cos(/0\t- 20.96y+ n 14-2.571°)a x 
loo.11 


At y = 2m, t = 5ns, 


H = (0.1595)(0.1518) cos(-4.5165rad)a = -4.7la x mA/m 


P. E. 10.5 


W X W 3C 

l s = Wjjydz^ J„(P)\dy\e- :(l ' 1)i dz = 


J(0)wh 


JJ0)h>8 


P. E. 10.6 (a) 


Roc a a r— — 1.3x10 3 /- 7 -- -= - - 

— = — = =-r- JnxlO x4nx!0 x3JxlO 

*v c 20 2 2 


(b) 

R„ l.3xl0~ 3 


! tix2x1 0 9 x4nxl0 7 x3.5x!0 7 = 1080.54 


P. E. 10.7 


IP =-n H 2 a 

ave 2 * 0 x 


(a) Let f(x,z) = x + z -1 =0 


V/ <2 + a. 

a - = iv7f “7T’ dS = dSa - 


Js’-dS =9. Sa. = 


-^j(I20j)(0.2) : (0.1) : = 53.31 mW 





244 


(d) dS = dydza x , P, = Jo\dS = 


P, = -(120n)(0.2) 2 n(0.05) : = 59.22 mW 


n = jk 
6 2 


P. E. 10.8 T)/ = 11 ,, = 120n,r) : = J— = 


n, + n/ n.^ + n/ 


= rE lo = 


£ ri = - -j-e Jfi ' : a x v/m 


where p , = o / c = /00n / 5. 
_ 20 


E , 0 = = 


£„ = ye' rf! ‘o, V/m 


where P 2 = co ^/e7/ c = 2P, = 20Oir /3 . 


P. E. 10.9 

o /- 2(0 

tt/ = 0, P/ = —VM, = —=5->(0 = 5d 2=7 5x10 s 

c c 


— =- TTpr^ 1 - 2 * 

0)8 , „ , . . 70 

7.5x10 s x4x——~ 

36n 


© 4r I -r i 

a , = —, - V/+ /.■/-/** - / = 6.021 
c V 21 J 


o) 4 


- V/ + /.44n+ /] = ^JN* 
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60n ,— 

hjl= 7/7.= t = 95.445, r), = 120%^ = 754 

\1 + /.44k‘ 

tan20 n _ = /.2k -* 0 n = 27.57" 

n, = 95.445/. 37.57" 

(a) 


n 2 -n/ 95J45/37Sr_-754 

tl, + n / 95.4452 27.57" +754 


0.8186/171.08 " 


t = /+ £ = 0.2295/33.56° 


1+\T\ 1+0A186 

l-\r\" 1 0.8186 


10.025 


(b) £, = 50 sin(co t - 5*)^ = \m(E, s e m ), where £„ = 50e' J>I a y . 

E ro = ££, 0 = 0.8186e ,mm ‘ (50) = 40.93e J,7l08 ° 

E„ = 40.93e j5x * jl7,08 ° a y 

E r = lm(E rs e m ) = 40.93 sin(a /+ 5x + 171.1°)a y V/m 

= -a x xa y = -a. 

40.93 

H r = -^^-sin(a/+ 5x + 171.1°)a ; = -0.0542sin(t» t + 5x + / 7IT)a_ A/m 

(c) 

£,„ = x£, 0 = 0.229e j33 56 ° (50) = 11.475e j33S6 ° 

£„ = 11.475e J ^ ,33S6 ° e a '- x a y 

E, = Im( E ls e ,t0 ‘) = 11.475e 6 02,1 sm(®t-7.826x+ 33.56")a y V/m 


a n = W = o. 
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k K 2 

tan0, = —= — ->0, = 2d.5<5 = 0, 

4 = 


^/ £ / i 

sinO = -sinO, = - sin 26.56° -> 0, = 12.92° 

V M: e : 2 --- 


(b) >1/ = >1 „>»b = n„ !2 t E is parallel to the plane of incidence. Since H / = M’ = M„ 
we may use the result of Prob. 10.42, i.e. 


„ tan(0, - 0,) tan(-13.64”) 

" ” tan(0, + 0,) " tan (39.48°) ~ ~ 02946 


2cos2<5.5<5 t> sin/2.92° 
sin 39.48° cos(- 13.64°) 


= 0.6474 


(c) k r - - p , sin 0 f a y - P, cos0 r a z . Once k r is known, E r is chosen such that 
k r .E r = 0 or V.£ r = 0 . Let 

E r = ± E or(- cos 0 r a y + sin0 r a.)cos((i)/ + p/ sin0 r ^+ p/ cos0 r z) 

Only the positive sign will satisfy the boundary conditions. It is evident that 

E , = E m (cos0 ( <3 y + sin0,<7.)cos((o/ + 2y- 4z) 

0 

Since 0 r = 0,, 

E or cos0 r = r„E m cos0, = 10 r u = -2.946 
E or sin0 r = r n E ol sin0, = 5r„ = -1.473 
P / sin0 f = 2^,0080,. = 4 


E r = -( 2.946a y - 1.473a,) cos(<n t + 2y + 4z) 


E ,= E,+ E, = (10a l .+ Ja.)cos(©/+ 2y- 4z) + (- 2.946a^ + 1.473a. )cos(co t + 2y+ 4z) 
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(d) k, = - P , sinO ,a x . + p, cos0 ,a.. Since k r » E r = 0 , let 
£, = E tll (cosQ,a y + sin0,a.)cos(o)/+ p,.ysin0, - P_,zcos0,) 

P ; = (0 = P / = 2y[20 

. A / . A 1 n y[9 

Sm0 ' = 2 Sm0 ' = ^/J’ COS0 ' = 7 20 

P, cos0, = 2y[20yj^= 8.718 

I j g 

E ol cos0, = \„E m cos0, = 0.6474\l 125 J— = 7.055 


E ol sinO, = t ,.E m sin0, = 0.6474\ rr 25 1 j-^ = 1.6185 


Hence 


E 2 = E, = ( 7.055a + 1.6185a z ) cos(to / + 2y- 8.718z) V/m 


(d) tan 0„ // = J^ = 2 ->0 fl// = 63.43° 


Prob. 10.1 (a) Wave propagates alone +a» . 

(b) 


T = 


2n 2n 


o) 2nxl0 


= l\ys 


2n 2n 

X = —=—= 1.047m 
p 6 — 


co 2nxl0 6 


= 1.047xlO A m/s 


U= P = 


(c ) At t=0, E _ = 25 sin(-<5x) = -25sin6x 


t T 

At t=T/'8. E. - 25sin(-zr —- 6x)~ 25sin( —- 6x) 

T n 4 
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| Prob. 10.2 If 

y ’ = yco ^(o + ycoe) = -co 'pe + ja>\yo andy = a + yp , then 

|y : |= V( a '~ P*)+ -ta’P* = V( a ‘ + P‘) : = a ’ + p* 

i.e. 

# 

a* + P* = o)n-y/(or‘+ (i)*e‘) (1) 

Re(y : ) = a : - p' = -co 'pe 

P*’ - a ’ = © ’he (2) 

Subtracting and adding (1) and (2) lead respectively to 



(b) From eq. (10.25), E s (z) = E 0 e T ’a t . 

VxE = -M»H S -► H t = -^—VxE = -^-(-y E 0 e^a v ) 

< 0) \i CO (i - v 

But H (z)= H e~ y: a , hence £ o 

q to (i 





(c) From (b), 

ycon -y/p/E 

yj you (a + yoe) y + y co e I — a 
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-,tan20„ = — 


coeV 7 o 


a / o) e 


Prob. 10.3 (a) 

g 8x10-' 


0)6 , 10 " 
50x10'x3,6 x — 
36n 


r=8 


1- 

1 / \ ’ 

He 

1 ( c ] 

j/+— -/ 

2 

y Vcoe/ 


2nx50xJ0 6 12.1x3.6 
3 x10 h V 2 


[465-1] = 5.41 


'-JfM") +/ = 6129 


y = a + y'P = 5.41+ j6.129 /m 


„ s 2n 2n 
(b) x = 


, o) 2nx50xl0 6 . 

(c) 


(d) hl= 




= 101.4 


tan20 = — =8 - > 0„ = 41.44“ 

n 0)6 n 


t] = wuiz jura 


E 6 6 

(e) H s = a t x— = a x x-c ( a : = - = -59.I6e Hlu e' y: a x mA/m 
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Prob. 10.4 (a) Let u - — = loss tangent 

0)6 


p = 0) 


hie 


V/+ u 2 + 7 


co 5x2 
which leads to 


[7T~i? 


+ 1 = 


2nx5xJ0 6 y/J 


3x10* 


^ V777 + 7 


u = — = 1823 
(0 6 


10~ 9 

(b) a = o)e«= 2nx5xl0 6 xl823x——~ = 7.0/5 S/m 

507t = 


(c) e c = e'-ye"= e - y — = 2x-~—- j 

© 5on 2nx5xI0 


1768x10-" - j3.224x10-* F/m 


d) 


a Vg 

P = VT 7 


+ u 2 -1 [7822 

7777 = 


a = 9.995 Np/m 


(e) lnl= 


JL “1 


V777 >[ 7 + 1823 * 


= 13.96 


tan 20 „ = «= 7<525-► 0 q = 44.9<5° 


n = 75.9(5Z 44.9<3°/2 


Prob. 10.5 (a) —= tan 20 n = tan 60° = 7.752 


(06 


720it 


i 720 ti 

(b) hl= 240= 77 = 


VTTi ~ 




ii 

i 

i 
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1-9 


a 10' 

(c) e, = i(l-j—) = 1.234x——(l- j1.732) = (1.091 - j 1.89)xl0'" F/m 

Jon .= ■ 


0)8 


(d) 


a = 



1 / \ 2 




Ji+ — -/ 

2 

y \ oe/ 


2nxl0 6 1 ji * r ,- i 

~ 3xJ0 s yjyh" + ■ 7 J = 9mm N p /m 


Prob. 10.6(a) |£|=£^ a ' 

E o e' a0) = (1- 0.18)E o -> e' a = 0.82 


1 


a -' n W2-° J984 


6. = 24° -> tan 20 = — =1.111 

(08 



»ei 1 IJ2.233 - 1 

iimrr- 2247 * *= 04458 


r = a + yp = 0./95-/+ /m 


(b) 


2)t 


l = — = 2n 10.4458 = 14.09 m 


(c) 6 = 1/a = 5£4 m 

(d) Since 


a = o) 


(i8 

r 

0 1 

•» 


Jf + 

— 

- 1 

2 

[v 

coe J 



-J^fy[oJ 94 , 

c V 2 


Hr = l 


«f 0.1984x3x10 H 


V 2 a \fOA94 2ixl0' J 0.494 


= 1.348 -> 8 = J.tfiJ 
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Since — =1.111 

0)6 

a = ( 0 e„e,*/./// = 2nxl0 7 x~tt~ x3.633xl.l 11 = 2.24xl0~ 3 S/m 

Jon - 


Prob. 10.7 


_o_ 4 _ 80^000 

cue 2nxlO s x81x!0~ 9 / 36n 9 


/co uo 2nxlO s 7 

a = B = .. —— = 7 —-— x4nxl0 x4 = 0.4n 

V 2 V 2 


2nxl0 5 . 

(a) i/ = co / P = ——— = 5x10^ m/s 
0.4% - 


(b) X = 2n / P = —— = 5 m 
0.4n 


(c) 6 = 1 la =——= 0796m 
0.4n = 


(d) r\ =|r 1 |Ze tl ,0 n = 45° 


m cos \4nxl0 7 x2nxlO H 


= 14.05 


HZ 


t\ = 14.051 45° Q 


Prob. 10.8 (a) 


T= 1/ f = 2i i /co = —777 = 20 ns 
J nxlO 8 — 


(b) Let .Y=,|/+ — 
\ v 0)6 


a ( x - I'\ ‘ 

p" = 1 771 ) 
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-> -v = 1.0046 


kV/m 
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(d) 6 = //a = _ =2m 


Prob. 10.10 (a) p = © /c= = 6.0209-/ rad/m, 

Jx/O ' 


X = 2n/p = 300 m 


(b) When z= 0, E y = JOcosat 


z=X/4 , £ v . = 70cos(co/ - -—-)=/Osino)/ 

A 4 

z- X 12, E y = /Ocos(o) t - n ) = - /Ocosw t 


Thus E is sketched below. 


z = 0 



z = X! 4 



z= \ /2 



H= -jj^cos(2nxI0 6 1 - 2nz/300)a x = 26.53cos(2nx 10° t - 0.02094)a x A/m 
Prob. 10.11 (a) Along oc.dire ction. 


(b) p = 6. o) = 2 .v/0 k 
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P = © V^= —Vm77 


— tfxJx/O* 

8 ' = Pc/(0 = ^ 7^ =9 


--► £ =S/ 


e = e „e , = ~zz~x81 = 7.162x10-'° F/m 
36n • _____ 


(C ) T) = = 


£ 0 = // 0 n = 25xl0~ 3 x377 / 9 = 1.047 


a E xa H - a k -> a / . xa v = -a x -► a E = a. 


E = 1.047 sm(2xl0 8 t + <5jt)a_ V/m 


Prob. 10.12 p = 4-> A. = 2% /p = AJ77 m 


Also, p = © / u = © = — ^/n r e r 


Pc 4x3x10 8 


= rad/s 


— — — dH x 

J d = VxH= dx dy dz = ——a 

//,(z) 0 0 5z 


J d = -40cos(®t- 4z)xl0- } a = -40 cos(wt- </z)a mA/m 2 


a /O ' 6 

Prob. 10.13 (a) —=- 7 — 5 - = 3.6x10 « 1 

0)8 „ y 10 

2nxl0 x5x—— 

36n 


Thus, the material is lo ssless at this frequency. 
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2nxl0 7 f - 

(b) p = (D yjn e = — ■ H yj5x750 = J2.83 rad/m 


2tt 2h 


(c ) Phase difference = p/= 25.66 rad 


(d) n = = / 20 n ]J~j~ = MIR 


Prob. 10.14 If A is a uniform vector and <P(r) is a scalar, 
V x(0A) = V 0x4 + 0(Vx4) = V 0x4 


since VXA = 0. 


VxE = ^ ax + Jy Qy + y z a :) xE o el(k,x * k,y * k,: ~ t0,) = y(M* + +)jc£ 0 


= > = jkxE 


Also, - —= /'au//. Hence VxE 
cl 


— becomes = w u H 
at 


From this, a k xa i: = a t 


Prob. 10.15 


v • £ = ( k a ' + i"- + - j(k,a x + V, ♦ ’ • E. 


= yA:• E a e ,( ’ = jk» E = 0 -> k* E = 0 


Similarly, 

V . H= jk» H= 0 -» k* H= 0 


It has been shown in Prob. 10.14 that 


cB 

V.y E = - — 
cl 


kxE = (:> u // 
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Similarly, 


V*/7 = 


kxH - -gw £ 


From kxE - (S)\xH , ci k xa h: = a H and 


From kxH = -eo)£, a k xa H = - a,.. 


Prob. 10.16 (a) 


„ ® /— 


pc_ 5x3x10 >* 75 

' ~ ~ 2 ** 70 * " 2 * 


e, = 5.6993 

(b) X = 2*/p = 2*/5= £2555 m 


c 5*70* 

u = -y== ■■ = -jj = 7.257*70* m/s 
2 * 


_ U 720* 

(c)hmJ---— = 757,97/2 


(d) tf /: *a„ = a*-> a h xa : = a,-► a t . = a 


(e) £ = 50*7 0~ } (157.91) sin(<o t - §x)a E = 4.757sin(2**70*f - 5*R V/m 


(f) J d = —— = V*77 = 0.75cos(2**70*/ - 5*R A/m 

ct y 


Prob. 10.17 p = © ^/juT = ~ V^v/fT’ H f = 7 


— pc <5*5*70* 


t. = 5.76 


.et E = Ei + E? 




260 


E, = 50 cos( 10 9 1 - 8x)a v , E : = 40s'm(10 9 t - 8x)a. 


H,= H nl cos(10 9 l-8x)a„„ H ol = 


50x2.4 1 

Jwt n 


a i:i xa m = a u -> a xa, u = a x - > a HI = a : 


H, = —cos (JO't - 8x)a 

7t 


H 2 = H o2 si n(10 9 l - 8x)a H2 , H o2 


40x14 _ (K8 
120z ” n 


a E2 xa H2 = -> a.xa H2 = a,-> a H2 = 


sin(/0 /- 8x)a , 


H = H, + H 2 = -0.2546 sin (J0 9 t - 8x)a y + 0.3183cos(10 9 1 - 8x)a, A/m 


Prob. 10.18 P = © JgiT = — Jn ,e , = - 7—775 (10) = 2.0943 rad/m 

c v Jx/0 - 


// = --Jvx£tfr 


V x£ = dx 5.y dz 
0 E y (x) £.(x) 


dE. d£ 


- a +- a 

dx y dx 


—— a. = -1 Op sin(© t - px)(a - a z ) 


/Op „ 10x2n/3 

H= -cos(©/ - px)(a -a.)=- -— T —— 7 Cos(©/ - Px)(a - a.) 

©u y 2nxl0 x50x4nx!0 y 


H = 5.305cos(2nx10 7 1 - 2.0943 x)(- a + a ) mA/m 


a o 

Prob. 10.19 For a good conductor, —>> /, say-—> 100 

© e © e 
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_a_ 102 _ 

03 E , 10~ 9 ~ 

2nx8xl0 xl5x—~— 
36n 


No . not conducting, 
o 0.025 


0)6 , 10 

2nx8xlO fi xl6x - 

36 n 

No . not conducting, 
o 25 


— = 3.515 


(0 E . 10 

2nx8xl0 x81x —— 
36 n 

Yes , conducting. 

Prob. 10.20 


= 694.4 


- > lossy 


conducting 


a = co 


k 

Jut-Y-i 


2 

V Vo)£/ 

c V 2 l 


i1.0049-1 = 


2nx6xl0 6 14 

~hdO* V 2 


x2.447x1O' 3 


a = 8.791xl0' 3 
6 = 1/a = 113.75 m 


u i~) *1 \\wW' n * d "* , l m0JJ,s 


2nx6xl0 6 


Prob. 10.21 


0.4E n = E,fi az -> — =e‘ a 


° r “ = y n 'h = 04581 - > § = //a = 2.7 83 m 

>. = 2n /p = 2%/1.6 


u- ft. = 10 x — = 3.927x10 m/s 
1.6 ===== 
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Prob. 10.22 (a) 


_ J_ _7_ 600 _ 

Rjc aS ana 2 5.8xl0 7 xnx(1.2) 2 xlO' 6 ^.2870 


(b) R ac = ————. At 100 MHz, 6 = 6.6x10' 3 mm for copper (see Table 10.2) 

G ZTiab 


Rac 5.8x10 x2nx(1.2)x6.6xl0' 3 xlO' 6 WM£L 


, . Kc a , e 66.1xl0' 3 

(C) R dc ~2h~ —> h - al2 -^T~ 


47 - 


66.1x2x1 O' 3 662x2 


/ = 12.127 kHz 


Prob. 10.23 


a = 10 6 n = 2nf -> f = 0.5xl0 6 

c 1 1 

8= < = / .", = = 0J203 mm 

■y/rt/ip snxO.SxlO 6 x3.5xl0x4nxl0~ 


since 5 is very small, w = 2np ( 


/ _ 40 _ 

oc " o2itp oufer 8 = 3.5x70 7 x0.7 203x2^x12x1 O' 6 ~ 


Prob. 10.24 a = p = 7/5 

X = 2n/p = 2n 5 = 6.2555- 


5 = 0.15911 


showing that 5 is shorter than X 


Prob. 10.25 


t = 56 = 


hf\io yjjxl 2xI0 3 x4nxl() x6.1x!0 


= 2.94x10 m 
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E a (5a + 12a. ) , 

H, = a k x—= — x(5a x + I2a\e r - =- *, , > ■ e‘ iM e r ' 

n n Ini 


H = ( -369.2a x + 153.8a v )e'° 2: cos(co/- 3.4z- 3.365") mA 


5 12 0 

P=ExH = f ., 0 n xl0- 3 e- ,,4: cos(o) t - 5.4r) cos(co / - 3.4:- 3.365") 

-369.2 h3.8 0 


P = 5.2e 4: cos(o) t - 3.4z) cos(co t - 3.4z- 3.365" )a. 


At z = 4, t = T/4, 


P = 5.2e- 16 cos(ir 14- 13.6) cos(tt 14- 13.6 - 0.0587)a : = 0.9102a.VI/ m 2 


Prob. 10.27 (a) This is a lossl ~s medium. 


P = CO n = 


®Mo 2nxl0 x4nx!0 

n = :-= 131.60 

P 6 =— 


(b) E a - y\H a = 131.6x30xl0~ i = 3.948 


a, xa H = a k - > o,,xa = a,-> <3, = -a. 


P = £*// = T) //</ cos 2 (2nxl0 8 t - 6x)a x = 0.1184 cos 2 (2nxl0 8 1 - 6x)a x W/ m 2 


(c ) = -n// 0 J = 0.0592a, W/m 2 


•dS=? ave *S= 0.0592x3x2 = 0.3535 W 
Prob. 10.28 Let £ = E r + jE, and //,= //,+ jH, 
E = Re( £^e) = £ r cosco / - £ ( sin® / 


Similarly, 


// = 11 coso)/ - 11 , sine>/ 
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S' = ExH = E r xH r cos" w t + E l xH l sin"’ © / - j ( E r xH t + E,xH r ) sin 2© / 

y 7 y 7 y/ y / 

^ve = ~ f S'dt = — |cos" (0 dt(E r xH r ) + — jsin* © dt(E,xH t ) - — jsin2© dt (£>//, + F.jttf, 

= ±iE r xH r +E l xH l )=t RB [(E, + jE,)x(K-JH,)] 

| Re(£ t x///) 


as required. 

Prob. 10.29 (a) 

„ p 1 2x3x10* 

U = © /p-> © = u0 = --T 7 T = —fr^“ = 2.828x10* rad/s 


c V^5 


| /20n , 777n 

I n= V^5 =/777 ^ 


£ a. 40 0.225 

H= a k x— = —x — sin(©/ - 2z)a 0 = -sin(© t - 2z)a . A/m 

n n p p * 


(b) S’ - ExH = —j sin* (© / - 2z)a. W / m 2 
P , 


4.5 

(c) ^ ve = TT a s > dS = Pd<|»dpa z 


3mm j 2 ji 

dp 


p ave = f ^ave* dS = 4.6 f — f = 4.51n(3 / 2)(2*) = 11.46 W 

2mm P 0 ' ' 


E 2 E 2 E 2 

Prob. 10.30 (a) /> = P = /> = 

7 211/ 211/ ' mt ' 2 n , 


_ £»/ _ r : _ fl: - n/ ; 


P .... £../ 


1 : + n , > 
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- 120^ cos(co, + z)“ y = 26.53 cos(© / + z)a y mA/m 

Prob. 10.32 (a) r\,= r\ t> 

E t = E m sin(o) t - 5x)a, : 


E,„ = H I0 t\ 0 = 120nx4 = 480% 


a i: xa H = a k - > a i: xa y = a x - > a,, = -a. 

E, = - 480 n sin(© t - 5x)a. 


/20n 

n2= \t 0 = irr =60 * 


„ H , - i], OOk - /20n 

r = r~~ = ~ 7 =-//i, i = nr = 2/3 

>1 ^ + *1 / oOrc + 120 ji 

= ( -1/3X480%)= -160% 

E r = / 60% sin(o) t + 5x)a 2 

£/ = E,+ E r = -1.508 sin(o) t - 5x)a. + 0.503 sin(o) / + 5jt)a. kV/m 


(b) £, 0 = xE m = {2/ 3)(480n) = 320n 


„ £,/ (320% y 

*=^ a <--^7 a * = ™8a x kW/ m > 

,* MH 7+//J , 

c 5 /-|r| 1-1/3 = 


Prob. 10.33 T), = r] 0 = 720*, 


iL» = r _ ^ j - n / 
n, + n/ 


= n„7/„, 
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Combining (1) and (2), 


F . n H _ ^-1/ F 
Ert> H o “ ro t-'u. 

vn^ + *1// 

5.6 

But 7f= UTuF- 3000 


--»■ n„ = 


nr- n / ] £, 


n r + n / / //, 


n y = 5^6 


nr~ n / 
>h + n / 


577 = 5060 


Tlr-577 
ti^ + 577 


Thus, ti, = 485.37. Since »i 2 = J— , 


, /0' 9 . , , 

H , = s„E,r| -* = T7 - xl2.5x(485.37) 2 = 2.604x1O' 5 H/m 

JO 71 ===== 


Prob. 10.34 T)/= J^ J - = ri 0 /2, 1 ^ = 11 , 


r = ^ T1/ - = 1 / 3 , t = i+r = 4/3 

n 2 + n/ 


E or = /*£„ = (7/5X5) = 5/4, £ = t£ io = 20/5 


A o) ,- /0 s 


(a) E r = — cos(/0 8 t- 2y! 3)a, 


. ■ 2 5 . 2 

E, = E, + E r = 5sin(/0®/+ + -cos(70 8 /- -^)a. V/m 

J J 


(b) .)+%-(+»,) = 




„ £ - J00 

(C > - 0/MWg . W/m ~ 
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G) 


Prob. 10.35 (a) (3 = /= © !u= — y j^T r 


c 3x10* 

w = ~r = = /—— = 0.5x10 rad/s 




< b > n, = n.„ n., = n„J^=n„^=n„^ 


r = 


*b- n 
*h + n 


£ =-//i, t = i+r = 2/3 


- tin hin _ 

5 ~ /-iri" 1-1/3 = 


(c ) Let H r = H or cos(© t + z)a w , where 
E r = -- ( 3 ) cos(© t + z)a y = -70cos(© t + z)^ , ^ 10 


r\ 0 120 % 

a E xa H = a k - > -a y xa H = -a.-> =-a x 

Hr = ~ hlh COS ( 0 5xl0 * t + z)a ' A1 m = ~26.53cos(0.5xl0 s t + z)a x mA / m 

Prob. 10.36 (a) 


a t: xa H = a k - > a E xa. = a x —> a E = -a y 


i.e. polarization is alone the v-axis . 


/m n /— I - 2%x30xl0 6 I - 

(b) P = © = -—ylVrZr = ' 3 — 8 44x9 = J.77 rad/m 


3x10* 


(c) J J =VxH = 


8 8 


8x 8x 8x 
0 0 H : (x,t) I 


a// ; 

5 * 


/Op cos(©/ + p.r)<7 v = -J7.<5cos(e)/ + p.v)a v mA/m 
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4 2 

( d ) = n„* n,= = i* 1 " 


n , - ti * 

r = — —- = 1 / 5 , T = i+r = 6/5 

H:+ 1/ 


£, = /0r| , sin(co t + P*)^ mV / m, a E = - a v 


E r = /'/6>r |, sin(o)/ - p*)(-a ) mV/m 


a /;^// = ° k -> -> = - a. 


H r = T /Osin(o)/- Px)(-a.)mA/m =-2 sin(co / - Px)a. mA/m 


£, = t/O ri , sin(cof + Px)(-a ) mV ' ~i 


a E xa n ~ a k -> ~ a y xa H ~ ~ a x -► = a .- 


H, = 10(6 /5)(ti , /rj 2 )sin(o )t + P*)<3 2 mA/m =8sin(©/+ Px)a. mA/m 


( e ) ^vei = f ^(-<0 + ^(+<0 = r V 

Tl 2 H 2 11 

= - — - (/- = - -x\ o 100(l- —)a x = -0.012064a x W/m 2 

aT] j .3 Zj .. . 

4 

E o, = ' E o, = tn,/^ 

£ ^ rn 2 h 2 

3ve2 = -r^(- a j= - *' ,Q (- flg )=i2ri. o (- ajt ) (iW/m 2 = -0.012064a x W/m 2 
Prob. 10.37 (a) In air, P, = 1,1, = 2n /p, = 2n = 6283 m 


o) = p ,c = 3x10 s rad/s 


In the dielectric medium, w is the same 


o) = 3x10 H rad/s 
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P ’ - V^ <•- - P / - V5 


, 2it 2 k 

* , = — = "7r = 3.6276 m 

* P ’ Vi —— 


£ 70 

(b) H=—= = 0.02(55 


n„ /*>* 


a w = a*xa,, = a.xa = a. 


//, = - 26.5 cos(a) t - z)a x mA / m 

(c) »l/ = n„» H/ = n „fyf3 

r| - rj/ (7/Vi)- 7 

r = ~~— = 777 777 : = -0-268 , t = / + £ = 0.752 

n^ + n/ (7/Vi)+7 — — 

(d) E io = t£ 10 = 7.52, E ro = ££„ = -2.(55 

E, = E t + E r = 70cos(o) / - z)a y - 2.(55 cos(co t + z)a y V / m 

£\ = E t = 7.32 cos(o) t - z)a y V / m 

2 " 21 7 (a.)(10 2 - 2.68 2 ) = 0.123la. W/m 2 


Javel 2ri/ a -^ £ '° 1 2(120n) 

E 2 Vj 

^e 2 = = — 7777_~ (7J2) , (aJ = 0.7257a. W/m 2 


2>i 2 • 2x120n 


Prob. 10.38 (a) co = Pc = 3x3x10 s = 9x70* rad/s 


(b) X = 2 k/ p = 2n /3 = 2D94 


o 

(c ) — = 


we 9x10 x80xl0 /36n 


tan 20 n = —= (5.255 
0 6 


= 2k = <5.255 


-> 0 =90.47 
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h:l= 


<J\1 2 



377jj80_ 

V/+ -/ji* 


7(5.7/ 


n, = 167 U 40 jr Q 


n : - n/ 
n: + n / 


167U 4Qjr_-J77 
1671140.47° + 577 


0.935Z1767" 


E„ r - EE i:l - 9.35Z 176.7" 

E r = P.J5 sin(© t- 3z+ 1767)a x V / m 



9jc/6> v M f , - r , 

17J¥\T '] = "- w N P /m 


„ 9*/0 9 [80 r r - J 

P; = 5x70® Y"yK /+ * 1t + ^] = 5/.4S rad/m 


_ Z]k 

n^ + ^i/ 


2X1671Z40JT 
1671Z 40.47°+ 377 


= 0.0857Z 38.89° 


E ol = t E a = 0.857Z 38.59° 

E, = 0.SJ7e" J4 '’' r sin(9;t/0 s / + 51.48z+ 38.89°) V/m 
















273 








274 




,y) . !{k t x-k v y) ~j(k g x-k v y) ~j(k 




which consists of four plane waves. 


VxE, = -j®\x a H s 


„ J „ „ j cE. dE. 

H =-Vx£ =- ~7^ a x~~T^ a x 

e>M„ ©H„v£>’ <?x 


^ v .sin(^x)sin(^ v< v)fl J + k x cos(k I x)cos(k i y)a i 


Prob. 10.42 If n„ = n / = n,, ti,= 


/ n / 
^=COS0, + ~j= COS0 

e r’ V 6 /-/ 


— S-S 

- sinG, 

COS0 . - COS0, 

_ sm8, stn6, cos0, - sinQ ( cos0 . 

a . s * n ®« A sin0,cos0, + sin0.cos0. 

cosO.+ ■ —- ■■ COS0, ' ' 11 

' sin0, 

Dividing both numerator and denominator by cos0, cos0, gives 


tan0, - tan0, 

tan8, - tan0, 7+ tan8, tan8, tan(8, - 8.) 
tan0, + tan0 ( tan 8, + tan8, tan(0, + 0 ( ) 


Similarly, 


/+ tan0, tan0, 


y i ,2 _ 2 cos0, 

1 . l n sin0, 

cos 0 , + -7= cos 0 , cos 0 , + ■ ■ ■■ COS 0 , 

s,, Je w sin0. 


2cos0, sin0, 


sin0, cos0,(sin' 0, + cos : 0,)+ sinO, cos0,(sin : O, + cos : 0,) 
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2cos0, sin0, 


(sin0, cos0, + sin 0,cos 0,)(cos0, cos0, + sin 0,sin 0,) 


2cos0, sinO, 
sin(0 ; + 0,)cos(0, - 0,) 

/ / sin0 

~r == cos 9, _ ~j= cos0, cos0, - ' cos0, 


J ~ aniu , 

COS0 + • <- COS0 , COS0, + - COS0, 

/p f /j * 


sin(0, -0,) 
sin(0, +0,) 


2cos0 ( 

sin0. 


2cos0, sin0. 


^==cos0, + -7=cos0, cos0, + S ? n ' cos0 sin(0, + 0 ( ) 
e r , Je r/ sin0, 


Prob. 10.43 (a) k, = 4a y + 3a, 

k , • = K cos0 ( -> cos0, = 4/5 -> 0, = 36.87° 

(b) __ — 

® 1 r ,t's E o (^8 2 + 6 2 ) 2 (3a + 4a ) 

--tm*. 

(c) e r = 0, = i(5.S7". Lei 


= 7958a + 106.la, mW/m 


E r = ( E n ,a x + £ r .<3.) sin(o» t - k* r) 
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From the figure, k r -~k r .a. - k ry ,a y . But k r = k, = 5 
k r . = k r sin0 r = 5(3 / 5) = 3, k = k r cos0 r = 5(4 / 5) = -A 


Hence, + 3a. 


n, . cj\i ,z, 3/3 

sin0, = —sin0, = —■ , sin0, = — = 0.3 

»! cJu ,6 , yJ4 


0, = I7.46,cosQ , = 0.9539, rj y = ti 0 = 120n,\] 2 = tj,, 12= 60n 


E ro ri^cosO, - x\, cos0, ^ t] u (6.5) 


E m r \, ^os0 ( + x\ t cos0, 


= -0.253 


(0.9539)+ x\ o (0.S) 


E ro = r„E m = -0.253(10)= -2.53 


3 4 


But (E ry a y + E n a 2 ) = £ ro (sin0 r a y + cos0 t a z ) = -2.53(-a y + ~a 2 ) 


E r = -(1.518a + 2.024a : )sin(a)t+ 4y- 3z) V/m 


Similarly, let 


E, = (E^a y + E'M.)sin((i>t -- k, • r) 

k, = V 2 = ® y/\hz~2 = ®V^ 0 £ 0 

But k, = p , = <o 0 e u 


f = 2 -> k, = 2k, = 10 


k^. = k, cos0, = 9.539, k l: = k, sin0, = 3, 
k, = 9.539a ( + 3a. 

Note that k,. = k r . = k r = 3 
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= E 'q _ 3cose, 

U £,„ 11 ,COS0, + T1/COS0, 


T\jm 

(0.9539)+ n o (0.8) 


= 0.6265 


E,„ = !,£„ = 0.2(55 


(£*<*>■ + £ r.- a .-) = £,„(s«n0,tf, - cos0,a.) = 0.256(0.3a y - 0.9539a.) 


Hence, 


E t = ( 1.877a y - 5.968a.)s\n((nt - 9.539y-3z) V/m 


Prob. 10.44 (a) 

tan0, = f L is -* 0, = P r = 19-47° 

sinG, = sind l J^= j(5) = 1 -> 0, = 90° 


CD — io 9 _ _ 

(*>) P/ = 7V 8 ^= J^fx3=10=kyfl+8=3k 


£ = 5.555 


(c) X = 2jt/p, \, = 2n /$, = 2n /10 = 06283 m 

= a) / c = 70/5, = 2it /p, = 2nx3l 10 = 1.885 1 


(d) £, = n ,a k xH, = -/On + ~ x0.2 cos(a t-k» r)a y 


(~213.3a x + 75.4a. )cos(70 9 /- fct- ytV#z) V/m 


, . 2cos0 sin0 2cos 19.47° sin 90" 

(e) t ,, = - { - '-= ---— = a 

sm(0 + 0 )cos(0 - 0,) sm 19.47° cos 19.47° 


cot 19.47° 

r --= -i 

cot 19.47° 


Let E, = -£„ ) (cos0,« t -sin0,a.)cos(/O y /-p,.vsin0,-p rcos0,) 


where 
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E, = - E lo (cosQ l a x - sin0,<ar.)cos (10 9 t- P/jrsinG, - p^cosO,) 
sin0, =/, cos0, = 0, p,sin Q t = 10/3 

E u , sin0, = t ,E lo = 6(24n )(3)(J) = 1357.2 
Hence, 

E, = 1357cos(10 9 t- 3.333x)a ; V/m 
Since r = -/, 0 r =0, 

E r = ( 2I3.3a x + 75.4a.)cos(10 9 1 - kx+ k\[8z) V/m 

(0 —-> K, l UU3° 

I Prob. 10.45 

P,= yfFTT 2 = 5= a /c -* at =p/C= 15x10* rad/s 

Let E, - {E t , E lv , E'. )sin(oi / + ix + -ly) . In order for 
V • £, = 0, 3E„ >4E V = 0 (/) 

Also, at y 0, E|tan E 2 tan 0 
£ /tan = 0, 8a x + 5a. + E ox a x + E o: a. = 0 
Equating components, E ox = -8, E 0 . = -5 

From ( 1 ), 4E oy = -3E ox = 24 E oy = 6 
Hence, 

E r = (-#a T + 6a v - 5a.)sin(/5x/0"f + Jx + 4y) V/m 


Prob. 10.46 Since both media are nonmagnetic. 
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CHAPTER 11 


P.E. 11.1 Since Z 0 is real and a * 0, this is a distortionless line. 


_Z. _ C 
R ~ G 


a = jRG 


p = ©7,, 


G o )L 


(1) x ( 3 ) -> R a = aZ„ = 0.04 x 80 = 32njm , 


a 0.04 

(3) -j- (1) -» C? = ~ = = 5x 10 O / m 

BZ /. 5 x «0 

£=—-^r=i«.2 nH/m 

© 2nx5xl0 ===== 

LG 12 „ 0.04 1 

C -= —.70 8 x-x-= 5.97 pF / m 

7? n 50 0.04 x 80 —=L -- 


P.E. 11.2 


(a) Z Q = 


| 7? + 70 ) 7 , 0.05+ j2n x 0.7 x 70' 

G+ jaC \ Of j2n x 0.02 x 70 _<! 


= 70.75 - j1.688 = 70751 - 7.507° /? 


(b) y = ^/(7?+ >7 ,Xg+ >C) = yj(0.03 + y0.2jtXy0.4x 70" tt) 


= 2.727 x 70'" + j8.888 x 70 J / m 


vv 2n x 70 J , 

(c) m/s 


P.E. 11.3 


(a) Z, = Z, -» Z m =Z., = 30+j60Q 
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Z V 

(b) V -V- --— V = — = 7 5Z0° V 

" ° Z +Z * 2 " 




v * V _k 15Z0° 

Z g +z m 2Z„ 2(30 + j60°) 


= 0.05Z - 63.43° A 


(c ) Since Z 0 = Z r , r = 0 -► v; = 0 ,= r„ 

The load voltage is F, = F t (r = /) = V*e 


Y/ v; 7.510° 


e a V p/ = 1.5Z48 U 


e al = /.5 -► a = yln(/j) = ^ln(/j) = 0.0/0/ 

e 7fJ/ = e J4 *' -+• p = L^—nrad = 0.02094 
/ /S0° 

y = 0.0/07+ j0.2094 /m 


P.E. 11.4 


(a) Using the Smith chart, locate S at s = 1.6. Draw a circle of radius OS. Locate P 
where e r = 300°. At P, 


| r| = — = 21^. = 0228 
1 1 OQ 92cm 


T = 0228Z300° 


Also at P, Z L = 1.15-j0.48. 


Z L =Z 0 Z L = 70(1.15-jO.48) = 80.5-j33.6/2 



1 = 0.6A. -> 0.6 x 720° = 432° = 360° + 73° 


From P, move 432° to R. At R,c m = 0.68- j025 



282 


Z m = Z a Z m = 70(0.68 - j0.25) = 47.6 - jl7.5/2 


(b) The maximum voltage (the only one) occurs at 0 r = 180° ; its distance from the 

, , . 180 - 60 k 

load is _ X = — = 0.1667k 
720 6 

P.E. 11.5 

Zj - Z 60+ j60 - 60 j 
(a) r = J — - = ~~~. = 0.4472Z 63.43” 

ZI + Z t) 60 + j60 + 60 2 + j - 

l+\r\ 1+0.4472 

S ~ l-\f\ " /- 0.4472 


Let x = tan(p/) = tan 


2nl 


Z,n = ZJ 


Z, + JZ 0 tan(p/) 
Z Q +jZ L tan(p/) 


120 -j 60 =J M+ifO+W* 

60+j(60+jt 


J 60 )> 


Or 2-j = llAllA i~x + j(2x-2) = 0 

l-x + jx 1 ’ 

Or x = / = tan(p/) 


it 2nl 

—+ mt =- 

4 X 


i.e / = — (l+ 4ri),n = 0,1,2,3. 

O 


(b) = = 


Z„ 60 


Locate the load point P on the Smith chart. 


|r| = — = = 0.4457: 0 r = 62° 

1 1 OQ 9.2cm 1 


r =0.4457262" 


Locate the point S on the Smith chart. At S. r = s = 2.6 


_ Z 120 + j60 , . , 

z m = — = ——— = 2 - j , which is located 
z n ou 


and OR is 64°-(-25°) - 90° which is equivalent to -= — 

720 8 

Hence l = - + n-= -(l + 4n),n = 0J,2. . 

8 2 8 

(z,„) = sZ () = 2.618(60) = 157.080. 


(ZJ mm = Z 0 /s= 60/2.618= 22£2£ 

(does not exist if n = 0) 

62 ° 

1 = - 1=0.085IX 

720° 


at R on the chart. The angle between CP 

_ 90X X 


P.E. 11.6 




— = 37.5-25 - 12.5cm or X = 25cm 

l = 37.5- 35.5 = 2cm = — 

25 

l = 0D8X -> 57j6° 

Z L =0.65-jOJ5 

Z, = Z 0 z, = 50(0.65 - J0.3 5) 

= 33.5- J17.5Q. 


P.E. 11.7 See the Smith chart 
„ 100-i80 

Z L = - jZ—= 1.33-j 1.067 


132° - 65 

°\\ 

— y 2 — 1 = 0093k 




132° + 64° 



- X = 0.I26X 

720 

0.5X -d A = 0.374X 


j0.95 


= ± j 12,67 mS 


l 4 )° 0,1 



mm 

wm 















284 


P.E. 11.8 


( a ) ~ j ’ I. ~ 7. l 


lint ^ 1 . 

- * 0 ~Z “ - ~ l 

Z, + 


__ _r/ _ f\ r liwi _ R _ K i i 

° Z,+ Z g Vg ' ’ 1 0 Z R + Z R " Z R " 700 " m 

Thus the bounce diagrams for current and waves are as shown below. 


rv. = I 


V = 4 
2t, 

V = -1,33i 


V= 0.444 
6t, 


^4V^ 

^tV 


(Voltage) 


r L = -i 

n 

r G = 

i 

V=0 


1 = 80 

< 

II 

o 

2t, 

3t, 

I = 133.3 

v = o 

4t, 

5t, 

1 = 115.6 

O 

II 

> 

6t, 


.80mA 


(Current) 



I = 160 

3ti 

I = 106.2 

5ti 

I = 124.4 
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P.E. 11.10 

•4 $ ^ 3 ~ j ' ^2 

(a) For \\7 h = 0.8, e i , Jf = ~+ z y J+ ^ = 275 

60 ( 8 0.8) 

(b) z " = 7275 lv \08 + TJ = 3618lnl0 - 2 =§M£ 


3x 10 s 

(c) X = — - , = 18.09 mm 

10'°7275 ——= 


P.E.11.11 



= 3.69x1 O' 1 


685 I^JJ86x369xW^ 
w >Z a 2.5 x 10~ 3 x 50 

= 2.564 dB / m 






289 



Prob. 11.2 


cosh ~‘(d/2a) In (d I a) 

since (d/2a) 2 =11.11 » l. 


JO' 9 

nx—— xl6xl0~ 3 


In (2/0.3) 0 2342 pF 


~ TuFTHm 7 = 209x10 s m « a 


l _ I6xI0^_ 

n °So 7ixOJjr/6>~ i x2.^9A:/Q' / A:5.^x/Q T = UJLUL Q= 


Prob. 11.3 

(a) Applying KirchhofFs voltage law to the loop yields 


v{z + Az, /) + V{z, r) - RAz/, - LAz 

dt 


But I, = /( z,t)~ jAz— ( Z '^ -~AtV(z,t) 


Hence, 



V(z + Az,,)-V(z,t)- RAz[l(z,,)- £*%- | Azvj-LAzj£Az?Az^ 
Dividing by Az and taking limits as At -> o give 


dV dl 

or - — = RL + L — 

cz dt 


Similarly, applying KirchhofFs law to the node leads to 
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, v , v , , C dV G , v G dV(z+Az,t) 

l{z+ Az,t) = 7 ( 2 ,f)- jzlzF(z,/)- y^z —- -jdzV(z+ Azj)- — Az -—- 


/(z + dz,/)-/(*,/) 


„ m * r/ , .x C3P(z,/) G ( , \ C5F(z + J 

-- T F (-> 0 - T."a..-T^ + ^v)-T-Z— 


2 5/ 2 


2 a/ 


a/ af 

or - —= GV+C— 
dt dt 


(b) Applying Kirchhoff s voltage law, 


V(z4= Rjl(z,t)+ L~M+V(z+Al/2,l) 
or 

v(z+Al/2,t)-V(z,t) nr r dl 

- — - — --—-= /?/+ L — 

All 2 dt 


As A/->0, ~ — = RJ + L — 

dt dt 


Applying Kirchhoff s current law, 


l(z,t)= l{z + Al,t)+ CAlV(z+ d/,/) + CAl 


dv(z+ A j/ 2 ,t 


- !ktAh!LlM M GV(z+ j;> , )+ c ^JiA 


di(z,t) , x af(z,/) 
As A1-+0, -———=Gf(z,r)+C——— 


Prob. 11.4 


z _ II- feL'jL^JZ 

Me Vwew w l( e 


Z„=r ]l ,- = 78 
\v 


Z„ =r\„ — = 7 5 

YV 


u* 


H' l.()4\\ 
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i.e. the width must be increased by 4%. 

Prob. 11.5 

(a) R + jwL = 40 + j2n x I0 7 x 0.2 x /O' 6 = 4I.93ZI7.44" 

R + jwc = 400 x /O' 6 + j2n x I0 7 x 0.5 x /O' 9 = 31.42 x /O' 2 Z89.89° 

_ | R + jwL I 41.93 Z17.44" 

z » = .h —— = i|——--- = 13.34Z - 3624 

\G + jwc V 31.42 x 10' 2 Z89.89 

Z 0 = 10.76-j7.8860. 

y = ^(fl+y'co L)(g+ jqL) = <J(41.93Z I7.44°\3l.42x 1 O' 2 189.89°) 
= 3.6. _ 53.68 0 = 2.15 + J2.925 = a + yp 


o) 2n x JO 7 . 

u= F^r s " /<Wx/() m/s 


(b) a = 2.15 Np/m= 2.15x 8.686 dB/m= 18.675 dB/m 




a / = 30 —+ 1 = 


30 


18.675 


= 1.606 m 


Prob. 11.6 


,RG R 20x63* 10' 12 
G= 4.2x /0- J S/m 


a = y[RG =420 x 42*/O' 3 = 


02898 


P = co V ~LC = 2it x 720 x 10 6 yfoj x~10~^~x63x To ~ 2 =3.278 


y = 0.2898+ j3.278 /m 


(b) Let V u be its original magnitude 


-> = .5 









































292 



CD 

C 
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/(/)= , -y-e° m, 'aa(l0’ + 2()-ye- 0 ™ 1 ' coilO*l-zl) 

= O.J2e ow:si cos (lO 8 + 21')- 0.6 e~° 00251 cos (l0 8 t - zl )A 


Prob. 11.11 


, a) T -H- _ hL _ 2ZJ h 

' v; y 2 (v l + z 0 i,.) zj 2 + zj : 

~ Z L +Z U 


i+r,= 1 + 


Z L -Z 0 _ 2Z l 
z i + Z a Z L + Z a 


(b) (i ) T L =-£&- = -!*- 

nZ o + Z o Z n + l 


(») t l = Zl 


^o= 7 2 7 =2 

1 + % 

/ Z L 


(iii )7i-z.- S5 -K.-r%-0 

+Z o 

(iv) T, = ^ = / 

'• 2Z„ 


Prob. 11.12 

R+ j®L= 6.5+ j2n x 2x x 5.4x 10~ 6 = 5.5+ y‘42.75 

R+j®C = 8.4 x 70 J + y2it x2x/0S 27.5x 70‘" = (s.4+ y0.27)x 70~ J 


7? + y'cuZ, 


6.5+ j4273 


G+jaC V (8.4 + j0.27) x 70' J 


Z 0 = 71.71Z 39.75° = 55.72+ J45.85Q 


Y = ^(/? + y'co7^)(G+ ycoC) 
= 0.45 + j0.39/m 




t t 


a 
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/ = -, but u 


P/ _ 039x 5.<5 
(o 2n x 2 x 1 O fi 


0.1738\is 


Prob.11.13 


z „ = r = 3 = jU'JTc 


Z J -©£,-» p 


©Z, 2nx 4.5x 10 9 x 2.4x 10 6 


798.33 rad / m 


©_Z, £5 

p ' L = 2.-/ x W 


= 3.542 x 10 m/s 


Prob. 11.14 


„ Z, - Z G 75 + j25 - 50 


7+|r| 1.2773 

s ~ l-\r\ ■ 0.7227 ~ IZ£Z 


Prob. 11.15 


From eq. (11.33) 
z sc = z , n z L =o~ tanhy/ 

Z oc = Z m Z L =* = tanhy/ = Z o coth (y/) 

For lossless line, y = y'P,tan(y/)= tanh(y'p/)= y'tan(p/) 


z vc = 7 Z o tan(p/),Z^ = -yZ 0 cot(p/) 


Prob. 11.16 


z ,„ = z = z , tany/ = Z„ 


sinh(y/) 

cosh(y/) 


But y/ = {o: r j2.5\0.8) = 0.56 + j2 
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si nh( x + jy) - sinh(jc) 005 ( 3 /)+ y’coshWsin^) 


l e o.K_ e -0M\ ( e o.* +e M\ 

* -‘cos 2 + j* -‘sin 2 

1 J 1 


= -0.245 + yO.0548 

cosh(x + jy) = cosh(x)cos(>’)+ j sinh(.v)sin(>') 
= -0.4831+ y'0.5362 


Z... = 


_ (65 + y‘38X-0-2454 + yl.0548) 
- 0.483 l + y0.5362 


113 + 72.726Q 


Prob. 11.17 

(a) r = -- / - ~ Z ° =- 12Q ~ 50 =0.4112 
Z,+Z 0 170 


1+ r 

r = —H = 2.397 

l-r 


(b) Z,„ = Z, 


z /. + 7 Z „ tan(/?/) 
z « + 7 Z /. tan(yflf) 


pi = —= 60° 
A 6 


Z,„ =50 i^.. t7' 50tan ) 6Q ( = 34.63Z - 40.65" ft 
50 + y'l 20 tan(60 ) =========================== 
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. A A 

But / - z = — or z — I — - 

8 8 


= 10Z25" (A)( e i*A - jQ2619e 
' 1.035Z15" l 50 A 


= 0.2Z40" A 


n 2n A _ n _ V, _ 10e y25 
L ~ Z7 ” 50<?' 30 " 

0.2*-'V w ' 

= 0.2e j4O °A 


= 0.2e' 


Prob. 11.20 


(a) fil = i x 100 = 25ra</ = 1432.4° = 352.4° 

z =6(( y40+y60lan352 - 4 * l=y29.375n 
[ 60-40 tan352.4° J - - 


y ( z.o ) . v ..^ a -r,. 1 _ 

Z„+Z ! ’ y29.375 + 50 - y40 

29 375Z90° 

= = 0.575Z102" 

51.116Z-12" —— 


(6) Z,„ = Z L = ;40Q. 

V,=V,{Z=l), V m ~V L e» 

V, = V 0 e~ jf * = (o.575e >lo2 ° )(e _j3524 °) 
= 0.575Z- 250.4" 





29 ° 


( c ) J31 =-x4 = lrad = 573° 

4 


Z... = 60 


j'40 + J60 tan 57.3“ 
60-40 tan 57.3" 


= - y'3487.1 IQ. 


V = F,e 7 ^ = (0.575Z - 250.4" )t> /5TJ * 

= 0.575Z -193.1". 

(d) 3m from the source is the same as 97m from the load. 


/ = 100 - 3 = 91m, pi = - x 97 = 24.25 rad = 309.42" 

4 


Z, =60 


/40 + y60 tan 309.42° 
60 -40 tan 309.42° 


= -/18.2Q 


F = F,e 7/y = K575Z-250.4" )? 730942 ° 
= 0.575Z59.02". 

Prob. 11.21 

y« = y(1.25A) = | + 360", 

tan/3? oo 

Z- = = 46.875Q. 

V o =V(Z = 0) = 


Z- m + Zc 


F„ = 48.39F. 


for a loss less line, 

|F a | = |F(Z = 0)1 = 48.39. 


i.e. 
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Prob. 11.22 

Using the Smith chart, Z, = ——= 0.6 - / 0.35 

' 100 

At C, Z,„ =Z, = 60 -y 35 

= 60 -j 35 =0 8 - o ,4667 
75 

/ = —->-x 720 ' = 540 ' 

4 4 


At B, Z OT = 75 ( 0.95 + y 0 . 54 ) = 71.25 + j 40.5 

Z/ =71,25-^^425^. 08 i 


450 ' = 360 °+ 90 ' 


At A, Z,„ = 50 ( 1.4 + j 0 . 81 ) = 70 + > 40.50 

Prob. 11.23 


V t =v s (z = 0) = v;+v; (i) 

V 2 =V s (Z=l) = V;e-’ , +V 0 -e>' (2) 

K* P" 

I,=/,(Z = 0 ) = ^— -f- ( 3 ) 

/ ; =-/,(Z = /) = -^l' e "+^e ' 1 ( 4 ) 

(l) + (3)-» K.- = i(^, 

(i)-(3)->r;=i(r,-z„/,) 

Substituting P a + and P a " in (2) gives 

V^Uy^Z.l x y~* 

= i(<r'+< ! -'> l +i Z,(e-"-«")/, 

I' ; = cosh 1' +Z () sinh^//, 


( 5 ) 
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Substituting V* and V 0 in (4), 

+ 2J, )e'" + ~ ZJ, )e" 


— (e'-e-'W, 


/ 2 =-sinh^/F, -cosh;//. 

From (5) and (6) 

\ v ] f cosh;/ Z a sinh^lr^ 


/J sinh^ -cosh;/ |y ( 


cosh;/ Z 0 sinh;/ 
^-sinh/j -cosh;/ 


cosh;/ Z a sinh;/ 
—sinh;/ -cosh;/ 


-jr -| T cosh;/ Z 0 sinh^/lr r/ 

K i _ i '2 

/ —sinh;/ cosh;/ _/ 


Prob. 11.24 

Method 1: 


_ 80-y60 ,, 

Z =-= 1.6 - ; 1.2 

50 


, u 0.8x3x10* AO 

A = — — --— = 0.8m 

/ 3x10* V 


/, = -j- m = 2. lm -* 720* x — = 5 revolutions + 90* 



AtG, Z m =0.44-y0.4 
Z in = Z in Z a = 50(0.44 - y0.4) 

= 22 - y 20Q 

l ^^ 0 - 4624 ^ 50 - 5 

T = 0.4624Z50.5* 
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z in— z in 


tan pi = 


cd 

tan— = tan 


u 


2;rx3xl0 8 

0.8x3x10 s 


( 2 . 1 ) 


= tanf 21 x — 
4 


V 


= 1 


Z =Z 

in c 


z l + JZ 0 tan/ff 
\z o +jZ' L vuL0i\ 



80-y'60+y'50xl 
50+y80-y60x1 


= 29.6Z - 43.152° = 21.6- ?0.2Q 

r - Z ^~ Z 0 ^ 80-760-50 = 3-y'6 
Z L +Z 0 80-y60+50 13-y6 


|r)=|r' = 0.468$ but 


0.4685Z-38.66’ 


K 


0 r =9 r + 2 x — = -38.66“ + 90“ = 51.34“ 
r 4 

T = 0.4685Z51.34“ 


Prob. 11.25 

Z =^ = — +7l5 ° = 1.5 + y'2.5 
Z„ 60 

. m 3x10* , , n 2, 

2 = — - -- = 15m, / = 10m = — X 

f 20x 10 6 3 


If X —> 720°, then — X —> 480“ = 1 revolution +120° 
3 
















(a) Z m = =-^ 5 ” = 1 -6 + j\ .067 

|rj = — = = 0.4367, 0 V = 38° 

1 1 OQ 8.7cm r 


T = 0.4367Z38”, 5 = 2.6 


( b ) The Load is purely resistive at s. 
G r = 38’ 


But 720” -» X, hence 38” 


0.053Z from the load 


Prob. 11.27 



(a) If X -> 720°, then — - x 720° = 450° ■ 

O Q 

Z„ 75 

z in =0 + J4, Z m = Z 0 Z M = 75C/4) = 73000 

(b) = 25 ~ 765 =0.333-/0.867 























(C) 



r = 0.3 + yo.4 
= 0.5Z53.13° 


OP 

OQ 


= 0.5 


z m ~ l-7 + y'1.35 


Prob. 11.29 



If X 


270°, then - 
6 


z in =0.35 + y0.24 


Prob. 11.30 


(a) Z. ■ = | 5 

m Z c 80 J 

, m 0.8x3x10* 

A = — = ----— =20 m 


f 

/, - 22 m ~ 


l 2 = 28 m = 


12 x 10 


22 A 
20 
28 A 
20 


= 1.1 A 720 ° + 72° 

= 1.4A -► 720 0 + 72° 4 - 216 ° 


To locate P(the load), we move 2 revolution s 
plus 72 ° toward the load. At P, 


1 1 OQ 9.2cm 

e v = 72° - 47° = 25 ° 

T, = 0.5543 Z 25 ° 

Z „ . max = „ = 3.7(80 ) = 296 Q 

= L.,, iL . 21 , 622 a 


5.1cm 



Z „ , min 












(b) Also, at P, Z, = 2.3 + >1.55 


Z, = 80(2.3 + >1.55) = 184 + >1240 
At S, .y = 3/7 

To Locate Z in , we move 216° from Z in toward the geneator. 
At Z| n , 

Z m = 0.48 + >0.76 

z m = 80(0.48 + >0.76) = 38.4 + >60.80 


(c) Between Z L and Z in , we move 2 revolutions and 72°. During 
the movement, we pass through Z in raax 3 times and Z tn mjn twice. 
Thus there are: 



-90* 


(a) — = 120 cm -» T = 2.4/w 


,,, . w 3x10® 

w = /T —>■ / = — =-= \25 MHz 

A 2.4 — 

, u 40T /l 720° 

(b) 40c/w= —— =->-= 120 c 

240 6 6 

= 150(0.48 + >0.48 

= 72+ >72 

<0 l P l~ = ^ = °444. 


r = 0.444Z120° 


























/ = 0.2,1 -)-720°x0.2 = 144° 

V 2+ i 

z,„ = =- J — = 200 +yioo 

/, lOxlO’ 3 J 

Z, n ~ = 2.667 + j\ .33 

Z, =0.3 + y'O.12 

Z/ = 75(0.3 + yO. 12) = 22.5+ y9Q, s = 3A 




= Z.i.e. Z 
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Z 3 Z 3 

From (1) and (2), (Z.,)’ = Z„Z\ = 

or Z„, = </gz7 = 4 J( 50) 3 (75) = 53.33Q 

From (3), Z„ 2 = 3 Jz^z[ = V(55.33)(75) 2 = 67.74Q. 


Prob. 11.36 


— -> 180°, Z. = — = 1.48, — = 0.6756 
4 4 50 Z, 


This acts as the Load to the left line. But there are two such loads in parallel due to 
the two lines on the right. Thus 


Z, = 50-^- = 25(0.6756) = 16.892 

Z, = ? 6 ' 892 = 0.3378, Z,„ = 4- = 2.96 
7 50 " Z t 

Z,„ = 50(2.96) = 148Q. 

Prob. 11.37 

From the previous problem, Z m = 1480 

/,„ = ——— = 120 = 0.5263/1 

Z x +Z m 80 + 148 

= ^(0.5263) 2 (148) = 20.5W 

Since the lines are lossless, the average power delivered to either antenna is 10.25PF 


Prob. 11.38 

(a) /?/ = —.— = —, tan >9/ = oo 

4 4 2 


z - z Z/ + • /Z ° tan>af U z ^ tan ^ 


Z 0 + JZ, tan pi 


+ jZ„ 


~^ s — + jZ, 
tan pi 


As tan pi — ► oo. 


z = = (50)_ = 25Q 

Z, 100 — 
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(b) If Z, = 0, 


Z m = = 2 (°P en ) 

(c) Z l =25//oo = ||^ = -ii ? = 25n 
25 + oo j ^ 25 


Z,„ =^11 = 1000 
25 — 


Prob. 11.39 

. z z 2 z, 

A = t -► z «. = — or y M = +- 

200 + yi50 _ „ 

> , „ 1 i =-r— = 20 + j 15 mS 

1 (100) 2 y 


l 2=T^> Z in2 = Zl iim 0 Z o 


Zj, + yz„ tan 


Z 0 +jZ L tan- 

4 y 


^2 = - 7 - = = -yiOmS 

yZ 0 yioo 


/,=--> z._, = z„ 


z, + yz e tan 


4 J _ z 0 (z, -yzj 


Z„+Atan^l (Z “ ' ,Z ' ) 


y ( = y in . + y in 2 = 2 o+j 5 ms 

z, = — = 1000 = 47.06-yi 1.76 
y 8 20+J5 


z o -yz o 100-j47.06-11,76 

• Vm3 z 0 (z,-yzj 100(47.06 - j 111.76 - j 100) 
= -6.408 + y'5.1890 mS 
If the shorted section were often, 

= 20 + yi 5 mS 

1 y tan n /. 1 

V’ ( „ = — ---— = — = yi 0 mS 

z„„ z„ 100 
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Z, + jZ n tan — , v 

, _ !^_ . 7 , l 4j z„(z, -yz„) 

1 * *’ "f 7 , , 7jr'| (Z 

Z„ + /Z, tan — v " J ' ’ 

l 4 J 

X = + ^2 = 20 + >15 + >10 = 20 + >25 mS 

Z, = — = 1000 = 19.51 - y 24.39Q 

>• 20+ >25 


Z. - A 


75.61 -jl9.51 


Z m (Z,-jZ.) 100(19.51->124.39) 


= 2.461 + >5.691 mS 


Prob. 11.40 


Z, 60->50 


= 1 . 2->1 



r = 1 circle 


At A, y = 1 + j0.92, y s = -j0.92 


Y s = Y n y t = ■ i ° - 2 =->18.4mS 

s oJs 5Q i 
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d t =-= 0.1778/1 

720° " 

52" 

L t =-/l = 0.0722/1 

720" = 


Prob. 11.43 


V 4V 

S _ —max_ _ _ 4 

V mm IV = 

|r| = — = - = o.6 

11 j + 1 3 


— = 25 cm - 5 cm = 20 cm 
2 

—> X = 40 cm 


The load is l=5cm from V mm , i.e. 


/ = —= - -» 90° 
40 8 


■\o I ^min 



On the s = 4 circle, move 90° from V m \ n towards the load and obtain Zl = 0.46 - j0.88 at 


Z L = Z 0 Z L = 60(0.46-j0.88) = 27.6-j52.8Q 


6 V = 270° or 90 c 
T = 0.6Z - 90° 


Prob. 11.44 


— =32-12 = 20 cm —> A = 40 cm 
2 

a = 2xio^ 












03 Q 

/ = 21-12 = 9 cm =->—x 720" =162' 

402 40 

At P, z L = 2.6- yl.2 

Z L = z, Z 0 =50(2.6- yi.2)=130-y60Q 


Prob. 11.45 


K... 0.95 


- = 22.5-14 = 8.5 -» /l = 17 cm 
2 

/ = f. = lllL = 1.764 GHz 
A 0.17 — 


/ = 3.2 cm = — A 
17 


135.5° 


At P, Z L = 1.4-70.8 

Z L = 50(l .4 - y0.8) = 70-y40Q 

|r| = — = — = 0.357, 0 r = 
1 1 5 + 1 3.11 r 

Id = 0.357Z -44.5° 


-44.5 



Prob. 11.46 

At z = 0,t = 0‘,v D = —— 7 —— V g 

t, = — = transit time or time delay. Hence, 
u 

v(u;) 

v(i.t,*)=v 0 +r L v 0 
v(i,i;)=K+ r L v„ 

Hw)=K+ r L K 0 +r 0 r L r„ 

K'X )=r. + + r a r L v„ + r 0 r, ! f; 

K'.7<,*)=^(i + r L + r 0 r, +r c r, ! + r,’r, 2 ) 


and so on. When t» 





We only need the voltage bounce diagram because we can obtain 1(1, t) from V(l, t)/Zi 



(Voltage bounce diagram) 














317 


We obtain V(l, t) from the bounce diagram and divide by Zi = 100Q to obtain 1(1, t) 


4 

t- 

-0.6 

150 mA 

—i 142.5mA 


14 Uns) 
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Prob. 11.48 

r _ z /.- z « - 0 - 5Z o - z » 1 

' Z, + Z„ 1.5Z # 3 

r _ ~ z<> _ i 

* Z,+Z. 3Z 0 3 

',=- = 2/o, n=^-(27)=9V, /„=^ = 180mA 
“ 3Z 0 Z„ 

^—r =— (27) = 5.4V, l„= — = 216mA 

The voltage and current bounce diagram are shown below 



(Voltage bounce diagram) (Current bounce diagram) 

























(100) =60 


c 


Prob. 11.49 


: 


Z n 4- Z 0 


V. 


f 

75 + 54 


t -1- 
1 u 


200 
2 xlO 8 


= lps 



From the bounce diagram, we obtain V(l,t) as shown below. 



V(l,t) 


80V 


75.026V 
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Prob.11.51 


w 


w = 1.5cm, h = lcm, — = 1.5 

h 


(a) e. 


f 6 +1 


2 


e, - 1 


2Vl + 12h/w 
377 


= 1.6 + 


0.6 


Vl +12/1.5 
281 


= 1.8 


VL8 (1.5+ 1.393+ 0.667 In (2.944)) 3.613 


= 77.77|i 


(b) a, = 8.686— 


W] 




R. = 


1 


Uinf |19x2.5x10 x471x10' 


or a 


l.lxlO 7 


= 2.995 x 10’ 2 
8.686x2.995x1 O' 2 


a i = 


1.5xlO~ 2 x 77.77 


= 0.223^0/m 


c . u 

U —— 7= 1 : . —> A, =— = 


3xl0 8 


f fyfe 2.5x10’ VT8 


= 8.944x10 


-2 


a - 27 3 x 0 8 ( 2 - 2 ) 2xlQ ~ 2 _ 96.096 
ad “ ' X 1.2 1.8 8.944x1 O' 2 “19.319 

a d = 4.974dB/m 

(c) a = a, + a d = 5.197dB/m 

20 20 

al = 20dB -> 1 = — = ——— = 3.848m 
a 5.197-- 
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Prob 11.52 

(a) Let x = w/ h. If x < 1 


60 if 8 

50 = _— In — + x 
V-L6 \x 


\!46 -6In( — + x) = 0 


we solve for x (e.g using Maple) and get x = 2.027 or 3.945 


which contradicts our assumption! that x < 1. If x > 1, 


120 ^-_ 

4.6 (x +1.393 + 0.667 In( x +1.444)) 

12^ -5V4^6(x 1.393 0.667 In (x +1.44)) 


solving for x, we obtain x = 1.42 = — 

h 

w = 1.42x8 = 11.36m 


4 


nc _ 3 x 10 8 

4f efr 2 jrf ~ 8 x4.6x8x!0 9 


1 = 0.102m 


Prob. 11.53 


c n . u* 0.4 mm 

For w = 0.4 mm. — =-= 0.2 

h 2 m 


narrow strip 
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„ 12 _ 1 f 8.6 Y n 1 . 4^1 

^2(9.6 +1) 2V10.6A 2 9.6 n) 


= 0.4057(0.4516+0.02516) 
= 0.1934 

C = In — + — (0.2) 2 =3.69 
0.2 32 v ' 

Z 0 = A(C -B) = 2.606(3.69 - 0.1934) = 9.1120 

iv 8 

For w = 8mm, — = — = 4 —> wide strip. 
h 2 

D = ^ = 60.84 


V9j6 


£ = 2.0+ 0.4413 +0.08226 x 


8.6 

N 2 


+ 


10.6 
2^(9.6) 


(l .452 + In 2.94) = 2.449 + 0.4447 


= 2.8936 


Thus, 


=2|Q3 

0 E 2.8936 


9.1120 < Z„ <21.030 


Prob 11.54 


Suppose we guess that w/h < 2 


75 

60 V 2 


A-^JH + —fo.23 + —^ 
2 3.3 l 2.3 


= 1.715 


8e 


44.453 


w 

h ~ e 2A - 2 28.88 


= 1.539 —> w = 1,539h = 


If we guess that w/h > 2, 


60;r 


60;r 2 




= 3.808 


1.85mm 
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Thus 


w 

h~ 


2 

K 


2.803 -In 6.6 15 + —f 7«2.808 + 0.39 - 


Mi 

4.6 ( 


0.61 

2.3 


= 0.793* >2 
w 

— = 1.539< 2 
h 


= 33 
“ 22 


+ - 
2 


1.3 


1 + 


12 

1.539 


= 1.869 


in® 

= V—-- =2.194x10* m/s 
VT869 . 
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CHAPTER 12 


P. E. 12.1 (a) For TE, 0 , f c = 3 GHz, 


I1 - (/ c / /)* = yfi^T/Tyj 7 = \f0S>6 , - (o I u () = Anf / c 


n •'*/ /^ 7 T - 4tix15x10 9 , - 

P =-v0.9<5 = — , „ — yj0.96 = <$/5.6 rad/m 

c 3x10 — 1,1 


a) 2nxl5xl0 9 „ 

u = - = —tttt— = 1.531x10* m/s 
p - 

, Z/7 50n 

7 = 1/7 “ 6°*' 1 r,---^-->92An 


(b)For TM„, f c = 3/725 GHz, Jl - (/ //) ! =0.8426 


„ 4nf 4nxl5x10 9 (0.8426) 

P =- (0.8426) =- g -= 529.4 rad/m 

c Jjc/0 = 


a 2nxl5xl0 9 
" = T 529.4 


t| 7U = 60n (0.8426) = 158J8Q 


P. E. 12.2 (a) Since £. * 0, this is a TM mode 


< _ 

E :s = E 0 s\n(m7cx! a)sm(nxy ! b)e~ ,p: 


E 0 = 20, -= 40x 

a 

i.e. TM?i mode. 


m=2, 


= 50;r 


(b) f c = yV("» /a ) 2 + («/^) 2 = ^y-V40 2 + 50 2 = 1.5>/4T GHz 


p= co =— iF^u 


2nxl0 9 , - 

,-/* yl225 - 92.25 =2 41.3 rad/m 

a - = - 


E xs - (40^)20cos40/rxs\n50j}'e~ l/k 

n 

-jp 

\ £ l% = -^-(50/T)20sin40/T,xcos50/Tve # ‘ 

i /2 “ 




1.25 tan 40n x cot 50 ny 


P. E. 12.3 If TEn mode is assumed, f c and /? remain the same. 
f c = 28.57 GHz, p = 1718.81 rad/m. y = jp 


377/2 


= 229.69 0 


V 1 - (28.57 7 5 °) 2 

For m=l, n=3, the field components are: 


E 7 =0 


H. = H 0 cos(/rx / a)cos(3^v / 6)cos(<y/ - Pz) 
o)H ( 3/r) 

E x = - —y \ — H a cos(;rx / a)sin(3/ry /6)sin(<y/ - Pz) 
h \ b J 

0)fi f Tt} 

E y = —f y —J // 0 sin(^x / a) sin(3^y / />) sin(<y/ - /fe) 

rr ^ rr _/ _\__/ t\ _!„ / n \ 


// x = - 7T^~J H 0 sin(^x / a) cos(3^y / Z>) sin(<y t - Pz) 
p (3x\ 

H y = -—j-y ~J H a cos(/nr / a) sm(3/z}> / b) sin(<y/ - Pz) 


Given that H ox = 2= - ~^{n!a)H 0 , 


H oy = -y(3z/b)H a * 6a/b = 6(1.5)/ 8 = 11.25 


H n . = H = - 


2jPa_ -2x14.5br 2 jd0 4 jd.5xl(r 2 
Pk " 1718.81/r 


(DU ( ) 2 (Dll 


E ox = -£„—= 459.4(4.5 / 0.8) = 2584.1 


oy b 


E x = 2584.1 cos(;rx/ a) sinO^/ b) sin(<y/ - pz) V/m, 


E t = -459.4sin(^x/a)sin(3/7>’//?)sin((yr - pz) V/m. 


E z = 0. 
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H y = 1 \25cos(nx / a)s\n(5xy / b)s\n(a)t - (3z) A/m, 
H. = -1.96cos{nx / a) cosOfry / b)cos((ot - (3z) A/m 


P. E. 12.4 


fcU = 2 \a 2+ b 2 


3jc10 8 x10 2 


T/8.636 2 + 1/4.318 2 = 3.883 GHz 


3x10 s 

ll-(3.883/4) : 


= 12.5x10 H m/s. 


9xl0' 6 

u ‘-l ]rf = a£'"' i 


P. E. 12.5 The dominant mode becomes TEoi mode 


feoi = 2b = 375 GHz, t] TE = 406.7Q 


From Example 12.2, 


E x = —E 0 sin(3^y / Z>)sin(<y/ - fiz ), where E a - H 0 

71 


f 

■>jt=o Jv=o 2n ^ 


E 2 ab 


!vo 27 


Hence E 0 = 63.77 V/m as in Example 12.5. 


„ 7t£„ Ttxdi.77 

H 0 ~ 7- 7 77Jn 7 777? —. . = 63.34 mA/m 

cop£> 2nxl0 x4nxI0 x4xl0 2 ===== 


P. E. 12.6 (a) For m=l, n=0, f c =u’/(2a) 


cos 2nx9xl0 2 x2.6xl0~ 9 /(36n) 1.3 

Hence, 


1 , rrr 3 * 10 " 

~r= = c/ V 2 - 6 * A = T~T~7 = 3.876 GHz 

2.v2.4.vl0 VT6 
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10- |5 x377 / VZ6 


2V1 - (/, / /) 2 2^1- (3.876/9) 


- = 1.295x10' Np/m 


For n = 0, m=l, 




2^/26ylnx9xIQ 9 xl.lxlO' x4nxl0~ r 
377xl.5xl0~ 2 xl.lxl0 7 yjT- (5.57(5/9)' 


[0.5+ (2.4//.5)(5.S76/9) 2 ] = 3J48xlO^ Np/m 


(.)Since a c >> s a c = 3.148xl0' 2 

loss = al = 3.148x10' 2 jc0.4= 1.259x 10' 2 Np = 0.1093 dB 
P. E. 12.7 For TMi 1 , m = 1 = n, 


= E a sin(/nr / a) sin(^y / 6)e"' 5r 


E„ = - / a)E 0 cos(zx / a)sin(xy / fye' 1 * 

E^ = - ^y(;r t b)E 0 sm{nx I a) cx>s{jty I b)e' r ' 
jcoe 

H xs = —y-(/r /b)E a sin(/rxr/a)cos(/i}'/6)e~ ri 

r2 f 

7/^ = - - 75 -(* / a)7s 0 cos(xx/a)sin(xy/Z>)e“ ,r 
//„ = 0 

For the electric field lines, 


dy E 

— = — = (a/b) tan(^c / a)cot(/z>> / 6) 


For the magnetic field lines 


dx~ H. 


- -(a / b) cot(x.v /a)tan(/ 7 >’ / A) 
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E v H v 

Notice that (—)(—) = - 1 

E x H x 


showing that the electric and magnetic field lines are mutually orthogonal. The field 
lines are as shown in Fig. 12.14. 

P. E. 12.8 

I5xlO l(> ,_ 

fn:,o, = 1 r=— yfTnJToVTnod = 1.936 ghz 


077-10. = ^ Where 


(nf wx no c Vflxl-936xl0 9 x4/rxl0~ 7 x5.8xl0 7 


= 1.5x10 


Qnm = 61x1 J = '22E 


Prob. 12.1 (a) For TM mn modes, H z = 0 


E ;s = E a sm(xx / a)sm(xy / fye'* 

Using eq. (12.15), all field components vanish for TMoi and TM| 

€ 

(b) See text. 

Prob. 12.2 (a) 


-r-r 3x10 

i 2 + 1/b 2 = —7=- 

2^4x10- 


f =-jl/a 2 + 1/b 2 = —F= - 7 V//2~ + //j = 4307 GHz 

J c o ===== 


I -7 (o I 71 2^x20x10 9 >/4 /-7 

0 --(/.//) =-^5-V-(«08/20) 2 


816.2 rad/m 
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/0 2nx20xl0 9 

u- to / 0 = 7777 ^ 7 — = 1-54x10 8 m/s 

61021 === 


Prob. 12.3 (a) 

f‘ - 7 V(/«/a)’+ («/*)•’ = + = ^-PUPTiP GHz 


Mode 

F c (GHz) 

TEo, 

0.8333 

TEjo, TE 02 

1.667 

TEii, TMji 

1.863 

te 12> tm 13 

2.357 

TE 03 “1 

2.5 

TE|3, TM 13 

3 

TE 04 

3.333 

TE|4 t TM|4 

3.727 

te 05 . te 23 ,tm 2 3 

4.167 

1 E,5, TM,5 

4.488 


(b)The highest possible mode is TEi S or TM| S . 


*1 '=-£-= 41-89, V 7 - (X >f) 2 = yjl~ (4.488/4.5) 2 = 0.073 


V 41.89 

’ lrc,J = V^Z77F = ^ = — 


1»»=1 'Jl-lfj n= 30580 . 

,.V -- 

(c) The lowest mode is TEoi 


u’ =c/9, w g = u'y[7^(fjjy = jl-(0.8333/4.5) 2 = 3.276x10 8 m/s 


Prob. 12.4 a/b = 3 


/- =- 


^ a = 3b 

»/' ijc/0 8 

2f c , 0 ~ 2xl8xl0 9 


m = 0.833cm 


A design could be a = 9mm. b = 3mm. 
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Prob. 12.5 For the dominant mode. 


c 3x10 s 


(a) It will not pass the AM signal, (b) it will pass the FM sipnal 


Prob. 12.6 (a) For TEio mode, / 


^ u' 3x10 s 

Or a = —— = ~ ~ — 9 = 3 cm 
2f c , 0 2x5x10 — 


For TEqi mode, f c 


u' 3x10 s 


- 1.25 cm 


_ IS— _ - — _ , _ , _,n — 1 Will 

Or 2f c 2x12x10 9 = 

(b) Since a > b, 1/a < 1/b, the next higher modes are calculated as shown below. 


Mode 

f c (GHz) 

TE.o 

5 

*te 20 

10 

te 30 

15 

TE40 

20 

*TE 0 , 

12 

TE02 

24 

*TE„ 

13 

te 2I 

15.62 


The next three higher modes are starred ones, i.e . TE™ TE m JTEi 

(c> ^i=7hr 2x, ° am/s 

ForTEn modes. 


, 3 xio H n t~ 

^ ~ 2xI0~ : yf225 V J* + 1.25 2 ~ — GHz 


Prob. 12.7 

o) ii 3 x 10 H 

u= = 1 =t = 7= = 6:9"5x10 m/s 

P J/-(./'//)• Ji-(6.5r.2y 
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21 300 

t = —= A ~ — s = 430 ns 
u 6.975x10 = 


Prob. 12.8 


fc = —yj(m/a) : + (n/b) : 
fell = fc 03 -► 


^Ju/ay' + o/b ) 2 = 


j?__ J_ ]_ 

b 2 = a 2 + b 2 


fcO) ~ 


. 3c 9x10 s 
b = 7y . — = , ~ ~ 9 = 3.75 cm 
21 n} 2x12x10 


a= 1.32 cm, b = 3.75 cm 
Since a < b, the dominant mode is TEoi 

, c 3x10 s 

GHz<f=8GHz 

Hence, the dominant mode will proprogate . 

Prob. 12.9 E.t 0. This must be TM 23 mode (m=2, n=3). Since a= 2b, 


, c j— 2 — —7 3x10 s 1 - co 10 12 

fc - Tb' lm * 4n - l5Jil GHz ’ f=H = 1592 GHz 


377yjl-(15.81 /159.2) 2 


= 375.1 S2 


J =- a 

ave - 

^*1 m 


p ^ zi - 

— -r— [(2* / a) 2 cos 2 (2 kx / a)s\n 2 (3ny / b) + (3n / b) 2 sin 2 (2nx / a) cos 2 (3ny /b)]a. 

Zrl f| /Kf J - 







(d)For TE mode. 


© n 

E y = —— (mn / a) H n sin(mn x / a) cos(«it y / ti) sin(© t - p z) 
-P 

H x = -^-(/wr / a)H 0 sin(nmx / a)cos(nny / b)sin(® t - Pz) 
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H = — : — = , = 1.267 mA/m 

“ n n: 4n 2 xl00 


H x = -1.267 sm(mnx /a)cos(my!b)s\n((s>t - 0z) mA/m 


Prob. 12.11 (a) Since m=2, n=3, the mode is TE?* 


(b) I-(/.//)■' - 

But 


fc = + (n/b) 2 = 'j(2t2J&6) 2 + {3! 1J016) 3 = -/d./9 GHz, f = 50 GHz 


. 271x50x70 I -7 

r - - . y x j^ yjl- J6.19150) 2 = 400.68 rad/m 


y = y'P = j400.7 /m 


, x n’ 577 

(c) H = / T = - r = 98530 

yl~ (46J 9 / 50) 2 — 


Prob. 12.12 


j b a 

ZT I >/=0 0 


= —r-(rc /a)// 0 cos(7c^/a)sin(7r>^/Z))^'' yPr 


= -^rC 71 / b)E 0 sin(nx / a)cos(ny / b)e~ J?: 


P„ = 




^*1 7 ;v//y h 


— E a 2 [— J cos* (jtx / a)£ic | sin 2 (7tx / 6)c/y 


y W n 

77 |sin 2 (jix / Jcos 2 (nx / />)c/y] 


/ p*jt* , / / 

"TT-77-f.;[—+TT](fl/2KA/2) 

-n run h “ h 
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2 2 2 l 2 

, 7 t 7 t a + b 
Note that hr = — + —r = —tt 
ar Zr a A* 


_ p *’£•,; aV 

n„„, o-’ + i' 


Prob. 12.13 (a) 

/, = jV(m/o)’+( n /A) ; , P = P 

u' X' 

u = (D /B = , ■ , A. = 2n / P = / . 

Ji-wj/y jnjjjy 


(b) If a = 2b = 2.5cm, f = 

Jc 2a 

, ^ 4.046x10 s 

x = " //= lw^ r= ^ cm 

For TE 21 , 


For TEn, 

3x70* 

7 —=—=-- = = 4.06 x10 s m/s 

\l-(13.42/20)* —. 


f ‘-^nF 47r4 -‘ 6 - 97 <**• - 


3*70* 


ll-(16.97/20)- y 


= 5.669x10 s m/s 


5.669x10 s 

X = u/ f = —g = 2 .#3 4 cm 
y 200x10 s =*= 


Prob. 12.14 (a) 

w’ ,- 7 - 7 3x10 s 

/.- 7 V<»/«>’ 


’/1+4/9= 18.03 GHz 


f= 1.2 £- = 21.63 GHz 


(b) Jl~(f c /f) 2 = V/- (//A 2) 2 = 0.552S 


m„ = ; 6 -= =- = - = 5.427x10 s m/s 

r V/-(/;//) 0-5^25 —— 

1 /, = 1 J 7 - (./; //)-' = 3x10 s x0.5528 = 1.658x10 s m/s 
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Prob. 12.15 

f c = S -~- V(m/ 0.02S') 2 + (w/ 0.0If = 75V«’+ (w/2.5)’ GHz 
f C io = 6 GHz, f C 2 o = 12 GHz, f c oi = 15 GHz. 

Since foo, f c |0 > 1 1 GHz, only the dominant TEio mode is propagated. 

u n l 1 

(a) -*= , .■- = i U93 


(b) -*- = yll-(6/lly = 0.535/ 


Prob. 12.16 Let F= J/- (/ c //)* = V/- (16124) 2 = 0.7453 


—r= - - 7 - = 2x1 0 s , u„= — 


= «’F = 2x10 s xO.7453 = lJ9Jxl£ m/s j 


*1 re = n’/F: 


' 1.5x0.7453 


= 337.20 


Prob. 12.17 In free space. 


c 3x/0 s 


v 2 ’ f' ~ In ~ 


!l-(f c /f) 2 2a 2x5x1 °' 


= 3 GHz 


jl- (3/8) 2 


= 406.7 


ti’ 120 it n' c 


3x10 s 80n 

f r =- , /- = 2 GHz, n, = -j . = = 52.62 

Jc 2x5xl0~ 2 y[225 12 yfTfJiW 

n , - n , 82.62 - 406.7 

r = ——- =-= -0.662 

n 2 + ii/ 82.62+406.7 


l+\r\ 1.662 

s= — L - ! =-= 4 917 

l-\r\ 0.338 =^— 
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Prob. 12.18 Substituting E. = R0Z into the wave equation. 


0Z d RZ 

— — {pR')*—0'\R0Z'\k 2 R0Z = 0 
P dp p* 


Dividing by R0Z< 


Id 0" , Z” 

——(p/?')+ —r+ k 2 = - — = -k; 
Rp dp 0p Z 


i.e. Z"-k 2 Z = 0 


1 d 0" 

——(pR')+T-7+(k 2 + k. 2 )= 0 
Rp dp VK ’ 0p 2 v - ’ 


O'\k 2 0 = 0 


p — (pR') + (& p 2 p 2 - k^ 2 )R = 0, where k p 2 = k 2 + k 2 . Hence 


p 2 R"+pR'+(k p 2 p 2 - k^)R= 0 


Prob. 12.19 


„ \EJ+\EJ <o 2 pV it2 . 2 /f 

3ve =- -r - a : = - rjr 4 H 0 sm %y/ba : 


Y ds = 2 \\b 2 h 4 H ° J J sir,i ny/bdxdy 

* jc =0 vsO 


r377 H 2 ab / 2 

i h 


(nn / a ) 2 + ( m. / b )" = 
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o ) 2 \i 2 ab 3 H n 2 


Prob. 12.20 


I Tin/ nxl2xl0 9 x4nx!0' 7 , 

R <= f-= - JIHo' - = 2 “ 


fc, ° = 2a = 2^x2xl0- 2 = 4651 ° Hz 


fc “ = 2 a 2 + b 2 


10.4 GHz 


u 377 

ij'= •> - = ~r= = 233.810 
1 Ve V2Z 


(a) For TEio mode, eq.(12.57) gives 


a d + = v _ ® V + k x + +>!»<*,/ 


= y-(D 2 /u 2 + -^ 2 + j®\ia d 


2nxl2xl0 9 ) it 2 g 7 _ 

~~J^fo 8 — (2.6)+j2nxl2x10 x4nxl0~ xW 


(2x10 ) 


= 0.012682 +j373.57 


a rf = 0.012682 Np/m 


a 2/? * !.LL 

tn'JT^cTT/yb a / 


2x2.858x10 * 1 1 4.651 

-T- / ~ + “(—TT-) = 0-/525 Np/m 

10-‘(233.81)J/-(4JS51 /12) 2 2 2 12 — 


(b) ForTEn mode. 


a / /Pj = -J-o : ///' * //a : + 1 /b~ /(!)|io 







342 


= J-139556.21 + + j9.4748 = 0.02344+ j202.14 

a d = 0.02344 Np/m 


2R, 

' (b / a) 3 + l' 

2x2.858xl0- 2 

' (1/8)+ l' 


(b/a) 2 + / 

1 O' 2 (233.81)^1- (10.4/12) : 

(1/4) +1 


a c = 0.0441 Np/m 


Prob. 12.21 e = e- it"- e - j — 

CD 

Comparing this with 


t c =16t o {l-jl0- 4 )= I6t a - j!6t o xl0 


-4 


e = I6t a , — = 16t o xl0 

0) 


-4 


ForTM 2 i mode, 


f = — 
Jc 2 


nS_ rf_ 
a 2 + b 2 


vn 


= 4.193 GHz, / = 1.1 f c = 4.6123 GHz 


/O' 


o = 16t o (axl0- 4 = 16x2nx4.6123xl0 9 x——xl0 4 = 4.1x10~ 4 

36n 


-f; 


n’= \hr = 30n 


a j = 


on 


4.1xl0~ 4 x30n 


AM/c//) 2 " 2 yfrJTJn 


= 0.04637 Np/m 


Ee a " : = 0.8 E^ 


z = 


In (1/0.8)= 4.811 cm 


Prob. 12.22 ForTM 2 i mode. 


2R. 


a = 


l '~ for >//-(/.//)*’ 




343 


1 fri \nx46123xl0 9 x4nxl0~ 7 , 

R =-= — = J --r-= 3.484x10" 

' a 5 Vo, V 7-5x70' 


2x3.48x10 ‘ ^ VI , 

a , =-;--—— = 0.04406 Np/m 

4nxl0 * x30nx0.4166 


E.e' a ' : = 0.7 E.. 


z = — ln(l/0.7) = 8.097 m 
a, = 


Prob. 12.23 ForTEio mode. 


/c= TT = 


3x70* 


2a 2^211x4.8x10' 


2.151 


(a) loss tangent = — = J 

CO £ 


o = dicoe = 3xl0' 4 x2nx4xl0 9 x2.11x — = 1.407x10 4 

36n 

25953 


1.4067xlO' 4 x259.53 


= =- 7 --= = 2.165x10 Np/m 

\2 O / / 71 / C/7 ,A* ---- 


2jl-(f c /fY 2^1- (2.151 / 4) 


u/tc Inx4xl0 9 x4kx!0 7 , 

(b > *■-^-1 4.UI0’ = L9625XW 


2R s _ r 7 Z> J 3.925x70^(0.5 + 03x03892) 

ttC ” *>n’ Jl-ifj fY 2* a fc f ) j “ 2.4xl0' 7 x259.53x0.8431 


= 4.818x10 3 Np/m 


Prob. 12.24 (a) For TEio mode, 


C 

/. = —, W = - 7 = 

y< 2a Jz 


V277 


3x10 s 

f = 7 == -— = -/.5<S9 GHz 

A -JJTl (2x2.25x10") ~ 
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(b) a cl ,, 0 = 


Wjl-ifc'f) 


lb ,1 


^ nfy. itx5xlO* x4nxl0~ , 

,- , ,, , . -= 3.796x1O' 3 

‘ VO.. V 1.37x10 


377 

n = ^ttt = 25954 


4ui 


2x3.796x10‘[0.5 + (4.589/5) : ] 

a=- fdk - - : - = 0.05217 Np/m 

1.5x1 O' 4 {259.54) J1-(4.589 / 5)‘ 


Prob. 12.25 ForTEio mode, 


a _ 

' H'-Ji-V.'/Vl 2 a f 


But a = b, R = 


j m 
o c S V CT c 



_ Us _ L +( Ly 


where k is a constant. 


■Ji-dj/y 


^ w- (jrvn-r'' 1 - 1///•”]- fi - 2 r" ! * 


<V " i-ifjf) 1 

do. 

For minimum value, —- = 0 . This leads to f = 2.962 F . 

df 


Prob. 12.26 


a = kJ- — — --y-; , where k is a constant 
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a = k 


•2 ,2 l_ rl, 


'~ 2 f SfjjT 


For maximum a, — = 0 which implies that 
<V 




f V5/„ 


Prob. 12.27 For the TE mode to z, 

E :s = 0,H a = H 0 cos(mnx / a)cos(nny / b)sin(pnz / c) 
y dE., /©u dH /©u 

E ys = - + ~Jp —= - —^ 2 ~(mn / a)H 0 s'm(mnx/a)cos(nny/b)sin(pnz/c) 

as required. 

Y dE., /©u dH., /©u 

E a = - jp- -jp - — 2 —jp = ~j- (wt / 6)// 0 cos(w7tx / a) sin(wjtj/ / 6) sm(pit z / c) 

From Maxwell’s equation, 

d_ d_ d_ 

- y© H H s = V xE s = dx dy dz 
E„ E y , 0 


I dE 
y© \i cz 


-y(/M7i /a)(pn /c)H 0 sm(mnx/a)cos(rmy /b)cos(pnz/c) 
h 


Prob. 12.28 Maxwell’s equation can be written as 


7 ©e cE., y 

/r cv h‘ c.r 
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For a rectangular cavity, 
h 2 = k/ + k v 2 = (mn la) 2 + (m lb) 2 
For TM mode, H zs = 0 and 
E. s = E„ sin(mxx / a)sin(nny / b)cos(pitz / c) 
Thus 


y'oe dE. s ycoe 

//„ = 7 = /b)E 0 sin(mn x /a)co s (nny/b)sm(pn:/c) 

as required. 


= >e y a// :t 
“ a* ax /r ay 

ycoe 


— (w7t / a) £ 0 cos(w7tx / a) sin(nny / 6) cos(pnzl c ) 
From Maxwell’s equation, 


7<deE s = VxH s = 


ax ay az 


/ 

/j^ 


{m lb)(pn / c)E 0 sm(mnx / a)cos(nny / b)sin(pnz / c) 


i dH 

F =-— 

* > e az _ 

Prob. 12.29 

fr = y V( w/a ) 2 + ( w/ *) 2 + (p/<0 2 

where for TM mode to z, m = l, 2, 3,..., n=l, 2, 3,p = 0,1,2,.... 
and for TE mode to z, m = 1, 2, 3,..., n=l, 2, 3,p=l,2, 3,.... 

(a) If a < b < c, 1/a > i/b > 1/c, 


u' \ 1 1 

The lowest TM mode is TMno with / = — 7 + — 

2 V a' b‘ 

The lowest TE mode is TE<n 1 with / = — .1 — * -4 c —. -4 + -4 

2 V o* c' 2 \ a' b' 
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Hence the dominant mode is TF.m i 
(b) If a>b>c, I/a < 1/b < 1/c, 


The lowest TM mode is TMi 10 with f = — J-4+-4 

2\a 2 A* 

The lowest TE mode is TE 10 i with f r = - J-^+ 4 < - J-4 + — 

2 \ a c ‘ 2 \a~ b * 

Hence the dominant mode is TM i 10 
(c) If a = c > 1/b, 1/a = 1/c < 1/b, 

Th^ lowest TM mode if TMn 0 with / = — J-4+ -4 

' 2\a~ b~ 

The lowest TE mode is TE, 0 , with / = -./-4+ 4 < -J-4+ — 

2 \a 2 c 2 2\a 2 b 2 

Hence the dominant mode is TF.m . 

Prob. 12.30 

X = b5xJ0 10 yj(in/ J) 2 + («/2) 2 + (p/4)*’ Hz 

frTEOll = 154oTTJ7VTTT6 = 8.385 GHz, etc. 

The resonant frequencies are listed below. 


Modes 

Resonant frequencies 
(GHz) 

TEjoi 

"625 

TEon 

ro8 

TMno 

r^oi ~ 

TM,„ ^ 

"9J6 ~ 


Prob. 12.31 b = 2a, c = 3a 

fr ~ + («/ 2 a)’ + ~{p 7 Ja ) 2 ,//' = ~== 


j 
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xi 3xl0 8 

2c = 2jI3x3xI0- ! ‘ 3162X10 

f r = 3.1627777777 p 2 19 GHz 


Mode 

f r (GHz) 

Oil 

1.9 

110 

3.535 

101 

3.333 

102 

3.8 

120, 103 

4.472 

022 

3.8 


Thus the lowest five modes have resonant frequencies at 
1 9, 3.333, 3,53.8. and4.472 GHz 

Prob. 12.32 


f r = ^77777777 


For cubical cavity, a = b = c 




a - b = c =1.061 cm 


Prob. 12.33 (a) 


->- a = 


u 


3x10 s 


7f r 72x2x10 s 


= 10.61 mm 


f r = -jTjTTa) 2 + ( 777by + (777c) 2 

a - b = c = 3.2 cm, m=l, n=0, p=l, u’ =c 


fr = 


3x10 s 


2x3.2x10- 
(b) 

a I —:- 

Q= F.,0«- 


7 777777 = 6.629 GHz 


3.2xl0~ : 


TTTTTTTToTTTxTTTTTtTw' 


= 6.387 


3 
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Prob. 12.34 

r C I 3 3 7 

The lowest possible modes are TEioi, TEon, andTMuo Hence 




a = 


3x10 s 


f r y[2~ 42x3x10 4 


= 7.071 cm 


a = b = c = 7.071 cm 


Prob. 12.35 This is a TM mode to z. From Maxwell’s equations, 
VxE, = -jQ\iH s 


H s = Vx£ 5 = — 

ja |i a p 


8 

8 

8 

j 

8E ZS 

8E., 

dx 

0 

8y 

0 

8z 

E :s (*,y) 

con 

( 8y ° x ' 

■ V 


But 


E„ = 200sm30nxs'm30ny,- 


10 - 


rap 6xl0 9 x4nxl0~ 7 24n 

H s = — x200x30n\s,m30nxcos30nya x - cos30nxsin30nya > j 


H = Re (H s e ja> ' > 

H= 2.5|- sin307txcos50itj'<* J( + cos30nxsin30nya y }sin6xl0 9 nt A/m 
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CHAPTER 13 


P. E. 13.1 


2 d 


2 




, - 7 — 1 ^ r = — is in far field 

X 5,000 5 


y/ ) P3/sin0e y(1 '’ 2n X 

(a )H^^— -, Pr = ^4 = 72° 

f -/Ttr X 5 


X = 


2nc 2% x 3x 70 s 


0) 


70 s 


= 071 


j(0.25)(~-) ~~ sin 30°e' j72 ° 




X 'IM 


— = 0.1652e jl8 ° r* Vm 


M 6 %) 

H = Im ) Im is used since I = I 0 sin wt 


= 0.1628sin(10 8 + 7#°)a + mA/m 


(b) p = — 200X = 0° 

X, 


//*,=■ 


j(025X—)—Sin60 o e- J °° 
J X 100 


4n(6n *200) 


= 02871e j90 ° nAm 


77= Im (H^e Ja “) = 0.2671 sm(I0 8 + 90°)^ \iAm. 

4 ■■ -- - ■■ .. 1 " "' ■■■ " ■ ■ ■ 

P. E. 13.2 

(a) 7= -= 1.5m, 

4 = 

(b) L = 83.3mA 


(c) Prad = 36.56 X , P rad = ^(0.0833) 2 36.56 


= 126.8 mW. 




11 

li 

1 

I 


i 


It 

il 


(d) Z|.= 36.5 + j21.25, j 

I* 
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36.5+ j21.25- 75 

r = ? ^ c .,,, c ~ = 0 JS74Z /-/0..T 

36.5+ j 21.25+ 75 


1+ 0.3874 


P. E. 13.3 


D _ 


(a) For the Hertzian monopole 


(/(0,<t>) = sin* 0,0 ( e < J, 0< <t> < 2n , U m ax = 1 


P raJ = j } sin* sin0d)</<|> = 


0 = 0*=0 


_ 4it./ 

(b) For the — monopole, 
COS' ? (^COS0) 

C/(e,4)= -^-> Umax = 1 

sin 0 


o= J1 


J* COS 2 ("jCOS0) 


e=o*=o 


--sin0d0dj> = 2* (0.(509) 

sin 0 


4n(l) 

D=——r^—= 3.28 
2n (0.609) = 


P. E. 13.4 


(a) P rad = n r P m =0.95(0.4) 

4nU max 4n(0.5) 

D = - ESS. = - 1 - >— - J 6 53 

P raJ 0.4x0.95 — 

4z (0.5) 

(b) D= 03 = — 
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P. E. 13. 5 


P raJ =|| sinG sin 0^4 = —, U max = 1 




■/*(/) 

D = —T-r = 2.5-76 
*V “ 
/2 


P. E. 13. 6 


(a) /( 0 ) = |cos 0 |cos — (pi/cos 0 + a) 


where a = ti , (k/ = —= n 
\ 2 


/(0) = |cos0|cos —(it COS0 + 7t ) 


unit pattern group pattern 


For the group pattern, we have nulls at 


^2 (cos0 + 7) = 




and maxima at 


%(cos 0 + /)=0 


cos 0 = -7 


Thus the group pattern and the resultant patterns are as shown in Fig. 13.15(a) 


(b) /( 0 ) = |cos 0 |cos -^(p</cos 0 + a) 


where a = n /, (k7 = n 


/( 0 ) = |cos 0 |cos -~(n cos 0 - n X) 

n t 2V n ’ 


unit pattern group pattern 


For the group pattern, the nulls are at 


- 4 - */ + 


/^(cos0 - /) = ± / 2 -± 


0 = ISO" 


I 
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P. E. 13.8 


A = -~Gj, \ = f- = lll^ = 3 m 
4n f io 8 

For the Hertzian dipole. 


G d = 1.5 sin*’ 0 


A e = — (/.Jsin* 0) 

1.5\ 2 1.5x9 


•In 4n 


= 1.074 nr 


By definition. 


P. = AeP„ 


P - P r 3*10 

A.. 1.074 


2.793 [iW/m J 


P. E. 13.9 


(a) G rf = 


4nr 2 P m 


j * ,E 

TCr 2 n 2nr 2 E 2 


2nx_400xJ0^ xl44xUT^ 
120nx 100*10 3 


= 2.16 


G= 10 log /0 G d = JJ£dB 
(b) G=i\ r G =0.98x2.16= 2J17 


P. E. 13.10 


Xg/o P rad \ /4 


Gn) 3 Pr 


, , c 3x10 8 nnc 

where X = — = - 3 - = 0.05m 

f 6 x 10 9 


A e = 0.7 n a * = 0.7n(1.8) 2 = 7.125 m 2 


Gj = — T 


4nA e 4n(7..125) 


25 x 10 


= 3.581 x 10 J 
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5 x IQ' 4 x ( 3J8iy_ x 10^ x 5 x 60 x /0 J 
*026 xlO' 3 


= 1270 m = 0.#57 nm 


At a = rma ^ = 635m % 


G d P rad 3.581 x 10* x 60 x IQl 
4nr : 4n(635) 2 


= 42.4 W/nf 


Prob. 13.1 


Using vector transformation, 


A rs = A„ sin0 cos«j), \ = A xs cos0 cos$ , A. s = A„ sin<t> 


50e' J?r 

A s = —-—(sin0 cos^a, + cos0 cos^<* e - sin^>a 4 ) 


VxA s IT -100 cos0sin$ B 50 . n x . 1 jB , 

- = H s = -r"i—-e yP a r - —T(sin0 + yPr)sm^e' 7p a e 

H 1 gr sin0 r gr 2 Jr T e 

50 „ 

-—t cos0 cosik (/ + j$r)e jvr a. 

\ir ' 


At far field, only - term refnains. Hence 
r 


H s = ■ |3e 7P '(sin<fra 8 + cos0 cosijn^) 

-j50$x\e~ J ^ r . 

E s = - ri a r x H s =-—-(sm<|>a 0 - cos0 cost) \a 6 ) 

H = Re[// t e ;M "j =-p sin(©/ - Pr)(sin<|»a 9 + cos0 cos<|>a 9 ) 

[X t 


E= Re [E s e J 


-50r] p 


sin(©/ - P/*)(- sin<j»a # + cos0 cos<|»a 0 ) 
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Prob. 13.2 


c 3x10* 

1= sinO 


At (100,0,0), r = 100m, e = -j 

i | 120(10) 2n 

l £,, l = akTw) lo <02)(/) “ — v/m 


Prob. 13.3 


, c 3x10 s , - 2n , 

X = — »-- = lm 0 = — = 2k 

f 3x10 s X 

r = 10, Q = 30°, <1 ) = 90° 

__ m^u2l sin30e -,: 

* 4n 


sin 30e~ j2 * = j0.25 mA/m 


n = 120k = 377 


E 6s = n H ks = 94.25 mV/m 


Prob. 13.4 


.-ypr 'A 


(a) A :s = j ^(/-M^P-'cose^ 


e' ;Pr ^ 2lzl ^ 2lzl 

^ r f / * _/flrcose » . . l/f • 


/ G J (/- — )e yprcos 0 cfe+ 7 [(/- — )sin(Pzcos 0 )<£ 

1 -y. 


e* ./>. 2z 


2I 0 J(7 - —-) cos(pzcos0 )<£ 


27trp : cos*’ 0 ’ / 


1 - cos 


(%COS 0 ) 


£ t = -yu'M, 


£ 0v = ywji sin0/l_ s = yPrj sin0/l. s 
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m he 


■ypr sin0 1 


P cos’ 0 


p/ , 

ft// (—cos0) ; 

If % « 1, cos C /2 cos0) = 1- — - -. Hence 


£e> = ^7 p /e '' Prsin0 ’ = ^ 


P '°“=\ P ™ dS 

p rad= \)i^) p-sin^0^sin0f«4 


=i°n 2 i 0 2 [-) =y 2 r 0 2 R raJ 


or R rad =20n 2 ]^ 


(b) 0.5 = 20n 2 - 

V 


/ = 0J05X 


Prob. 13.5 

3 / = Jm, X = - = - ix/Q * =100 
f Jx 10 6 

& 5 I I 

100 ~ 20 10 


-ihim 


Prob. 13.6 


Z m = 73 + j 42.5 


„ Z m -z a 23+ J42.5 
r = = -TTT^-TZ- = 0.37131 4252° 

z m + z n 123 + j42.5 - 


7+r 1-3713 

s -TUrT7^m^m 
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Prob. 13.7 


This is a monopole antenna 

X -_L = ±U°L = 20 o 

f 1.5 x 10 6 


/«A.,hence it is a Hertzian monopole. 


1 Jdl) 

Pad ~ ~~ ~2 l°^ rQ d 


40n i \—\ = 9.87 mi? 
\ 200 ) 


2P 

i} = 4^ 


4* M7 x /0 


T = S/0.54 


1= 28.47 A 


Prob. 13.8 


Change the limits in Eq. (13.16) to ± l / 2 i- e - 

H/^/p ^ 010 (yp co S 0 cosP t + P sinP t) y 
A ' ° 4nr ^FcoToTjP -y 


I-V / . P' (P/ 


-f- - : tt sin —cos — cos0 

2nr P sin 2 0 [ 2 \2 


p/ (p / 

cos 0 cos—stnl — cos 0 


But B = \iH = 57 y. A 


1 [ ( \ dA/ 

= — — Mfll- - 77 “ , 

H/*L3r v e ' 30 / 


where A () = - A sin0, 4 . = /l r cos0 


f yp )\. p/ fp' n ) „ P* . fp/ „ll /„ 

s,n T co <7 cose J - cos9cos T s,r i7 cos6 i + TT 7 * 1 


For far field, onlv the --term remains. Hence 
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361 


(b) D = 


C/(0,<|»)= sin’0, U^l 


u.... = 


Z aL= _L 

4 ji 4n 


H * /V 

} |sin J 0de4 


0=0 *=0 


2n r •/] = 2 

•Ot V2/ 2 


D '%'“ 


PrrS. 13.10 


(a) P rad = \p ra j-ds= P^Jnr 2 (hemisphere) 


- P rod 200*10[ 


p _ - raa 

me ~,—2 


2nr 1 2n(50 x 10 


= 1273\lW ! m 


P ave =I2.73a r \i W/m 2 . 


(b) Pave = 


(£max) 


£max = P^ave = J240** 1273 X W 


= 0.095 V/m 


Prob. 13.11 


(a) X = t = 


c 2 X /O* 


/ 700 x/0 6 


llTt/5 


Erl 2 


50 x /O' 3 x Jx i : 

/ = -;-;—-= 90.71 nA 

" 120r\'n (0.2)' 100 
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Prob. 13.13 


p or / _ JA,/ anc j / = x, the plots are the upper portions of those in Prob. 13.8(b). For 
/ = 5 Y 8 , the plot is as shown below. 



Prob. 13.14 

\ e ! 25 sin 2 29 

| “j c 1 2 

1 P rad = —||(2sin0cos0) sin0d0dfy 
2t| 

y c * 

p J = - (2n) (4sin 2 0cos 2 0t/(-cos0) 

rad 240n V l 

= ~~ f (cos'' 0 - cos 2 0 W(- COS0 ) 

120 r 


25 | 

cos 5 0 

cos 5 0 ^ 

* 25 ( 


120 \ 

, 5 

3 J 

0 " 120\ 

. 5 jJ 


P rad = 55.55 mW 
Prob. 13.15 

/(0) = |cos0 COS(j)| 

For the vertical pattern, <|> = 0 -► /(0) = |cos0| which is sketched below. 




Prob. 13.16 


p .‘W,, 

_J K\ PVO 


//rip V/) 2 sin'e 


Prob. 13.17 


U 4 nr 2 P #nsin 6 cos 4 > 


U ™\ P^s' J P^.dS 


But | P^.dS = | J 2 sin 0 cos<|» sin 0 <a®<afy 

5 $ 

= 2 J cos <|>^4 Jsin 2 0 d 0 = 2 sin$ 

0 0 

G, = #sin0 cos(|» 

































2 
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Prob. 13.21 


s= " a ' 


a a l 

R ' = Rac = 25 ~ Rjc = 28 one? 


/jt/u n x 15 x 10 6 x 4n x 10 , 

Now 8 = = j--W/x /9 « 

Alternatively, since 8 ((a, current is confined to a cylindrical shell of thickness 8 . Hence 

^ o(2na)5 

, X c 3x/0 s 

/= t = tt = , ,/)« = 

2 2/ 2x 15x 10 


R. =-=--——y = 0 . 0209/2 

1 2 x 1.01 x 5& x 10 7 x n x 1.3 x 10~ 2 


Kad = 73/2 


4 *+*,. 73.0209 


= 99 . 97 % 


Prob. 13.22 


(s) U m ax 1 


P 

u = — 

“ 4k 


J udO 


= y- 1 J sin 2 20 sin 0 d 3 di|> 

j ’ 

= —( 27 i)|( 2 sin 0 cos 0 ) </(-cos 0 ) 


= 21(cos - ' 0 - cos’ 0 )d( cos0) 
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cos 5 0 COS'* 0 ]|» 


2 _l + l = A 

5 + 3 15 


U.„, = 0.5333 


D = 1J75 


(b) U max = 4 




1 f f V( - COS 6) 71 r dv 1- U ^ 2 

n l )/l- cos 2 0 n > u 2 ^ 1 n / + u ./ 


o 


0.5 

= In/-In—= Ini 


U av e= 1.099 


£/ -/ 

D = —222-=-= 3.641 

U 1.099 — 


(c ) U max — 2 


^ ove = J udQ = — J J 2 sin 2 0 sin 2 <j> sin0d3dij> 

y * * 

= — J sin 2 |(/ - cos 2 Q)c/(- cos0) 


1 n ( cos J 0 V /f 2 1 1 

T~-^ —r — cos0 =- -~+2 = - 
2n 2\ 3 ) .. 4 3 3 


Uave = 0-333 


D=^=6 

u — 
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Prob. 13.23 

(a) U m 


= — \udfi 

w Jw J 


| J sin' 0 sin* <j> sin0d3d|> 


1 (cos 3 0 I ( ^ Li,-- 

in~-' cos vr~2(-i- t2 ) m j- 3 ~ j 


Um =0.6667 


G 4 = —— = IJSin 2 ^ 


D= G ima = A5 


U = — ff^sin 2 0cos 2 ^ sin0dB<ty 
"* 4% i} 

* 11 ® 

= — jcos 2 ^^ J(' - cos 2 0)c/(— cos0) 




cWe 


- COS0 


/ f Sin2$\ *( 4^ 

^rl ++ 2 J„U; 


■XiM 


t/«, = 0.6667 

G d . m „ = yt= 6 = ^1^1 

trve 


D=G JmiX = 6 


(c) U„ 


11 cos' 0 sin'— sin0c/9c/<t> 
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( i\ 4 


G d = 5\ 


\2 


= 0.625 


Prob. 13.25 


This is similar to Fig. 13.10 except that the elements are z-directed. 


E, ~ E sl + E s2 - 




4k 


e -ft r i e -A r i 

sin0 , -a 0/ + sin0 2 -a 9 . 


d d 

where r, = r - — cos0, r 2 = r+ — cos0, 0, = 0 2 = 0, = 


r 


sin0 a^e* 1 "* 12 + e* 1 ”* 13 ] 


E s = — sin 0 cos(— P d cos0 )a 0 


Prob. 13.26 

(a) 


\ 1 " 2it 

AF = 2coa -(pc/cosO + a) , a = 0, p d= — X = 2ji 


AF = 2cos(ttcos0) 

(b)Nulls occur when 

€ 

cos(7t cos0) = 0 - > it cos0 = fit /2,±3n 12,. 

or 

0 = 60°,120° 


(c) Maxima and minima occur when 


— = 0 -> sin(n cos0 )n sin0 = 0 


i.e. sin0 = 0 -> 0 = 0" ,180° 

cos9 = 0 - > 0 = 90° 

or 

0 = 0”:90"..180" 





372 















-1 -08 -0 6 -04 -02 0 02 04 06 08 1 


, X . > 1 (2n X n Jt 

(b) For d = j,/(0) = cos .-cos0 + 


n „ * 

= cos — cos0 + — 
V 2 4 


cos — COS0 + 


it n it it 3n 

—cos0 + —=+—,+ — 

2 2 2 2 


cos0 = — ► 

2 

For maximum or minimum. 


Q = 60° 


d\ it( n) 

— cos— COS0 + — -0 

2 v 4) _ 

sin0£in^-~-cos0 + = 0 


sin0 = 0 —► 0 =0° ,180° 


sin|^cos0 + = 0 


n n 

— cos0 + — = 0 
2 4 

(n n'] 

cosj^ — cos0 + —J = / 


COS0 = - — 
2 


0 = 120 


7t Jl 

—cos0 + — = 0,Tt,2n 


0 = 120 ° 


The group pattern is sketched below. 






Prob. 13.28 


/(0) = cos -^(p<icos0 + a) 
(a) a = ^,p</ = ^-.\ = 2n 
/( 0 ) = cos^n cos0 + 
Nulls occur at ti cos0 + 


n 3n 

±~,±—.OT Q = 75J°,138j6° 
2 2 


Maxima occur at 



Q = 0°J80 


Or sin^ ti cos+ —j = 0~ 


0 = 41.4°,104.5° 


With /_ = 0.71,1. t 
Hence the group pattern is sketched below. 
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(c) a = 0, $d = 


2n 3X in 


/( 0 ) = 


fin 

V 4 


COS0 


It has nulls at ^cos0 = ±y,± : ^-,...->0 = 48.2" ,131.8" 

* £ £ 

It has maxima and minima at %- = 0 -> sin0 sinf—cos0j = 0 

m V 4 1 


i.e. 0 = 0°,180° -> /(0) = 0.71,1 



Prob. 13.29 

(a) ForN = 2, /(0) = cosf-^(p</cos0 + a) 


a = 0,d = — 
4 


/(0) = COS Y"-^ COS0 + = COS^~’COS0j 


Maxima and minima occur at 
d_ 


+7 


cos|^ — COS0 

( 


sin0 sin] 


n 

, — COS0 

V 4 ) 


= 0 


= 0 


sin0 = 0 -► 0 = nj) and /(0) = 020' 












sin^ —cosGj -4 cos = 0 —> 0 = 90° y f(Q)= I 

7i n 3n ^ f x 

Nulls occur as — CosQ = ± —■ ,± —,... (No Solution) 

4 Z 2 

The group pattern is sketched below. 



(b) For N = 4, 


AF = 


sin2(p*/cos0 + 0 ) 
sin j(p</cos0 + 0 ) 


sin 40 2 sin 20 cos 20 

Now, ■ =-—-= 4cos20 cos0 


sin0 


sin0 


AF = -^cos(pt/cos0)cos| — Pc/cos0 










The plot is shown below. 


0.4 

0 3 

0.2 

0 1 

0 

0.1 

0.2 

0,3 

0.4 



-1 0 8 0.6 - 0.4 - 0.2 0 


Prob. 13.30 


(a) The given array is replaced by 



where + represents 





Unit Pattern 


group pattern 


(b) The array is replaced by by <3> 


where + stands for • ^• 

zo" z*/J 

Thus the resultant pattern is obtained as shown. 
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Prob. 13.31 


A. - —G d 
4n 


where G, y = 


4nu _ 4nU 

^ ave f ud 


But £. = sin0e~ yp '' 

* rX 


Tr- r 2p ’ll* ^^sin^9 

~ 2r\ X 4 


T1* / 2 S 2 

P rad = J PavedS = - 77 - \ JSU 1 J 0 a 0 a<(> 


r|7i 




iin 2 / o 2 S 2 sin 2 0 




X 2 


x\* 2 I 0 2 S 2 8n 2 
X 4 ’ 3 


3 , 

-= —sin 2 0 


, C iX/Q8 _7 fJ1 

A. D JfTJy 


f 10 * 


3X* 


ix 9 


-4, = ——sin* 0 = 

#1 #7t 






= 0.2686 
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Prob. 13.32 


f Pr Pr 2X\ P r 
A. =-= —— 7 - =- 

Pa» E '/ ^ 

/2r\ 


2x 120* x 2x 1JT_ 48n 
25 x 10 2 x JO' 6 " 250 


0.6031 


Prob. 13.33 

(a) A cr = — G Jr , A cl =—Gj, 


Pr = G dr G di 


4n , \( 4n . V k 


4nr 1 \k> "A X 2 e, A 4nr 1 


_ (ler ^et 

P t ~ \ 2 r 2 

(b) P r ^=^fP, , A C r = A a =^-(/68) 

hr 4 71 

, c 3x10 s , 

h = — =- rr = J/W, 

/ lOOxlO 6 

(0.13\ 2 ) 2 (80) 


Prob. 13.34 


P r = P,A e = P,—G d 
4n 


p — p _^7 

V.max w t/,max 


But G,, = D = 1.64 and 


„ £‘ , c 3*10* r 

n _ _ ^ = — --— = 5m 

2n / <j0x/0' 5 


£->.-£ 9 x 10 *25* 1.64 


8n(l20n) 


= 38.9 nW 
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Prob. 13.35 


G,„ = IO\G Jr = 10 n = 1585 


, c 3x10 * / 

X = — = -- = 0.02m = — 

/ 15xl0 > 50 


P r =G Jr Gj-±~) P, = 10 4 
\4nrJ 


4k x 2.456741 x JO 


= 2.128 x W" W= 2/.2<SpW 


Prob. 13.36 


O <*<•* 


= 10 1 =2511.9 


P = 

* ave 


2511^x^5x10^ 

4n{40xl0 3 ) 2 


= 0.927 mW/nr 


Prob. 13.37 


J(Wfl = log-^- -)• -5-« /0 J ■ /<W0 

p p 

1 r 1 r 


But R 




——-) p, = 

■/ji x 72/ ' 'UodW 


g<X _p,._ L _( L 

800nJ P, 1000 KloJTd 


or G,, = 


ioJTo 


= 79.476 


Gj = 10\og79.476 = 79 dB 
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Prob. 13.38 


Gj, = 25 = 10 log /0 G dt ->• G dl = 10 25 = 216.25 


G, r = = 1000 


P r = 316.23 x 70' 


7 2x 70* 

4nx 1.5 x 10 } 7.5 x 70 J 


772 mW 


Prob. 13.39 


^1 _ Prad^d ijr.1 \240%P ra(i G d 


(a) 


|£,| = ~ J60P rad G d =--— -yj60 x 200 x 10 3 x 3500 

r' 120*10* 


= 7.705 V/m 


i„l /kfo I 7.705 2 x 5 


1708 2 

(c) P r = 7^0 = 4—(8) = 20.95 mW 

/407I ======== 


... _ \E\ 2 {11.36) 2 x JO' 12 ., . 

(d) = ~~ = 1 -7--= 1.712x JO' 13 W/m 2 

2x\ 0 240 k 

- 3 x 10 8 , \ 2 G 0.04 x 3500 

A. =-7 0 2m, A 2r =-=- 

15 x 10 s 4 ji 4n 


P r = = 1.712 x 10- 13 x 11.14 = 1.907 x 10 * 


r p (^ G rf) jq/, iarf (°2x3509) 2 x8x_2xJ(P 

{4n) 3 r 4 {4n) 3 xl2 4 xl0‘ 6 


1.91 x 10 W 


Prob. 13.40 


. c- Jx /0* 

/. = — =-— = 0.;>w 

/ 6 x /0 
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P '- G * a <-^) P ' 


4n x 10 J 


7 {SO) 


= 0.1267 nW 


Prob. 13.41 


{M d ) 2 aP rc 


{4*) S r 4 P, 

{Mj) 2 o 


, c 3 x / 0 s / 

k = — = - - = — {(r = 250m 

/ <Sx/ 0 9 20 


40 — log /0 Gj —> - 1 O'* 


Prad ~ 


(4k) 3 (025-k10 3 } 4 x 2 x, 


x/O-' x0.5 


7.52 W 


Prob. 13.42 


- — ( iHPOL 1 ^r 


Gd,G dr \ k J a 


But G h , = 36dB = 70 i<s = 3981.1 


Gj, = 20dB = 10 2 = 100 

, c 2x70 s _ 

X = — =- 5 - = 0.06 

f 5 x 10 9 


r t = J£m, = 5km 


4n (4 kx15x10 6 ] 8x10~ 12 
" 5957.7 x 700 1 5x/r 2 J 2.4 


= 7.055 kW 
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CHAPTER 14 


P. E. 14.1 

_ 1+0 4 !i 

1 _ 1 - 0.4 ' 0.6 


2.333 


1 + 0.2 1.2 

So “ 1 - 0.2 = 0.8 “ — 

P. E. 14.2 

(a) By Snell’s law, ni sin 0 \ = n 2 sin 6 1 . Thus 
02 = 90° _ sin 02 = 1 

sin 0 i = n 2 /ni, 0 i = sin -l n 2 /ni = sin _l 1.465/1.48 = 81.83° 


(b) NA = y]n 2 - n, 2 = V1.48 2 - 1.465 2 = 0,21 

P. E. 14.3 

a l = 10 log P(0)/P(1) = 0.2 X 10 = 2 
P(0)/P(1) = 10° 2 , i.e. P(l) = P(0) 10-° 2 = 0.631 P(0) 
i.e. 63.1 % 


Prob. 14.1 Microwave is used: 

(1) For surveying land ^ith a piece of equipment called the tellurometer. This radar 
system can precisely measure the distance between two points. 

(2) For guidance. The guidance of missiles, the launching and homing guidance oi 
space vehicles, and the control of ships are performed with the aid of microwaves 

(3) In semiconductor devices. A large number of new microwave semiconductor 
devices have been developed for the purpose of microwave oscillator, 
amplification, mixing/detection, frequency multiplication, and switching. 

Without such achievement, the majority of today’s microwave systems could not 
exist. 

Prob. 14.2 (a) In terms of the S-parameters, the T-parameters are given by 

Th = I/S 21 , T 12 = "S 22 /S 21 , T 21 — S 11 /S 21 , T 22 = S 12 * Sj i S 22 /S 21 
(b) Th = 1/0.4 = 2.5, T,2 =-0.2/0.4. 


T 11 = 0.2/0.4, Tii-0.4 - 0.2 x 0.2/0.4 = 0.3 
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Hence, 


2.5 0.5 


i' 

I 1 


= 0.44 - j0.62 + 0.56x0.56 x(l/3)/[l - (0.11 - j0.05)] 

= 0.5571 -j Q.6266 

Prob. 14.4 The microwave wavelengths are of the same magnitude as the circuit 
components. The wavelength in air at a microwave frequency of 300 GHz, for example, 
is 1 mm. The physical dimension of the lumped element must be in this range to avoid 
interference. Also, the leads connecting the lumped element probably have much more 
inductance and capacitance than is needed. 

Prob. 14.5 

. 3x10 8 

X = c/f =-- =3.571 mm 

8.4x10 9 

Prob. 14.6 


ii 

i : 


I 



[-0.5 0.3J 

Prob. 14.3 Since Zl = Z 0 , T l = 0. 
f ; = S,, = 0.33-i0.15 

r g = (Zg - Zo)/ (Zg + Zo) = (2 -1 )/(2 + 1) = 1/3 

i o = S22 — S12S21 i g (.1 - S|| i g ) 



i c + iR = 0; hence Cdv/dt + v/R = 0 
or dv/v = - dt/RC 

so that In v = - t/.r +lnv 0 , r = RC = 125 x 10 12 x 2 X 10 3 = 0.5 ft s 
v = v 0 e‘ t ' r , v(0) = v o = 1500 
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i c = Cdv/dt = C (-I/r ) v 0 e VT = 
= -0.375e~ 1/r A. r =0.5 u § 


- 125xlO~ 
0.5xl0" 6 


x 1500 e‘ 


Prob. 14.7 


Vgl~ 



By definition 


V, = av 2 -bi 2 
I, = cv 2 - di 2 


We eliminate Ii and I 2 . 

Vg = V. + Zgl, or I, = (V g -V,)/Zg (3) 

V 2 = - ZlI 2 or I 2 =-V 2 /Z L (4) 

Substituting (3) and (4) into (1) and (2) and expressing V| and V 2 in terms of V g , we 
obtain 


IL = 20 log V, /V 2 = 20 logio | 

Prob. 14.8 


AZ j + B + CZ g Z, + OZj 


/ 10 J 

fal R^r = — = ., — ,. . = 16.73 mQ Atm 

v ’ oS 0.96x10 x6.1xl0 — 


(b) R ac = ~—, x a 2 = 0.8 x 1.2 = 0.96 or a = 0.5528 
owe 


yjxfyta y[^X 6xl0 6 x4tfxl0~ 7 x6.1xl0 7 12/ixlO 3 


Rac = 


1000x12;rxl0 3 
1.2x10- x6.1x!0 7 


51.5 Q 
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or INp/m = 8686 dB/km. Thus, 
a io = 8686 a u 

Prob. 14.16 

P(0) = P(l) e a 1/10 = 0.2 e 0 4x30/10 mW = 0.664 mW 
Prob. 14.17 See text. 


I 

t 









CHAPTER 15 


P. E. 15.1 The program in Fig. 15.3 was used to obtain the plot in Fig. 15.5. 
P. E. 15.2 For the exact solution, 

(D~ + 1) y = 0 —► y = A cos x + B sin x 

y (0) = 0 —► A = 0 

y(l)=l —►^B sin lor B = 1/sin 1 

Thus, y = sin x/sin 1 

For the finite difference solution, 


y” + y = o 

or 


T(*+ A ) - 2 y(x) + y(x - A ) 


+ y = 0 


y(x) = 


y(s± a) + .k*-a) 

2-A 2 


»T(0) = 0,X1) = 1,A = 1/4 


With the Fortran program shown below, we obtain the exact result y e and FD result y. 


DIMENSION 
Y(0) = 0.0 
Y(4)= 1.0 
DEL = 0.25 


DO 10 N = 1,20 ! N = NO. OF ITERATIONS 
DO 10 1= 1,3 

Y(I) = ( Y(I+1) + Y(I-l) )/(2.0 - DEL*DEL) 

X = FLOAT (I)*DEL 
YE = SIN(X)/SIN(1.0) 

PRINT *, N, I, Y(I), YE 
10 CONTINUE 
STOP 
END 


The results are listed below. 


y(x) 

N=5 

N=10 

N=15 

N=20 

Exact 

y e (x) 

y(0.25) 

0.2498 

0.2924 

0.2942 

0.2943 

0.2941 

y(0.5) 

0.5242 

0.5682 

0.5701 

0.5701 

0.5697 

y(0.75) 

0.7867 

0.8094 

0.8104 

6.8104 

0.8101 
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V (,) x r (2) 

C ii + c n 

s^ ( 2 ) 
^12 

r + c <:m 

'-'12 r '-13 

r 0 ) 
^13 

S' (2) 

^ 2 ! 

s' ( 2 ) 
^22 

c ,2) 

0 

C {l) X C (2) 

'“'21 ^ U 31 

s ^ ( 2 ) 

^32 

s' (0 i s' ( 2 ) 
v ^22 ’ ^33 

S' ( l ) 
'“'23 

S' ( 1 ) 

^31 

0 

S' (2) 

^32 

S' ( 1 ) 
^33 


0.9964 

0.05 

-0.2464 

-0.8 

0.05 

0.7 

0.75 

0 

-0.2464 

0.75 

1.596 

-0.6 

-0.8 

0 

-0.6 

14 


(b) 3 



For element 1, local 1-2-3 corresponds with global 1-2-4 and A| = 0.675, 
Pi = 0.8, P 2 = -0.9, P 3 = 04, Qi = -0.5, Q 2 = 1.5, Q 3 = -1.0 


C (2) _ 


0.5933 

-0.9800 

0.3867 


-0.9800 0.3867 
2.040 -1.060 

-1.060 0.6733 


For element 2, local 1-2-3 corresponds with global 2-3-4 and A 2 = 0.375, 
Pi =0.1, P 2 = 1.4, P 3 = -1.5, Qi = -1, Q 2 = 0,Q 3 =1 


0.3607 

0.05 

-0.4107 

0.05 

0.7 

-0.75 

-0.4107 

-0.75 

1.1607 
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The global coefficient matrix is 


1) 

11 

/^ (1) 

^ 12 

0 

(1) 

C 13 

(1) 

^21 

c (tl + c 

(2) r 
^12 

(2) r 
'-as 

(i) , r ( 2 ) 
r ^13 

0 

c ( -> 
'-12 

(-22 

(2) 

C (2) 

'-as 

( 1) 

_^3! 

c (l) + c 

'-32 r '-SI 

(2) f* 

^32 

(2) r 
'-ss 

in + c <2) 
T '-ss 

1.333 

-0.0777 

0 

-1.056 


-0.0777 

0.8192 

-0.98 

0.2386 


0 

-0.98 

2.04 

-01.06 


-1.056 

0.2386 

-1.06 

1.877 



P. E. 15.7 vVe use the FORTRAN program in Fig. 15.34. The input data for the 
region in Fig. 14.35 is a follows: 


NE = 32; ND = 26; NP= 18; 
NL = [ 1 2 5 
2 4 5 

2 3 5 

3 6 5 

4 5 9 

5 10 9 

5 6 10 

6 11 10 

7 8 12 

8 13 12 

8 9 13 

9 14 13 

9 10 14 

10 15 15 

10 11 14 

11 16 15 

12 13 17 

13 18 17 

13 14 18 

14 19 18 

14 15 19 

15 20 19 

15 16 20 

16 21 20 
17 18 22 
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18 23 22 

18 19 22 

19 24 23 

19 20 24 

20 25 24 

20 21 25 

21 26 25]; 

X = [ 1.0 2.5 2.0 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 
1.5 0.0 0.5 1.0 1.5 2.0]; 

Y = [ 0.0 0.0 0.0 0.5 0.5 0.5 1.0 1.0 1.0 1.0 1.0 1.5 1.5 1.5 1.5 1.5 2.0 2.0 2.0 
2.0 2.0 2.5 2.5 2.5 2.5 2.5 2.5]; 

NDP = [ 1 2 3 6 11 16 21 26 25 24 23 22 17 12 7 8 9 4]; 

VAL = [0.0 0.0 15.0 30.0 30.0 30.0 30.0 30.0 20.0 20.0 20.0 10.0 0.0 0.0 0.0 

0.0 0.0 0 . 0 ]; 

With this data, the finite element (FEM) solution is compared with the finite 
difference (FD) solution as shown below. 


Node # 

X 

y 

FEM 

FD 

5 

1.5 

0.5 

11.265 

11.25 

10 

1.5 

1.0 

15.06 

15.02 

13 

0.5 

1.5 

4.958 

4.705 

14 

1.0 

1.5 

9.788 

9.545 

15 

1.0 

1.5 

18.97 

18.84 

18 

0.5 

2.0 

10.04 

9.659 

19 

1.0 

2.0 

15.22 

14.85 

20 

1.5 

2.0 

21.05 

20.87 
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Prob. 15.1 (a) Using the Matlab code in Fig. 15.3, we input the data as 
» plotit( [-1 2 1], [-1 0; 0 2; 1 0], 1, 1,0.01,0.01, 8, 2, 5 ) 
and the plot is shown below. 





rw ■. 

iirr' 
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(b) Using the Matlab code in Fig. 15.3, we input the required data as: 

» plotit( [ 1 1 1 1 1], [-1 -1; -1 1; 1 -1; 1 1; 0 0], 1, 1,0.02,0.01,6,2,5) 
and obtain the plot shown below. 















Prob. 15.2 


Exact solution: y = Ax + B 


x = 0, y = 0 
y = lOx; 


B = 0; x= 1, y = 10 
y(0.25) = 2^5 


Finite difference solution: 


d 2 y y(x + A) - 2 y(x) + yjx - A) _ 


y(x) = ~[y(x + A ) + ~ A )]. A = 0.25 

Using this scheme, we obtain the result shown below. 


Iteration 

0 

1 

2 

3 

4 

5 

6 


0 

0 

0 

1.25 

2.5 

2.8125 

2.5 


0 

0 

2.5 

5.0 

5.625 

5.0 

5.312 


From this, we obtain y(0.25) - 2.5. 

Prob. 15.3 (a) 


dV Y{x a + &x)-V(x -Ax) 


For ^x = 0.05 and at x = 0.15, 
























% nt> 


as expected. 

Prob. 15.5 


V 2 V = 

P 2 V 

1 cV 

1 

^ -> + 

■f 



c*P~ 

P op 

/»‘ d< t> 

c 2 V 

V n 

v m+ 1 

_ iy n 

““ m 

+ F " 

m+ 1 

dp 2 ' 


(A p) 2 


d 2 V 

V ntl 

r m 

~2V m " 

+ V"-' 

tn 

1! 


(A^) 2 



( 1 ) 

( 2 ) 

( 3 ) 


dV 


op 


- V m -, 


2 tip 


( 4 ) 


Substituting (2) to (4) into (1) gives 


V 2 V = 


- V _ 

mA/?(2A/>) 


+ 


-2v m n + v m+] n 


nti 


- 2V" + V m 


n — 1 


(A PY 


~ 2V: ^ U in )V -' 


(A p) 2 
as required. 

Prob. 15.6 


V. + V 2 + V, + V, -10+0+30+60 
V = —--- 2 - - =-= 20 V 


(mA/>A^) 


(V " - 2V" + V"-' ) 

x m m n\ ' 


Prob. 15.7 

V, = 0.25 (V 2 + 30 + 0 - 20) = V 2 /4 + 2.5 
V 2 = 0.25 (V, + 20 + 0 + 30) = V,/4 + 12.5 
Substituting (2) into (1), 

V, = 2.5 + V|/16 +3.125 _^ 


( 1 ) 

( 2 ) 


V, =6 V 
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d 2 V 

v m >; - 2v: + v„; 

II 

(6p) 2 

c 2 V 

V m n “ - 2V* + V"-' 

II 


cV 

V . - v n , 

dp m ' n 

2A p 


Substituting (2) to (4) into (1) gives 


VT = 


V n m+ t -V\. x V" -2V* + 


mtl V m-l 

- + - 


mAp(2Ap) 


r 

=-—- 2V" + ( 1 + -r-)V m ‘ 
(A p) 2 [ 2m m_l m 2m 

as required. 

Prob. 15.6 


V, + K + V, + V, -10+0+30+60 
v 0 = — J1 -= --- =20 V 

4 4 


Prob. 15.7 

< 

V, = 0.25 (V 2 + 30 + 0 - 20) = V 2 /4 + 2.5 
V 2 = 0.25 (V, + 20 + 0 + 30) = V,/4 + 12.5 
Substituting (2) into (1), 

V, =2.5 + V,/16 +3.125 _^ V, = 6V 

V 2 = V,/4 + 12.5 = 14V 


( 2 ) 


(3) 

( 4 ) 



( 1 ) 

( 2 ) 
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2 100 

10~ 2 x — atIO -9 

- 7h - =36 


V| = - (V 2 + 30 + 0 - 20 + k) = V 2 /4 + H.5 


V 2 = - (V, + 20 + 0 + 30 + k) = V,/4 + 21.5 


Substituting (2) into (1) gives 
V, = 11.5 + V,/16 +5.375 
V 2 = V,/4 + 12.5 =26 V 


V, = 18 V 


Prob. 15.9 (a) 

„ 1 1 

V 1 = - ( 0 + 100 + V 3 + v 2 ), V 2 = - ( 0 + 100 + V, + V 4 ), 

V 3 = ^-(0 + 0 + V,+ V 4 ), V 4 = ^ ( 0 + 0 + V 2 + V 3 ) 

We apply these iteratively ij= 5 times and obtain the result below. 


n 

0 

Vi 

0 

V 2 

0 

V 3 

0 

V 4 

0 


1 

2 

3 

25 

34.375 

36.72 

31.25 

35.937 

37.11 

6.25 

h l 0.937 

Hi 2.11 

9.375 

11.917 

12.305 



(b) By band matrix method, 
4V, - V 2 - V 3 = 100 
- V, +4V 2 - V 4 = 100 
■ V | + 4 V 3 - V 4 =0 
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In matrix form, 

1 


4 -1 -1 0 V x 100 

-14 0 -1 V 2 100 

-1 0 4 -1 V } 0 

0 -1 -1 4 Jl/J [ 0 _ 

AV = B -> V = A' 1 B 

which yields Vi = 37.5 = V->, V-t = 12.5 = V4. 

These values are more accurate than those obtained in part(a). Why? The average of 
the values should give 25 V which is the potential at the center of the region. The 
values in part(a) give 24.96 V while the value in part (b) gives 25 

Prob. 15.10 


i' 
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Prob. 15.11 (a) Matrix [A] remains the same. To each term of matrix [B], we add 

-hr I e. 


(b) Let Ax = A>- = h = 0.05 so that NX = 20 = NY. 
Ps -vQ’-l)10- ( 

^ 10“ 9 / 36/r 


= 7>6mc(y- 1) 


Modify the program in Fig. 15.16 as follows. 


DO 40 1=1, NX-1 
DO 40 J=l, NY-1 
SAVE = V(I,J) 

X = H*FLOAT(I) 

Y=H*FLOAT(J) 

RO = 36.0*PIE*X*(Y-1) 

V(I,J) = 0.25*( V(I+1,J) + V(I-1,J) + V(I,J+1) + V(I,J-1) + H + H* O ) 
40 CONTINUE 


This is the major change. However, in addition to this, we must set 

VI =0.0 
V2 = 10.0 
V3 = 20.0 
V4 = -10.0 
NX = 20 
NY = 20 

The results are: 


V a = 4,276, V h = 9.577, V. = 11,126, V„ = -2.013. V. = 2.919 


V f = 6.069, V„ = -3.424, V h = -0.109. V; = 2.909 


Prob. 15.12 

1 O 2 m,n + 0 1 m „ - 20 1 m „ O ^m+l,n + 0 J m-\,n ~ 20 J mn 

c 1 (A/) 2 = (Ax) 2 

0 ' m.n*\ +O y m, n -l ~2Q y m ,„ 

(A z) 2 

If h — A.v = Ar. then after rearranging we obtain 


it 

i 

i 


i 



i 












<J> y *V« = 20 - 0 + a( 0 + 0 V,. n - 20' 

(0 J m ,n>\ + 0 - 20 ' +l m .«) 


where a = (cM / h) 2 . 


Prob. 15.13 Applying the finite difference formula derived above, the following 
programs was developed. 

DIMENSION V(0:50,0:50) 


U= 1.0 
DT = 0.1 
DX = 0.1 
NT = 4/DT 
NX =1/DX 

ALPHA = (U*DT/DX)**2 
DO 10 I=0,NX-1 
DO 10 J=0,NT-1 
10 V(I,J) = 0.0 

DO 20 J=0,NT-1 
V(0,J) = 0 
V(10,J) = 0 
20 CONTINUE 

DO 30 I=0,NT-1 

V(I,0) = SIN(FLOAT(I-l)*3.142/10.0) 

V(U) = V(I,0) 

30 CONTINUE 

DO 40 J=l,NT-2 
DO 401=1,NX-2 

V(I,J+1) = ALPHA*( V(I-1,J) + V(I+1,J)) + 2*(1.0 - ALPHA)* V(I,J) 
1 -V(I,J-1) 

40 CONTINUE 

WRITE(6,*) V(I,J) 

STOP 

END 

The results of the finite difference algorithm agree perfectly with the exact solution as 


shown below. 
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T 

X 

V(FD) 

V(exact) 

0.0 

0.0 

0.0 

0.0 

0.0 

0.1 

6.30903 

0.30902 

0.0 

0.2 

0.58779 

0.58779 

0.0 

0.3 

6.80902 

0.80902 

0.0 

0.4 

0.95106 

6.95106 

0.6 

6.5 

1.0 

1.0 

0.0 

0.6 

0.95106 

0.95106 

0.0 

0.7 

0.80902 

6.80902 

... 

... 

... 

... 


Prob. 15.14 

(a)Points 1, 3, 5, and 7 are equidistant from O. Hence 


Vo= £(V, +V ^V 5 +V 7 ) 


( 1 ) 


Also points 2, 4, 6 , and 8 are equidistant from O so that 
V 0 =^(V 2 +V 4 +V 6 +V 8 ) _ ( 2 ) 

Adding (1) and (2) gives 


V 0 --(V, + V 2 +V 3 +V 4 + V 5 + V 6 +V 7 +V g ) 
as required. 

Prob. 15.15 Combining the ideas in the programs in Figs. 15.20 and 15.24, we develop j 
a Matlab code which gives‘ 


N = 20 


N = 40 


N= 100 


C = 19.4 pF/m 
. C= 13.55 pF/m 




C= 12.77 nF/m 


For the exact value, d/2a = 50/10 = 5 
ie xxI0~ 9 / 36n 


C 


cosh 


~t 


cosh _/ 5 


= nn pF/m 
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11 1 ' 1 1 -■ H-l- 1 ■ .1 . . .-«■ - . ■ . ■ -- 

Prob. 15.16 To determine V and E at (-1,4,5), we use the program in Fig. 15.21. 

V = {- -- - - , where R = ^26+ (4- /) 2 
o K 

v = _A_y _ 

4^ *T, yf26+ (>>-j>*) 2 

where R = r - r’ = (-1,4-y\ 5), R = |R| 

. A f (-l)A 
4^ m [26 + (4 - _>/* ) 2 ] 3/2 

r ~ A y (4 ~ )/?* i 

4 ^ f ,[ 26 +( 4-^) 2 ] 3/2 | 

^ = -5 e x !; 

For N = 20, V 0 = 1V, L = lm, a = 1mm, the following lines are added to the program in j 
the Fortran version of Fig. 15.21 after 90 CONTINUE statement. (See second 
edition.) 

V = 0.0 
EX = 0.0 
EY = 0.0 

FACTOR = DELTA/(4.0*PIE*EO) 

DO 100 K=1,N 

R = SQRT(26.0 + (4.0 - YY(K) )**2) ] 

V=V + RO(K)/R j 

EX = EX - R0(K)/R**3 
EY = EY + (4.0 - YY (K))*RO(K)/R* * 3 

100 CONTINUE j 

V = V* FACTOR 

EX = EX* FACTOR I 

EY= EY*FACTOR 

EZ = -5.0*EX || 

PRINT *, V. EX. EY. EZ 
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The result is: 

V= 1 2.47mV, E =-0.3266a v + 1.1353av + 1.633la» mV/m 

Prob. 15.17 

y 

▲ 

h 

To find C, take the following ateps: 

(1) Divide each line into N equal seg ments. Number the segments in the lower conductor 
as 1, 2,..N and segments in the upper conductor as N+l, N+2, ..2N, 

(2) Determine the coordinate (xk, yk) for the center of each segment. 

For the lower conductor, y k = 0, k=l,N, x k = h + A (k-1/2), k = 1,2,... N 
For the upper conductor, x k = [h + A (k-1/2)] sin 0, k=N+l, N+2, ...,2 N, 
x k = [h+ A (k-1/2)] cos 0, k = N+l,N+2,... 2N 

where h is determined from the gap g as 

h =- <■ 

2 sin #/2 

(3) Calculate the matrices [V] and [A] with the following elements 

| V a ,k N 
l = \-V 0 ,k= N+1...2N 

' A 

A „ = ' 4 xeR v ' l * J 
2 In A / a,i ~ j 

where R, f = J(x, - *,) 2 + (>-, - y t ) 2 

(4) Invert matrix [A] and find [p ] = [A ]' 1 [V], 
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(5) Find the charge Q on one conductor j 

J 

£?= Z Pt* = 

* = I 

(6) Find C = |Q|/V 0 

Taking N= 10, V 0 = 1.0, a program was developed to obtain the following result. 


9 

C (in pF) 

10 

8.5483 

20 

9.0677 

30 

8.893 

40 

8.606 

50 

13.004 

60 

8.5505 

70 

9.3711 

80 

8.7762 

90 

8.665 

100 

8.665 

110 

10.179 

120 

8.544 

130 

9.892 

140 

8.7449 

150 

9.5106 

160 

8.5488 

170 

11.32 

180 

8.6278 


Prob. 15.18 We may modify the program in Fig. 15.25 and obtain Z Q = 50Q . For 

details, see M. N. O. Sadiku, “Numerical Techniques in Electromagnetics,” (CRC Press 
1992), pp. 338-340. 

Prob. 15.19 (a) Exact solution yields 

C= 2ne I ln(k /or) = 8.02607x10"" F/m and Z 0 = 41.559Q 


where a - 1 cm and A = 2cm. The numerical solution is shown below. 
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N 

C (pF/m) 

z 0 {n) 

1 


10” 

”82.386 ~ 

40.486 

1 


20 

80.966 “ 

41.197 



40 

80.438 i 

41.467 

| 


100 

80.025 

41.562 

t 

1 


(b)For this case, the numerical solution is shown below. 


I 


N 

C (pF/m) 

Z 0 ( 0) 

10 

109.51 

30.458 

20 

108.71 ”“ 

30.681 

40 

108.27 

30.807 

100 

107.93 

30.905 


°rob. 15.20 We mHify the Matlab code in Fig. 15.26 (for Example 15.5) by changing 
the input data and matrices [A] and [B]. We let 
Xj = h + A (i-1/2), i = 1,2,... N, A = L/N 

yi = h/2, j=l,2,...N, Zk = t/2, k=l,2,...N ! 

and calculate i! 


We obtain matrices [A] and [B]. Inverting [A] gives 



[q] = [A ]' 1 [B], [/?„] = [q]/(ht A ), C=^~ 

The computed values of [p v ] and C are shown below. 


i 


i 

i! 


i 

p vl (xl0- 6 )C/m 3 

1,20 

0.5104 

2, 19 

0.4524 

3, 18 

0.4324 

4,17 

0.4215 ' 

5, 16 

0.4144 1 

6,15 1 

0.4096 

7,14 1 

0.4063 

8,13 

0.4041 


9. 12 * 0.4027 


10.11 i 0.4020 
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C= 17.02 dF 

Prob. 15.21 From given figure, we obtain 

1 x y 

A, 1 1 

° 1 = ~A = 2A 1 * 2 } ' 2 = 2A " X}}>2 * + ^ 2 ~ y3)V + (Xy ~ x >^ 

1 *3 >’y 

as expected. The same applies for a 2 and a 2 . 

Prob. 15.22 (a) For the element in (a), 

A = »/ 2 ( 1 - 0.5x0.25 ) = 0.4375 

a, = —--[0.875- 0.75x - 0.5>>] = 1- 0.857lx - 0.5714>> 

Z Zl 

a 2 = -^-[0+ x- Oiy] = 1.1428x- 0.5714>> 

Z Zl 

a 3 = —[0 — 0.25x+ y)= -0.2857x+ 1.1429>> 

Z Zl 

For the element in (b), 

A = Vi [0.5x1 .6 -(-l)xl .6 ] = 1.2 

€ 

a, = 1.25- 0.625^ 
a 2 = - 1.5+ 0.667x+ 0.4167^ 
a 3 = 1.25- 0.667x+ 0.208 3y 
(b)For the element in (a), 

P, = -0.75, P 2 - 1 . 0 , P 3 = -0.25, Q, = -0.5 = Q 2 , Qj = 1 0 

c «= ^[ p ^ + e,e,]=< v « 1 .va,)/i 


Hence, 
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0.4643 -0.2857 -0.1786 


C'" = 

-0.2857 0.7143 -0.4286 



-0.1786 -0.4286 0.6071 


For the element in (b). 


P, = 0, P 2 = 1.6, P 3 --1.6, Q, =-1.5, Q 2 = 1.0, Q 3 =0.5 

Hence, 

0.4688 -0.3125 -0.1553 


C (2) = 

-0.3125 0.7417 -0.4292 



-0.1563 -0.4292 0.5854 



Prob. 15.23 (a) 


2A = 


1 1/2 1 / 2 ; 
1 3 1/2| 

1 2 2 


= 15/4 


a \ = ]^[( 6 - D+(-1 T )x+(-1W= 77(5- 1.5jc - >>) 


15 


“ 2 = n [<1 ~ 1) + f*~ I-*’ 1 ' ^ <Ux " 


«3 = ~[(1 / 4- 3/2)+0x+ = ~(-1.25 + 2.5y) 


15 


v = a , v , + a 2 V 2 + « 3 Vj 
Substituting V=80, V, = 100, V 2 = 50, V 3 = 30, a x , a 2 , and a 
20 = 7.5x+ 10y + 3.75 
Along side 12, y=l/2 so that 

20= 15x/2 + 5 + 15/4 _^ x=3/2, i.e (1.5, 0.5) 

Along side 13. x =y 


3 leads to 


20= 15x/2 + lOx + 15/4 




x=13/4, i.e. (13/14. 13/14) 
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Along side 23, y = -3x/2 + 5 

20 = 15x/2 - 15 +50 +15/4 ► x=-5/2 (not possible) 

Hence intersection occurs at 

(1.5. 0.51 alone 12 and (0.9286. 0.92861 alone 13 

(b) At (2,1), 

_ 4 _ _ _6 _ 5 _ 

a,= 15 , a 2 = 15 , ff 3 = 15 

K(l,2) = ay\ + a 2 V 2 + a 2 V 2 = (400 + 300 + 150)/15 = 56.67 V 

Prob. 15.24 

1 0 0 

2A = 1 2 -1 = 9 
1 1 4 

*, = |[(0- 0) + (4- 0)x+ (0- l)y]= ^(4x-y) 
a 2 = ^[(0 - 0) + (0 + l)x + (2 - 0 )y] = ^(x + 2 y) 

«3 = ^[(8+l)+(-l-^ + (l-2)^]=^(9-5x-^) 

K = <*lK, + a 2 V e2 + a 2 y e3 

V(l,2) = 8(4-2)/9 + 12(1 +4)/9 + 10(9-5-1)/9 =96/9 = 10.667 V 

At the center a, = a 2 = a 3 = 1/3 so that 

V(center) = (8 + 12 + 10)/3 = 10 

Or at the center, (x, y) = (0 + 1 + 2, 0 + 4 — 1 )/3 = (1,1) 

V(l,l) = 8(3)/9 +12(3)/9 + 10(3)/9 = 10 V 
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Prob. 15.25 


(3,12) 




( 0 , 0 ) ( 8 , 0 ) 

For element 1 , local numbering 1-2-3 corresponds to global numbering 4-2-1. 

P, = 12, P 2 = 0, P 3 =-12, Q, = -3, Q 2 =8,Q 3 —5, 

A = (0 + 12 x 8)/2 = 48 

1 




Ax^ PjP ‘ + Q&A 


c (1) = 


0.7956 -0.1248 -0.6708 

-0.1248 0.3328 -0.208 

-0.6708 -0.208 0.8788 


For element 2, local numbering 1-2-3 corresponds to global numbering 2-4-3. 
P, =-12, P 2 =0, P 3 = 12, Q, =0, Q 2 = -5, Q 3 =5, 


C„ = 


C (1) = 


) + 60)/2 

= 30 

4 

1 



—r p 

4x48 1 > 

P^Q, 

QA 

' 1.2 

0 

-1.2 

0 

0.208 

-0.208 

-1.2 

-0.208 

1.408 
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f r< ]) 

C 33 

r 0) 

'-23 

O 

O 

_i 

f '■'» (1) 

^23 

c (l) + c 

'— 22 T '-II 

(2) (2) ^ (H , (2) 

^13 e 21 r ^12 

0 

r (2) 
*-31 

r r ( 2 ) 

^33 ^32 

(I) 

„ 13 

c (l) + c 
'—21 T ^21 

(2) r (2) r (2) r (1) 

^23 ^22 r ^\\ 

0.8788 

-0.208 

0 -0.6708 


-0.208 

1.528 

-1.2 -0.1248 


0 

-1.2 

1.408 -0.206 


-0.6708 

-0.1248 

-0.208 1.0036 




For element 1, local numbering 1-2-3 corresponds to global numbering 1-2-4. 
P, =-2,P 2 = i,P 3 =-l',Qi =1, Q 2 =-2,Q 3 =1, 

A = (P 2 Q 3 - P 3 Q 2 )/2 = 3/2, i.e. 4A = 6 

5 -4 -l" 

-4 5 -1 

-1 -1 2 

For element 2. local numbering 1-2-3 corresponds to global numbering 4-2-3. 
P, = 0. P : = -2. P 3 = 2. Qi =2. Q ; =-l.Q 3 =-l. 
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A = 2, 4A = 8 


C 


'( 2 ) 



-2 

5 

-3 


-2 

-3 

5 




The global coefficient matrix is 


i^( 1 ) 

t- 11 

( 1 ) 

^12 

0 

( 1 ) 

U I3 

r* (l) 

H 2 

r ( ] ) . r < 2 > 
L 22 * ^ 22 

( ^ ( 2 ) 
Hi 

r <*) x r < 2 > 
Hi r Hi 

0 

r (2) 

U 23 

r ( 2 > 

'“'33 

r* ( 2 ) 

Hi 

r* (l) 
H 3 

r <■> X r < 2 > 

H 3 ^ Hi 

r* ( 2 ) 

'-'31 

r o) x r ( 2 ) 
H 3 r Hi 


0.8333 

-0.667 

0 

-0.1667 

-0.6667 

1.4583 

-0.375 

-0.4167 

0 

-0.375 

0.625 

-0.25 

-0.1667 

-0.4167 

-0.25 

0.833 


ii 

I 

i' 


Prob. 15.27 We can do it by hand as in Example 15.6. However, it is easier to prepare 
an input files and use the program in Fig. 15.54. The Matlab input data is 


NE = 2; 

ND = 4; 

NP = 2; 

NL = [1 2 4 

2 3 4]; • 

X = [0.0 1.0 3.0 2 . 0 ]; 

Y = [ 1.0 0.0 0.0 2.0]; 
NDP= [ 1 3]; 

VAL = [ 10.0 30.0] 


The result is V = 


10 

18 

30 

20 


From this. 


V 2 = 18 V. V , = 20 V 


I- 

I 

i 

I 
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1 2 


The local numbering 1-2-3 in element 3 corresponds with the global numbering 5-4- 

1, while the local number 1-2-3 in element 4 corresponds with t'.e global numbering 
5-1-2. 

C 5>5 = C„ (2) + C„ (3) + C„ (4) + C„ (5) , A = 2 , 

C,, (2) = (2 x 2 + 2 x 2)/8 = 1 = C„ (5) 

Ci i (3) = (2 x 2 + 0)/8 = 54 = Cii (4) 

C 5 5 = 1 4 * 1 -i- Vi + Vi — 2 

C5 ,i=C 3 , (3) + C 2 , (4) 

But C 3 i (3) = ^( P3P1 + Q3Q1) = 0 since P 3 = 0 = Q 3 
C 2 i (4) = ~ ( P2P1 + Q 2 Qi) = 0 since P 3 = 0 = Q 3 
C5,,^0 

Prob. 15.29 As in P. E. 14.7, we use the program in Fig. 15.34. The input data based 
on Fig. 15.56 is as follows. 

NE =50; ND= 36; NP=20; 


NL = [1 8 7 

1 2 8 

2 9 8 

2 3 9 

3 10 9 

3 4 10 
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ass 


4 

11 

10 

4 

5 

11 

5 

12 

11 

5 

6 

12 

7 

14 

13 

7 

8 

14 

8 

15 

14 

8 

9 

15 

9 

16 

15 

9 

16 

16 

10 

17 

16 

10 

11 

17 

11 

18 

17 

11 

12 

18 

13 

20 

19 

13 

14 

20 

V 

21 

20 

14 

15 

21 

15 

22 

21 

15 

16 

22 

16 

23 

22 

16 

17 

23 

17 

24 

23 

17 

18 

24 

19 

26 

25 

19 

20 

26 

20 

27 

26 

20 

21 

27 

21 

28 

27 

21 

22 

28 

22 

29 ' 

28 

22 

23 

29 

23 

30 

29 

23 

24 

30 

25 

32 

31 

25 

26 

32 

26 

33 

32 

26 

27 

33 

27 

34 

33 

27 

28 

34 

28 

35 

34 

28 

29 

35 

29 

36 

35 

29 

30 

36]; 


X = [0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0]; 
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Y = [0.0 0.0 0.0 0.0 0.0 0.0 0.2 0.2 0.2 0.2 0.2 0.2 0.4 0.4 0.4 0.4 0.4 ( 

0.4 0.6 0.6 0.6 0.6 0.6 0.6 0.8 0.8 0.8 0.8 0.8 0.8 1.0 1.0 1.0 1.0 1.0 1.0]; •’ 
NDP = [ 1 2 3 4 5 6 12 18 24 30 36 35 34 33 32 31 25 19 13 7]; 1 

VAL = [ 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 50.0 100.0 100.0 100.0 I 

100.0 50.0 0.0 0.0 0.0]; j 

With this data, the potentials at the free nodes are compared with the exact values as j 

shown below. il 


Node no. 

FEM Solution 

Exact Solution 

8 

4.546 

4.366 

9 

7.197 

7.017 

10 

7.197 

7.017 

11 

4.546 

4.366 

14 

10.98 

10.66 

15 

17.05 

16.8-. 

16 

17.05 1 

16.84 

17 

10.98 

10.60 

20 

22.35 1 

21.78 

21 

32.95 1 

33.16 

22 

32.95 

33.16 

23 

22.35 

21.78 

26 

45.45 

45.63 

27 

59.49 

60.60 

28 

59.49 

60.60 

29 

45.45 

45.63 


Prob. 15.30 We use exactly the same input data as in the previous problem except that 

the last few lines are replaced by the following lines. 

VAL = [0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 58.8 100 0 95.1 95.1 
58.8 0.0 0.0 0.0]; 

The potential at the free nodes obtained with the input data are compared with the exact 
solution as shown below. 


ii 







418 



Node no. 

FEM Solution 

Exact Solution 

8 

3.635 

3.412 

9 

5.882 

5.521 

10 

5.882 

5.521 

11 

3.635 

3.412 

14 

8.659 

8.217 

15 

14.01 

13.30 

16 

14.01 

13.30 

17 

8.659 

8.217 

20 

16.99 

16.37 

21 

27.49 

26.49 

22 

27.49 

26.49 

23 

16.69 

16.37 

26 

31.81 

31.21 

27 “t 

51.47 

50.5 

28 1 

51.49 

50. ^ 

29 

31.81 

31.21 


Prob. 15.31 



For element 1, the local numbering 1-2-3 corresponds wim nodes with Vj, V? and 
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^ / 1 
C, = Z C y <<?) = ^ /r ’ /2 (^+ M)x2 + — ; /2 (M+ 0)*4 = 4 

C„\ = ^r\. p i p i + £? 30 i 1 = 2/j 2 [“ hh - 0 ] = - 1 
2x1 2 

Q: = + £?ift] = 2^ T t _/ur0+ M-A)] = -1 

Similarly, C 0 3 = -1 = C 0 4 - Thus 
V 0 = ( V i + V2 + V3 + V4 )/4 


which is the same result obtained using FDM. 






